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PREFACE. 


I HAVE endeavoured, in the following Treatise, to convey 
as complete an account of the present state of knowledge on 
the subject of Differential Equations, as was consistent with 
the idea of a work intended, primarily, for elementary instruc- 
tion. It was my object, first of all, te meet the wants of those 
who had no previous acquaintance with the subject, but I also 
desired not quite to disappoint others who might seek for mere 
advanced information. These distinct, but not inconsistent 
aims determined the plan of composition. The earlier sections 
of each chapter contain that kind of matter which has usually 
been thought suitable for the beginner, while the latter ones 
are devoted either to an account of recent discovery, or to the 
discussion of such deeper questions of principle as are likely to 
present themselves to the reflective student in connexion with 
the methods and processes of his previous course. An appen- 
dix to the table of contents will shew what portions of the 
work are regarded as sufficient for the less complete, but still 
not unconnected study of the subject. 

The principles which I have kept in view in carrying out 
the above design, are the following : 

1st, In the exposition of methods I have adhered as closely 
as possible to the historical order of their development. 

I presume that few who have paid any attention to the 
history of the Mathematical Analysis, will doubt that it has 
been developed in a certain order, or that that order has been, 
to a great extent, necessary—being determined, either by steps 
of logical deduction, or by the successive introduction of new 
ideas and conceptions, when the time for their evolution had 
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arrived. And these are causes which operate in perfect har- 
mony. Each new scientific conception gives occasion to new” 
applications of deductive reasoning; but those applications 

may be only possible through the methods and the processes 
which belong to an earlier stage. 

Thus, to take an illustration from the subject of the follow- 
ing work,—the solution of ordinary simultaneous differential 
equations properly precedes that of linear partial differential 
equations of the first order; and this, again, properly precedes _ 
that of partial differential equations of the first order which are 
not linear. And in this natural order were the theories of 
these subjects developed. Again, there exist large and very 
important classes of differential equations the solution of which 
depends on some process of suecessive reduction. Now such 
reduction seems to have been effected at first by a repeated 
change of variables; afterwards, and with greater generality, 
by a combination of sueh transformations with others involy- 
ing differentiation ; last of all, and with greatest generality, by 
symbolical methods. I think it necessary to direct attention 
to instances like these, because the imdications which they 
afford appear to me to have been, in some works of great 
ability, overlooked, and because I wish to explain my motives 
for departing from the precedent thus set. 

Now there is this reason for grounding the order of expo- 
sition upon the historical sequence of discovery, that by so 
doing we are most likely to present each new form of truth to 
the mind, precisely at that stage at which the mind is most 
fitted to receive it, or even, like that of the discoverer, to go 
forth to meet it. Of the many forms of false culture, a tes 
mature converse with abstractions is perhaps the most likely 
to prove fatal to the growth of a masculine vigour of intellect, 

In accordance with the above principles I have reserved 
the exposition, and, with one unimportant exception, the ap- 
plication of symbolical methods to the end of the work, . The 
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‘propriety of this course appears to me to be confirmed by an 
examination of the actual processes to which symbolical 
methods, as applied to differential equations, lead. Generally 
speaking, these methods present the solution of the proposed 
equation as dependent upon the performance of certain inverse 
operations. I have endeavoured to shew in Chap. Xv, that 
the expressions by which these inverse operations are sym- 
bolized are in reality a species of interrogations, admitting of 
answers, legitimate, but differing in species and character ac- 
cording to the nature of the transformations to which the 
expressions from which they are derived have been subjected. 
The solutions thus obtained may be particular or general,— 
they may be defective, wholly or partially, or complete or 
redundant, in those elements of a solution which are termed 
arbitrary. If defective, the question arises how the defect 
is to be supplied; if redundant, the more difficult question 
whether the redundancy is real or apparent, and in either 
case how it is to be dealt with, must be considered. And 
here the necessity of some prior acquaintance with the things 
themselves, rather than with the symbolic forms of their ex- 
pression, must become apparent. The most accomplished in 
the use of symbols must sometimes throw aside. his abstrac- 
tions and resort to homelier methods for trial and verification 
-—not doubting, in so doing, the truth which hes at the bottom 
of his symbolism, but distrusting his own powers. 

The question of the true value and proper place of sym- 
bolical methods is undoubtedly of great importance. Their 
convenient simplicity—their condensed power—must ever 
constitute their first claim upon attention. I believe how- 
ever that, in order to form a just estimate, we must consider 
them in another aspect, viz. as in some sort the visible mani- 
festation of truths relating to the intimate and vital con- 
nexion of language with thought—truths of which it may be 
presumed that we do not yet see the entire scheme and con- 
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nexion. But, while this consideration vindicates to them a 
high position, it seems to me clearly to define that position. 
“As discussions about words can never remove the difficulties 
that exist in things, so no skill in the use of those aids to 
thought which language furnishes can relieve us from the 
necessity of a prior and more direct study of the things which 
are the subjects of our reasonings. And the more exact, 
and the more complete, that study of things has been, the 
more likely shall we be to employ with advantage all instru- 
mental aids and appliances. 

But although I have, for the reasons above mentioned, 
treated of symbolical methods only in the latter chapters of 
the work, I trust that the exposition of them which is there 
given will repay the attention of the student. I have endea- 
voured to supply what appeared to me to be serious defects in 
their logic, and I have collected under them a large number 
of equations, nearly all of which are important,—from their 
connexion with physical science or for other reasons, 

2ndly, I have endeavoured, more perhaps than it has been 
usual to do, to found the methods of solution of differential 
equations upon the study of the modes of their formation. In 
principle, this course is justified by a consideration of the real 
nature of inverse processes, the laws of which must be ulti- 
mately derived from those of the direct processes to which 
they stand related; in point of expediency it is recommended 
by the greater simplicity, and even in some instances by the 
greater generality, of the demonstrations to which it leads. 
I would refer particularly to the demonstration of Monge’s 
method for the solution of partial differential equations of 
the second order given in Chap. Xv. 

With respect to the sources from which information has 
been drawn, it is proper to mention that, on questions re- 
lating to the theory of differential equations, my obligations 
are greatest to Lagrange, Jacobi, Cauchy, and, of living 
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writers, to Professor De Morgan. For methods and exam- 
ples, a very large number of memoirs English and foreign 
have been consulted: these are, for the most part, acknow- ~ 
ledged. At the same time it is right to add that, in almost 
every part of the work, I found it necessary to engage more 
or less in original investigation, and especially in those parts 
which relate to Riccati’s equation, to integrating factors, to 
singular solutions, to the inverse problems of Geometry and 
Optics, to partial differential equations both of the first and 
second order, and, as has already been intimated, to symboli- 
cal methods. The demonstrations scattered through the work 
are also many of them new, at least in form. 

In recent years much light has been thrown on certain 
classes of differential equations by the researches of Jacobi 
on the Calculus of Variations, and of the same great analyst, 
with Sir W. R. Hamilton and others, on Theoretical Dyna- 
mics. I have thought it more accordant with the design 
of an elementary treatise to endeavour to prepare the way 
for this order of inquiries than to enter systematically upon 
them. This object has been kept in view in the writing of 
various portions of the following work, and more particularly 
of that which relates to partial differential equations of the 
first order. 


GEORGE BOOLE. 


QuEEN’s COLLEGE, Cork, 
February, 1859. 


PREFACE TO THE SECOND EDITION. 


In composing his Treatise on Differential Equations Pro- 
fessor Boole found himself deeply interested in the subject 
to which his first labours as an original investigator had 
‘been devoted. In consequence he determined soon after the 
publication of the volume to continue his studies and re- 
searches with the design of ultimately reconstructing the 
Treatise on a more extensive scale. During the last six 
years of his life he worked steadily at this object; and he 
was about to send the first sheets of the new edition to the 
press when he was attacked by the illness which terminated 
in his sudden and lamented death. 

His manuscripts were entrusted to me early in the present 
year. After careful consideration it seemed to me that the 
best plan to pursue was to reprint the original volume, and 
to collect into a supplementary volume the additional matter 
which had been prepared for enlarging the work. The pro- 
priety, I might almost say the necessity, of this course will 
be shewn more conveniently in the preface to the supple- 
mentary volume, which will soon be published. 

The present volume then is a reprint of the original 
Treatise with changes and corrections, some of which were 
indicated in Professor Boole’s interleaved copy, and some 
of which have been made on my own authority. The 
sheets have been carefully read by the Rev. J. Sephton, 
Fellow of St John’s College, as well as by myself; and I 
trust that few misprints or errors will now be found in the 
volume. 


I. TODHUNTER. 


Sr Joun’s Contece, Camsriper, 
October, 1865. 
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DIFFERENTIAL EQUATIONS. 


CHAPTER. I. 


t) OF THE NATURE AND ORIGIN, OF DIFFERENTIAL EQUATIONS, 


‘1, Wuart is meant by a differential equation ? 


_To answer this question we must revert to the fundamental 
conceptions of the Differential Calculus. 


The Differential Calculus contemplates quantity as subject 
to variation; and variation as capable of being measured. In 
comparing any two variable quantities x and y connected by 
a known relation, e.g. the ordinate and abscissa of a given 
curve, it defines the rate of variation of the one, y, as referred 
to that of the other, x, by means of the fundamental con- 
ception of a limit; it expresses that ratio by a differential 


coefficient dy - and of that differential coefficient it shews how 


da’ 
to determine the varying magnitude or value. Or, again, con- 
Po a : , : 
sidering a as a new variable, it seeks to determine the rate 
‘a , 


of its variation as referred to the same fixed standard, the 
variation of x, by means of a second differential coefficient 
d'y 
di? > 
theory and its processes, the primitive relation between the 
variables a and y is supposed to be known, 


In the Integral Calculus, on the other hand, it is the rela- 
tion among the primitive variables, a, y, &c. which is sought. 
Tn that branch of the Integral Calculus with which the student 
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and so on. But in all its applications, as well as in its 
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is supposed to be already familiar, the differential coefficient 


2 being given in terms of the independent variable a, it is 
proposed to determine the most general relation between y 


and a, Expressing the given relation in the form 


the relation sought is exhibited in the form 
y=[6(2) dz +c, 


Tn (1) we have a particular example of an equation in the 
expression of which a differential coefficient 1s involved. But 


instead of having as in that example = expressed in terms of 
x, we might have that differential coefficient expressed in 
terms of y, or in terms of « and y. Or we might have an 
equation 1n which differential coefficients of a higher order, 
d*y d°y 

ers Pak 
variables, All these including (1) are examples of differential 
equations. The essential character consists in the presence of 
differential coefficients, 


&e., were involved, with or without the primitive 


The equations 


are seen to be differential equations, the latter of which con- 
tains, while the former does not contain, the primitive vari- 
ables, 


And thus we are led to the following definition. 


Der. A differential equation is an expressed relation in- 


voluing differential coefficients, with or without the primitive 
variables from which those differential coefficients are derived, 
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That which gives to the study of differential equations its 
peculiar value, is the circumstance that many of the most im- 
portant conceptions of Geometry and Mechanics can only be 
realized in thought by means of the fundamental conception 
of the limit. When such is the case, the only adequate ex- 
pression of those conceptions in language is through the me- 
dium of differential coefticients,—the only adequate expression 
of the truths and relations of which they are the subjects 1 ig 
in the form of differential equations, 


Species, Order and Degree. 


2. The species of differential equations are determined 
either by the mode in which differential coefficients enter into 
their composition, or by the nature of the differential coefti- 
cients themselves. We may thus distinguish two great pri- 
mary classes of differential equations, viz. : 


Ist. Ordinary differential equations, or those in which all 
the differential coefficients involved have reference to a cele 
independent variable. 


2ndly. Partial differential equations, characterized by the 
presence of partial differential coefficients, and therefore in- 
dicating the existence of two or more independent variables 
_ with respect to which those differential coefficients have been 
formed. 


Thus an equation such as (2) or (3), involving no other 
*y 
differential coefficients than - a 7» &¢, is an ordinary dif- 


ferential equation, in which a is the independent, y the de- 
J ie we cde dz 
pendent variable. An equation involving 7. and ay would, 


on the contrary, be a partial differential equation, having z 
for its a x and y for its independent variables, The 


equation a ——  te4 15 =z is a partial differential equation. 


a 


da 


The present ‘chapter will be chiefly devoted to the con- 
sideration of that class of ordinary differential equations in 
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which there exists a single independent variable a, a single 
dependent variable y, and one or more of the differential 
coefficients of y taken with respect to x; the presence of the 
last element only, viz. the differential coefficient, being essen- 
tial (Art. 1). 


The two following equations, in addition to those already 
given, will exemplify some of the chief varieties of the species 
under consideration : 


d 
debt i) 
( dy Dy Cee ee recess eeereveees ’ 
V+ (a) 
dy\*)# 
{1+(34)} : 
Ty = ND isj.0s ca pad romnyeneae (5) 
da’ 


In (4) the independent variable x, the dependent variable 


y, and the differential coefficient dy are all involved; but, 


da 
while in the previous examples e appears only in the first 


degree, in the present one it appears in the second degree 
and under a radical sign. In (5) we meet with the second ~ 
2 


‘ ‘ : d’y . Py 
differential coefficient oe in addition to the first differential 


Be dG : 
coefficient ae and the independent variable a. 


The typical or general form of a differential equation of the 
species just described is 


dy d’y d"y 
Aes Ger Gh) =0 eee reevesene (6), 
with the condition, already referred to, that one at least of the 
differential coefficients must explicitly present itself. All the 
above equations may at once be referred to the typical form 
by transposition of their second member, 
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3. Differential Equations are ranked in order and degree 
according to the following principles. 


Ist. The order of a differential equation is the same as 
the order of the highest differential coefficient which it con- 
tains. 


2ndly. The degree of a differential equation is the same 
as the degree to which the differential coefficient which marks 
its order is raised, that coefficient being supposed to enter into 
the equation in a rational form. 


Thus the equation 


is of the first order and of the second degree. 
The equation 


ary, YY + opm 
ee by =, 
is of the second order and of the first degree. 
The equation 
dy _ 4) ' 
a (y oe od (7), 
reduced to the rational form 
WON 9, le 
(Ge) +0 iy A as (8), 


. is seen to be of the first order and second degree. 


The ground of the preference which is to be given to 
rational forms in the expression and in the classification of 
differential equations is, that a rational form is at the same 
time the most general form of which an equation is sus- 
ceptible. Thus (8) includes both the equations which would 
be formed by giving different signs to the radical in (7). 


The typical form of an ordinary differential equation of the 
first order is evidently 


F(a, Y, #) 20 vie ata ¢ iactaee ae 
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4, When a differential equation is capable of being ex- 
pressed in the form 
d"y : any Gay 
dae As Gari te gee: 
in which the coefficients X,, X,,....X,, and the second member 
X are either constant quantities or functions of the indepen- 
dent variable « only, the equation is said to be linear. Equa- 
tions (1), (2) and (3) are thus seen to be linear, but (4) and (5) 
are not linear. If we refer (3), after dividing both members 
by a’, to the general form (10), we have 
5 al, lols) ane 
pS, X,=> X= A= ae . 


aie eX (10), 


When the coefficients X,, X,, &c. in the first member of a 
linear differential equation referred to the above general type 
are constant quantities, the equation is defined as a linear 
differential equation with constant coefficients. When those 
coefficients are not all constant it is defined as a linear dif- 
ferential equation with variable coefficients, The distinction 
is illustrated in the following examples : 


2, 
(1 at) SYM + dy = 0050, 


the former of which is a linear differential equation with 
constant coefficients, while the latter would be described as 
a linear differential equation with variable coefficients. 


Meaning of the terms ‘general solution, ‘complete primitive’ 


5. In all differential equations there is, as has been seen, 
an implied reference to some relation among variable quantities 
dependent and independent; such reference being established 
through the medium of differential coefficients. Now the chief 
object of the study of differential equations is to enable us to 
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determine whenever it is possible, and in the most general 
manner which is possible, such implied relation among the 
primitive variables. That relation, when discovered, is, by 
the adoption of a term primarily applicable to the mode or 
process of its discovery, called the solution of the equation. 


Thus if the given equation be 


the following process of solution may be adopted. Multiply- 
ing by da, we have : 
ady + yd = cos xdx, 

and integrating, since each member is an exact differential, 


LY = SIN BAC sidocvcwseedosedverees. (12), 


The result is termed the solution, or, still more definitely, the 
general solution of the equation. It involves an arbitrary 
constant, c, by giving particular values to which a series of 
particular solutions is obtained. The equations 


xy = sin 2, 
ey=sine+I1, 


are particular solutions of the given differential equation. 


The term solution is still employed, even when the inte- 
gration necessary in order to obtain in a finite and explicit 
form the relation between the variables cannot be effected, 

‘Thus if we had the differential equation, 


dy 
patos am PE” =s (), oo-0seese ong vag icant 13), 
wa YH me 0 (13) 


we should thence derive in succession 


wdy—ydx dx 


a x 
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and the last result is called the solution of the given equation, 
although it involves an integration which cannot be performed 
in finite terms. 


The relation among the variables which constitutes the 
general solution of a differential equation, as above described, 
is also termed its complete primitive. The relation (14) in- 
volving the arbitrary constant c is virtually the complete 
primitive of the differential equation (13). It will be observed 
that the terms ‘general solution’ and ‘complete primitive,’ 
though applied to a common object, have relation to distinct 
processes and to a distinct order of thought. In the strict 
application of the former term we contemplate the differential 
equation as prior in the order of thought, and the explicit. 
relation among the variables as thence deduced by a process 
of solution; while in the strict use of the latter term the 
order both of thought and of process is reversed. 


Genesis of Differential Equations. 


6. The theory of the genesis of differential equations from 
their primitives is to a certain extent explained in treatises 
on the Differential Calculus, but there are some points of great 
importance relating to the connexion of differential equations 
thus derived, not only with their primitive, but with each 
other, which need a distinct elucidation. 


Suppose that the complete primitive expresses a relation 
between a, y and an arbitrary constant ¢. Differentiating on 
the supposition that » is the independent variable, we obtain a 


: : d: 5 ares : 
new equation which must involve a , and which may involve 


any or all of the quantities x, y and c. If it do not involve 
c, it will constitute the differential equation of the first order 
corresponding to the given primitive. If it involve c, then 
the elimination of ¢ between it and the primitive will lead to 
the differential equation in question. 


Thus if the complete primitive be 
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we have on differentiation, 


d 
ss oa Pa Ode celiac eagsammen svat Mi scss se: (2), 
and, eliminating the constant ¢, 
; d 
Y¥=ax a a setae nacht giles palieeaes (3), 


the differential equation of the first order of which (1) is the 
complete primitive. 


That primitive might have been so prepared as to lead to 
the same final equation by ‘mere differentiation. Thus, re- 
ducing the primitive to the form 

7 


ee? 


we have on differentiating and clearing the result of fractions, 


iy 


Uo es 
"dx 4 °, 


which agrees with (3). And generally, if a primitive involving 
an arbitrary constant ¢ be reduced to the form ¢ (a, y) =c, 
the corresponding differential equation will be obtained by 
mere differentiation and removal of irrelevant factors, i.e. of 
factors which do not contain ey , and do not therefore affect 


dix 
the relation in which iy stands to x and y. For it is in that 
relation, as already intimated, Art. 2, that the essential 
character of the differential equation consists. 


‘It is to be observed that when the differentiation of a primi- 
tive involving an arbitrary constant c does not of itself cause 
that constant to disappear, the result to which it leads is still 
a differential equation, only not that differential equation of 
which the equation given constitutes the complete primitive. 
Thus, while the complete primitive of (8) is (1), that of (2) is 
y=ca+c', c being now the arbitrary constant,—arbitrary 
as being independent of anything contained in the differential 
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ve ve aes, as : 
equation. \deed when we consider ae =c as the differential 


equation, th¥onstant c, as entering into its complete primitive, 


\\ : 
y=Ccu+c, 
is not arbitrary, the value which it bears in the primitive 
being determined by that which it bears in the differential 
equation. 
As another illustration of the same theory, the equation 


y = ce” as complete primitive gives rise to the differential 
equation of the first order : 


A saurk 
ihe 0K 0, 
while the equation immediately derived from it by differ- 


entiation, viz. o = cae“, has for its complete primitive 
y=ce*+c. To the last mentioned differential equation, 
y = ce“ stands in the relation of a particular primitive. 


Second and Higher Orders. 


7. It is shewn in the previous section that from an equa-. 
tion containing x and y with an arbitrary constant ¢, we can 
by differentiation, and elimination (if necessary) of that con- 
stant, obtain the differential equation of the first order, of which 
the given equation constitutes the complete primitive. 


In like manner an equation connecting a, y, and two 
arbitrary constants being given, if we differentiate twice, and 
eliminate, should they not have already disappeared, the 
arbitrary constants, we shall arrive at a differential equation 
of the second order free from both the constants in question, 
and of which the given equation constitutes the complete 
primitive. 

Thus, if we take as the primitive equation 


re leo at ae ee (4), 
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we find on differentiation 


You 3 _ 
Plea OSE ae (5), 


a differential equation of the first order free from the constant 
b. Differentiating this equation we have 


dn 


and, eliminating a between the last two equations, 


= 2642, 


2 d’y dy lovA 

2 dat 2" a, t ZY = 9 Fils RI a Wie 
a differential equation of the second order free from both 
a and b. 


In the above example the constant 6 was eliminated after 
the first differentiation, and the constant a after the second. 
But the same final result would have been arrived at if the 
order of the eliminations had been reversed. Thus, if a be 
eliminated between (4) and (5), we shall have 


mad 2a ee 
a7 + be 2y = 0, 


a differential equation of the first order, different in form from 
(6), and involving b instead of a. But on differentiating this 
equation and eliminating b, we shall arrive at the same final 
equation of the second order (7). 


And generally the order in which the constants are eliminated 
does not affect the form of the final differential equation. 


Now a little consideration will shew that this is necessarily 
the case. We are to remember that the generality which the 
primitive derives from the presence of its arbitrary constants 
consists only in this, that it is thus made to stand as the 
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representative of an infinite number of particular equations, in 
each of which these constants receive particular and definite 
values. If in any one of the equations thus particularized we 
further give to w a definite value, definite values will also 


result for y, ae, - ,&c, Thus to a given abscissa of a 
given curve, ie. of a curve determined as to its species by the 
form of its equation, and as to its elements by the values of the 
constants in that equation, correspond only definite values of the 
ordinate y determining the corresponding points of the curve, 
dy 
da 
gents at such points to the axis of a, and definite values of 


determining, in conjunction with the former, the measure of 
a 


curvature at the same points. In other words, the species of the 
curve as defined by an equation of the form ¢ (a, y, a,b) =0 


being fixed, the values of y, - Be have a fixed dependence 


definite values of + determining the inclination of the tan- 


on those of a, 6 and a. 


And hence the equation ¢ (a, y, a, 6) =0 being given, any 
processes of differentiation, elimination, &c. applied thereto can 
only serve, either 1st, to bring out or manifest the dependence 
above referred to, or 2ndly, to modify the accidental form of its 


expression; but in no sense to create such dependence or affect 
2 


its real nature. Now this dependence of y, = ; - upon a, b, 

and 2, involves the existence of three equations among six 

quantities. Therefore the elimination which thus becomes 

possible of two of those quantities, a, 6, must leave a single 
‘ 2 

final relation™ between the remaining four, 2, y, — ee 
. . . . . . . og ee 

And this is the differential equation in question. i. 


As another example, let us eliminate the arbitrary constants 
cand ¢ from the equation . 


ocd? ice anaes hee Shc eect (8). 
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Differentiating we have 
dy 
ed ae An f 8 
de tee + UOre ON a iaens eaten (9). 


To eliminate ¢ subtract from this equation the primitive 
(8) multiplied by a; we have 


d. 
oe BPEAD HO) Cee on cue scdes (10) 
Again, differentiating 
a? d: 
Tet og, to Oa) oe 


and (to eliminate c’) subtracting from this the previous equa- 
tion multiplied by 4, we have 


Gh d ‘ 
Te 7 (a+b) E+ aby =0 so eae (11), 
the differential equation of the second order required. 


If we had first eliminated ¢’ we should in the place of (10) 
have obtained the equation 


Differentiating this and eliminating ¢ we again obtain the 
same final result (11). 


That result is a differential equation of the second order, and 
(8), involving both the arbitrary constants ¢ and c’, is its com- 
plete primitive. The intermediate equations (10) and (12), each 
of which contains one of the arbitrary constants, and from 
each of which, by the elimination of that constant, the final 
differential equation may be derived, are its first integrals. As 
the term primitive has reference to the direct processes of 
differentiation, &c. by which a differential equation is formed, 
the term integral has reference to the inverse process of 
integration by which we reascend from a differential equation 
to its primitive. Considered with reference to these processes 
the primitive is sometimes termed the final integral. 
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It has been shewn that the order of succession in which 
arbitrary constants are eliminated is indifferent. It may be 
added, and upon the same ground, that the elimination may 
be simultaneous. If we write the primitive (8) in the form 


. y—ce” —ce’* =0, 
and differentiate it twice, we have 


dy 
oo — ace” — bce” = 0, 


dc 

2 

ay — ace” — b'c'e” = 0, 

and, from the above system of three equations eliminating the 
constants ¢ and c’ by the method of. cross-multiplication, we 


again arrive at the final differential equation of the second 
order (11). 


8. The above examples prepare us for the general state- 
ment of the theory of the genesis of differential equations. 
Let F(a, ¥. C,, C)++-Cn) =9 be a primitive equation between 
wz and y involving n arbitrary constants ¢,, ¢,,...¢,. Differen- 
tiating with respect to 2, and regarding y as a function of 2, 
we obtain directly, or by elimination of ¢,,an equation of the 
first order of the form 


dy 
, (a, Yy me Coy €, 500 Oy) = (0) 


Differentiating this equation with respect to #, and regarding 
d ' : 
y and oo as functions of that quantity, we obtain directly, or 


by elimination of ¢,, an equation of the second order of the 


general form 
\ 


dy da’ 
$, (@, y 7a be Cs, OE) = 0. 


' 


ponent the process, we arrive at a final result of the 
orm 


dy @y dy | 
Pn (« da? dag 74) =% cy 
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Now this is the type of an ordinary differential equation of 
the n™ order, (6), Art. 2, 


As, in the above process of differentiation and elimination, 
we might have begun by eliminating any other of the con- 
stants instead of ¢,, 1t follows that to a primitive containing 
n arbitrary constants there belong n differential equations of 
the first order, each involving n—1 arbitrary constants. But 
as those differential equations are all formed by mere pro- 
cesses of elimination from two equations, viz. from the primi- 
tive and its first derived equation, two only of them are 
independent. Again, as the differential equations of the 
second order are formed by eliminating two of the constants 
n—1 

2 
of two constants can be.selected, it is seen that there will 

nm—1 

2 

containing »—2 arbitrary constants. Of these equations 
three only will however be independent, the whole system 
being derived actually or virtually from the primitive and its 
first and second derived equations;—actually if we differen- 
tiate twice before eliminating; virtually if each differentiation — 
is followed by the elimination of a constant, 


combinations 


C,) Coy e+ Cn, and ag from n constants, n 


exist n differential equations of the second order, each 


This process of deduction continued leads to the following 
general theorems, viz.: 


Ist. Toa given primitive involving «, y, and n arbitrary 
1-1) n—2)...(n—rt1) ,. ; 
constants belong — . = as as) differential 
equations of the r order (r being any whole number less than 
n), each involving n—r arbitrary constants, but of those equa- 
tions r +1 only will be independent. 


Qnd. There will exist one differential equation of the n™ 
order free from arbitrary constants. 

The converse of the latter truth, viz. that a differential 
equation of the n™ order implies the existence of a complete 
primitive involving » arbitrary constants, will be established 
in a future page. [See page 187.] 


~ 
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Criterion of derivation from a common primitive. 


9, It is established in Art. 7, Ist, that from a primitive 
equation involving two arbitrary constants arise two differen- 
tial equations of the first order, each involving one of those 
constants; 2ndly, that each of these differential equations of 
the first order gives rise to the same differential equation of 
the second order, of which the original equation constitutes 
the complete primitive or final integral. 


The second of the properties above noted constitutes a 
criterion by which it may be determined whether two dif- 
ferential equations of the first order, each involving an arbi- 
trary constant, originate from the same primitive. We must 
differentiate each equation, and then eliminate its arbitrary 
constant. Ifthe two results agree as differential equations of 
dy 
4 dx® 
as a function of x, y, and oo , the differential equations of the 
first order must have originated in the same primitive. Fur- 


the second order, i.e. if they give the same value of 


thermore, that primitive will be obtained by eliminating oy 


between the two differential equations.given. 
Kx, The Apuelee ee of the first order 
Y Fg EO wits} 005 cine SUN RE (1), 
yy y Da Bsscssn Ferawcan oweeduenen os (2 


are both derived from the same primitive. Each of them 
leads on differentiation and elimination of its arbitrary con- 
stant to the differential equation of the second order, 


Js soeeseeveverees sunves(O)e 


ve 
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The primitive, found by eliminating ae from the given 


equations, is: 


a and 6 being arbitrary constants. 


10. The differential equations of the first of ler which 


i 


constitute the first integrals (Art. 7) of a different 
of the second order (as, in the above example, 
are first integrals of (3)), may by algebraic solutio 
to the forms 


Now a function of the arbitrary constants a and J, as B(a, d), 
is itself an arbitrary constant, and may be represented by c. 
Hence any equation of the form 


® \¢ (2, Y, oo , (a. Y, A SO eee tes (7) 


would, equally with (5) and (6), constitute a first integral of 
the supposed equation of the second order. It is evident that 
(7) is the general type of all such first integrals. 


Thus the type of the first integrals of (3) would be 


0 (2%, yp — ry DP) =e 


i, 


But any two first integrals included under this type and in- 
dependent of each other would lead us, as 1s obvious, to the 
same final integral (4), either under its actual or under an 
equivalent form, 


While therefore, viewed as an independent system, the first 
integrals of a differential equation of the second order are but 


B.D.E, 2 
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two, it is formally more correct to regard them as infinite in 
number, but as so related that any two of them which are 
independent contain by implication all the rest. 


Such considerations are easily extended to differential 
equations of the higher orders. 


Geometrical illustrations. 


11. Geometry, by its peculiar conceptions of direction, 
tangency, and curvature, all developed out of the primary 
conception of the limit, Art. 1, throws much light on the 
nature of differential equations. 


As the simplest illustration let the equation of a straight 
line 


be taken as the complete primitive, a and } being arbitrary 
constants. 


Differentiating, we have 


dy 
ek (2) 
Eliminating a, we find 
dy 
Y—2 Aye =D. o. weioue be vb tae ee (3), 
and again differentiating 


Of these equations, (4), which is free from arbitrary con- 
stants, is the general differential equation of the second order 
of a straight line; and (2) and (3), each of which contains one 
of the original arbitrary constants, are the two differential 
equations of the first order. Moreover, each of these dif- 
ferential equations expresses some general property of the 
‘straight line—(2), that its inclination to the axis is uniform ; 
(3), that any intercept, parallel to the axis of y, between the 
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straight line and a parallel to it through the origin will be of 
constant length; (4), that a straight line is nowhere either 
convex or concave ;—and this property, which does not in- 
volve, in the same definite manner as the others do, the con- 
siderations of distance and of angular magnitude, is evidently 
the most absolute of the three. 


The equation of the circle is 
(a — a)? + (YB) ET ieecccscvcescenes (5), 


and if we regard a and 6 as arbitrary constants the corre- 
sponding differential equatiom of the second order will be 


expressing the property that the radius of curvature is in- 
variable and equal to r. 


If we proceed to another differentiation, we find 


dy\\ Py dy ou) = 
14 (Ge) gS oat i Loe woe (7), 


which is the general differential equation of a circle free from 
arbitrary constants. And the geometrical property which this 
equation also expresses is the invariability of the radius of 
curvature, but the expression is of a more absolute character 
than that of the previous equation (6). For in that equation 
we may attribute to 7 a definite value, and then it ceases to 
be the differential equation of all circles, and pertains to that 
particular circle only whose radius is The equation (7) 
admits of no such limitation. 


Monge has deduced the general differential equation of 
lines of the second order expressed by the algebraic equation 


ax’ + bry +cy’+ext+fy=1. 
2—2 
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It is 


Py Py Py hy dy vey = 
(ae) at ae ata * (Ze) =° 

But here our powers of geometrical interpretation fail, and 
results such as this can scarcely be otherwise useful than as 


a registry of integrable forms. 


From the above examples it will be evident that the 
higher the order of the differential equation obtained by eli- 
mination of the determining constants from the equation of 
-a curve, the higher and more absolute is the property which 
that differential equation expresses. 


We reserve to a future Chapter the consideration of the 
genesis of partial differential equations as well as of ordinary 
differential equations involving more than two variables. 


EXERCISES. 


_ 1. Distinguish the following differential equations accord- 
ing to species, order, and degree, and take account of any 
peculiarities dependent upon their coefficients. 


(1) OY _ aby = On. 

(2) eS, = 0. 
(3) yaate ds (SY) 
0 Bettt 
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2. Explain the term ‘complete primitive? and form the 
differential equations of the first order of which the following 
are the complete primitives, ¢ being regarded as the arbitrary 
constant, viz. : 


Chas: y=ce+/(1 +e). 

(2) y=(a@+c)e™. 

(3) y=ce™ 7 4 tang — 1, 
(4) y = (ce + loga +1)", 

(5) y —2oun — = 0. 

(6) y=cx+ $ (Cc). 


3. Form the differential equations of the second order of 
which the following are the complete primitives, c and ¢ being 
regarded as arbitrary constants. 


(1) ¥y =c cos mx +c’ sin mx. 
(2) y=c cos (ma +c’), 
(3) y= alog oo, 
x 
(4) y=csin na +c cosne +9, 


2m 


4, State the criterion by which it may be determined 
whether differential equations are derived from a common 
primitive. 


5. Shew that the differential equations 
d, 2 dy\"| 


are not derived from a common primitive involving a and 6 
as arbitrary constants. 


6. Shew that each of the following pairs of equations, in 
which p stands for a is derived from a common primitive, 


and determine the primitive : 
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tele ee = d pe 5 =e 
i) a pap) 8 ee 


(2) y-ap=a(y’+p), and y—ap=b (1+ 2p). 


7. How many first, second, third, &c. integrals, belong 
to the general differential equation of lines of the second 
order given in Art. 11, and how many of each order are inde- 
pendent ? 


8. From the equation (y— 6)’ = 4m (a — a) assumed as the 
primitive, deduce Ist the differential equations of the first 
order involving a and 0 as their respective arbitrary constants ; 
2dly the general functional expression for all differential equa- 
tions of the first order derivable from the same primitive. 


9. Of what primitive involving two arbitrary constants 
would the functional equation 


P(y — 2px, p'x) =e 
represent all possible differential equations of the first order? 
10. How many independent differential equations of all 


orders are derivable from a given primitive involving a, y, 
and n arbitrary constants ? 


( 23) 


CHAPTER II. 


ON DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
DEGREE BETWEEN TWO VARIABLES. 


1. Txe differential equations of which we shall treat in 
this Chapter may be represented under the general form 


u+n¥ =0, 
dx 


Mand N being functions of the variables # and y. 


In this mode of representation a is regarded as the inde- 
pendent variable and y as the dependent variable. 


We may, however, regard y as the independent and x as 
the dependent variable, on which supposition the form of the 
typical equation will be 


uo? 4N=0. 
dy 
For as any primitive equation between w and y enables us 
theoretically to determine either y as a function of @, or x as 
a function of y, it is indifferent which of the two variables 
we suppose independent. . 


It is usual to treat this equation under the form 
Mdzx + Ndy = 0, 
not however from any preference for the theory of infinitesi- 
mals, but for the sake of symmetry. 


The order of this Chapter will be the following. As the 
solution of the equation, if such exist, must be in the form of 
a relation connecting x and y, I shall first establish a prelimi- 
nary proposition expressing the condition of mutual depend- 
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ence of functions of two variables; I shall then inquire what 
kind of relation between x and y is necessarily implied by the 
existence of a differential equation of the form 


M+wN gy =(; 
da 
I shall discuss certain cases in which the equation admits 
readily of finite solution ; and I shall lastly deduce its general 
solution in a series. 


Prop. 1. Let V and v be explicit functions of the two vari- 
ables x and y. Then, if V be expressible as a function of », 
the condition 

dV dy dV dv _ (1) 
a iy dg 


will be identically satisfied. Conversely, if this condition be 
identically satisfied, V will be expressible as a function of v. 


Ist. For suppose V=¢(v). Then 
dV _dd(v) dv 


dx dv da’ 
dV _ dd (v) dv 
dy dvw_— dy’ 


Multiplying the first equation by oa the second by ae 
xe 
and subtracting, we have 


aV dy dV dv _o 
aeidy dy da 1 


And this is satisfied tdentically ; since by the process of 
elimination the second member vanishes independently both 
of the form of v as a function of # and y, and of the form of 
V as a function of v. 


2ndly. Also if the above condition be satisfied identically, 
V will be expressible as a function of ». For whatever fune- 
tions V and v may be of a and y, it will be possible by elimi- 
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nating one of the variables @ and y to express V asa function 
of the other variable and of ». Suppose for instance the 
expression for V thus obtained to be 


Ve ¢d (a, v). 
dV dd(a, v) , dd (x, v) dv 
Th: = ? o) 
vee dc det, 0 da’ 
dV _ dd (x, v) dv 
dy dv dy’ 
Substituting these values of ae aaa a in the equation (1) 
» dx dy 
we have as the result 
dh (a, v) dv _ ; 
Ep ae Pegeemee fuente (2). 


But, v being by hypothesis an explicit function of both 


variables x and y, ly is not identically 0. Hence, from (2), 
dp (x, v) _ 0 
, 


identically. Therefore ¢ (x, v), which represents V, does not 
contain x in its expression; and V reduces simply to a func- 


tion of v. 


We have supposed each of the functions V and v to con- 
tain both the variables 2 and y. But, whether this be or be 
not the case, the identical satisfying of (1) is the necessary 
and sufficient condition of the functional dependence of V 


and v. 


For suppose either V or 2, end for distinction we shall 
choose v, to be a function of one of the variables only, as a,’ 
and V to be a function of vy. Then is V also a function of a, 


and as ge and se vanish identically the condition (1) is satis- 


dy dy 
fied. 
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Conversely, supposing v to be a function of a only, and (1) 
to be identically satisfied, that equation reduces to 
av _ 
dy =~ 
whence V is expressible as a function of v, 
2. The equation M +N a =0 always involves the existence 
of a primitive relation between x and y of the form 
SF (@, y) =¢, 
in which c is an arbitrary constant. 


Let us first consider what is the ¢mmediate signification of 
the equation 


We know that if Aw represent any finite increment of #, and 
Yi 

oe will represent 
the limit to which the ratio ae approaches as Aw approaches 
to 0. 


Let us then first examine the interpretation of the equation 


Ay the corresponding finite increment of y, 


A Mr : , 
We have a The second member of this equation 


being a function of x and y, since Mand N are functions of 
those variables, we may write 


An? @ 4) sine ve sgasevooeheaatennen eee 
the form of ¢ (#, y) being known when Mand N are given, 


Now if we assign to w any series of values, it is possible 
to assign a corresponding series of values of y, any one of 
which being fixed arbitrarily all the others will be determined 
by (3). 
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Thus let 2, x,, v,... be the series of arbitrary values of 2, 
and y, an arbitrary value of y corresponding to a, as the 
value of a, then, representing by Ax, the increment of x,, 
1.¢, the value which being added to a, converts it into z,, 
we have by (3) 


; Ay, = $ (&y, Yo) Az,; 
therefore Y + Aye =Y_+ P (a, Y,) Ady 


But as Ay, represents the increment of y, corresponding to 
Az, as the increment of w, it is evident that y,-+ Ay, will be 
the value of y corresponding to x,+Az, as the value of a, 
Representing then this value,of y by y, we shall have 


YW =YotP (Gor Yo) Ax, 


SY TaD (ert Val me BAY co en sepe lon esne es (4). 
Tn like manner we shall find 
Tei Pe ok 30 CAO Ml cen) RRP CE PAP EY (5), 


but, y, being already determined by (4), y, is determined, and, 
continuing the operation, a series of values of y will be deter- 
mined, only one of which is arbitrary, while all the others are 
assigned in terms of that arbitrary value and of the known 
values of a. 


If, for example, we have the particular equation 
Ay = («+ y) Az, 


and assign to a the series of values 0, 1, 2, 3,4, &c, and 
at the same time assume that when a is equal to 0, y is equal 
to 1, we shall have the two following corresponding series of 
values, viz. 


Z,=0, w=1, #,=2, o,= 3, a= 4 &e. 
H=1, A=% Y%=5, Y=12, y= 27, ke. 
By assigning a different value to y,, or by assuming arbi- 
trarily the value of some other term of the series y,,y,,y,, &¢, 


we should find another set of values of those quantities cor- 
responding to the given values of «, But, in every such set, 
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the values of all the terms but one will be determined by 
a law. 


Now if the intervals between the successive values of x are 
diminished, while the number is proportionately increased, 
each of the corresponding sets of values of x and y will more 
and more approach to the state of continuous magnitude. 
And, in the limit, to every conceivable value of a will corre- 
spond a value of y, determined in subjection to a continuous 
law—to a law however which permits us to assign one of the 
values of y arbitrarily. The analytical expression of that 
law will be the solution of the differential equation given. 


3. To illustrate the same doctrine geometrically, if a and 
y represent rectangular co-ordinates, any system such as the 
above would represent a series of points of which the abscissze 
having been assumed arbitrarily, the corresponding values of 
y, except one, are determined by a continuous law. In the 
limit, that series of poimts would approximate to a curve the 
species of which as dependent upon the form of its equation 
would be determined by a law, but an element of which, re- 
presented by a constant in that equation, would be left arbi- 
trary, so as to permit us to draw the curve through a given 
point. 


The form of the analytical solution thus indicated is 


Ck (6). 


The genesis of differential equations of the first order and 
degree from equations of this description has already been 
explained in Chap. I. Art. 6. It is evident that, as ¢ is arbi- 
trary, such a value may be assigned to it as to make a given 
value of y correspond to a given value of a If those corre- 
sponding values are a, y,, we have only to assume 


Ff (2,4,) HC. nsonanrags ee (7), 


whence ¢ is determined. Bute being once determined, all the 
values of y depend upon those of a, in obedience to the law 
expressed by (6), 
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_ Lastly it may be shewn that two distinct complete primi- 
tives of Mda+ Ndy =0 cannot exist. 
For suppose that there are two such primitives 
“=C, U=C} 


then by differentiating each 


du du dy _ dv dv dy ; 
dat dy da , PERE Te 
dy | 


whence, eliminating at 
Xe 


which shews, by Prop. 1, that v is a function of u. The 
second equation is then equivalent to 


7 =e, 
and this is resolvable by solution into equations of the form 
Die, 


each of which is therefore only a repetition of the first sup- 
posed complete primitive. 


Certain cases in which the equation Mdx + Ndy =0 admits 
of finite solution. 


4, The equation Mdx + Ndy =0 can always be solved when 
the variables in M and N admit of being separated ; i.e. when 
the equation can be reduced to the form 

Xe GV oO tes csos sss raievnareuns (8), 


in which X is a function of x alone, and Y a function of y 
alone. 


To solve the equation in its reduced form (8), it is only 
necessary to integrate the two terms separately, and to equate 
the result to an arbitrary constant. Thus the solution will be 


[ae a | te eae. ke (9). 
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On differentiating this result the arbitrary constant ¢ dis- 


appears, and (8) is reproduced. ‘ 


Thus the solution of the equation 


adx + ydy =0 
2 
will be EL gs 
or, since ¢ is arbitrary, 
e+ty=c. 
The solution of the equation 
da dy 
l+a l1+y 


will in like manner be 
log (1+2)+log(1+y)=c; 
a result which may be simplified in the following manner, 
We have 
log (l+a) (l+y)=c; 
therefore (+a2)d+y)=¢. 
But a function of an arbitrary constant is ctself an arbitrary 
constant. Hence we may write as the solution 
d+2a2)1l+y=C. 


Indeed it frequently happens that solutions which present 
themselves in a transcendental form admit of being reduced 
to an algebraic form. 


Thus also the solution of the equation 


aOR Oh Sa (10) 
V(l— 2") © V(1—y’) 


being 

sina +sin“ y=, 
we shall have, on taking the sine of both members of the 
equation and replacing sine by O, 


av(l— 9") +940 et) ee (11), 


which is algebraic. 
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5, Different modes of integration will also give rise to 
solutions which at first sight appear to be discordant. The 
discordance however will be only apparent, Thus if we ex- 
press the equation last solved in the form 


— dx — dy 

va=#) "V0-¥) 

and integrate by means of the formula 
—dx 

V1-2") 


10), 


= cos’ «+ const., 


we shall have 
cos* 2 +cos*y=C, 


and, taking the cosine of both members, 


sy —/{ —2”) A —y’)} =cos C, oe (12). 
The last result may however be reduced to the form 
eVv(1l—y’)+yV(1—2’) =sin C,........ es (13), 


which, as sin C, is arbitrary, agrees with the previous re- 
sult, (11). 


The constants C and C, are seen to be connected by a 
relation C= sin C,, which is independent of the variables x 
and y. 

And in general the test of the accordance of two solutions 
of a differential equation, each involving an arbitrary constant, 
is, that on eliminating one of the variables, the other variable 
will disappear also, and a relation between the arbitrary con- 
stants alone result. 


Or expressing the solutions in the form 
Va, = ¢, 
we may directly apply the test of equivalence 
dV dv dV dv 


—— oe — i 


xe dy dy dx 


resulting from the proposition in Art, 1, 
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6. It sometimes happens that the variables may be sepa- 
rated by multiplying or dividing the equation by a factor. 
Thus the equation 


ade  ydy Be 
l+y lt+ae- 


becomes on multiplying by (1+) (1+ y), 
x(1+a)dx—y(1t+y)dy=0, 


in which the variables are separated. Integration then gives 


The most general form of equations in which the variables 
‘can be separated by the process above mentioned is 


X, ¥,d0+ XY ay = 0... (14), 
in which X, and X, are functions of @ only, and Y, and Y, 


functions of y only. On dividing the above equation by 


Y,X,, or, which amounts to the same thing, multiplying it by 


1 
the factor VX,’ we have 
Cae nye 
beers dy =O) bc wekem eee (15), 


in which the variables are separated. 
Ex, The equation wV/(1+y°) dxe+yV(1+2")dy=0 is 
thus reduced to 
| __ xdx ydy 0 
vate) Vlty) 
and has for its complete integral 


VA+a%)+V +y!) =o 


7. Sometimes too the variables in the equation 
Md«+ Ndy =0 


admit of being separated after a preliminary transformation. 
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Ex. 1. If in the equation («—y’) dx+ 2aydy=0, we 
assume y =4/(xz), we find 
i zdx + xdz 
aS az)” 


Substituting these expressions for y and dy in the given 
equation, we have 


2 
Therefore integrating and replacing z by its value J 


a’ 
Win 
loga + =¢. 


Ex. 2, (y—a) (l+a’)?dy —n(1+y°)? dx= 0. 
Assume 2=tan0, y=tan dg. We find 
(tan ¢ — tan @) sec 0 sec’ pdg — nsec’ sec’ dO = 0, 
which reduces to 
sin (d — 6) dp— nd = 0. 
Now let 6--@=y, then 
sin dd = ndd — nd, 


aa, nd ‘ 
therefore dd = ——_ ae =a FR 
W. — j nd Y 
hence p =|. a 


the integral in the second member is a known form. 


It will be remarked that the transformations employed 
in the above examples are not very obvious ones, The 
would scarcely be suggested by the forms of the differ- 
ential equations themselves. And in the present state of 
analysis, it would be impossible to lay down any general di- 
rection on the subject. There are however certain classes of 
differential equations in which the nature of the required trans- 
formation can be determined. Among them a foremost. place 
is due to homogeneous equations, 


‘Ba DL Es 2 
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Homogeneous Equations, 


8. The differential equation Mdx + Ndy =0 is said to be 
homogeneous when MZ and N are homogeneous functions of 
x and y, and are of the same degree. 


Thus the equation 
{y+ /(a* + y’)} da —ady = 0, 


is a homogeneous equation, MZ and NV being here of the first 
degree. 


To integrate a homogeneous equation it suffices to assume 
y=vx. In the transformed equation the variables # and v 
will then admit of separation. 


Thus in the above example we should find 
{va + vr/(1 + 0°)} dx ~— x (vdx + adv) = 0, 
whence dividing by x 
V(1+ 0°) dx—adv =0, 
from which result 
Cie = Oe 
x (+07) 


loga —log {y+ f/(14 vo) =e. 


0; 


Replacing v by 4 , we have 


4 2 2 
yr (a ty ee 
ee 


log « — log | 


for the complete primitive.. 


As in Art. 5, the above solution admits of a simpler ex- 
pression. Freed from transcendents and radicals, it gives 
xv’ = 20y'+ C, 
C being an arbitrary constant. 


To demonstrate the above method generally, let us suppose 
that Mand N are homogeneous functions of x and y of the 
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n™ degree. We may then, in accordance with the known type 
of homogeneous functions, write 


x=26()) Y-e4() 


so that the equation Mdz + Ndy=0 becomes on substitution 
and division by the common factor a”, 


J aye 
$ (4) die 4p (%) SOME | perce (16). 

Now assuming y = vz, we have 

Z =v, dy= vde + adv, 
and the above equation becomes 
¢$ (v) da + (v) (vd + adv) =0. 
Or, {hb (v) top (v)} da +r? (v) adv =0. 
Therefore 


dx a(v)dv 
= 22 aeE aCe Viton emery (17); 


whence on integrating 


v) dv 
lo 2+ {ee EH ee eat cea ees (18). 
EC TORSTAO 
It is obvious from the symmetry of the relation between a 
and y that we might equally employ the transformation T= 


and regard v and y as the new variables. What is essential 
in the method is the substitution, in place of the original vari- 
ables x and y, of a new system of variables, consisting of one 
variable of the old system, and of the ratio which is borne — 
to it by the other variable of that system. 


Ex. It is required to integrate the equation 


{2 — / (ay) —y} dx + (ay) dy = 0, 
ee 
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by the direct application of (18). Here, n=1, 
M=2a—-W (ay) —y =« {1—/(v) —%}, 
N= (ay) = 2 (0). 


Thus we have 


d (vr) =1—v? —4, 
p (v) =0%, 
and (18) gives 
loge 4 | ade 
ere 


To effect the integration in the second term, let y= #. 


‘ . 
vdv 2Pdt 
Then [7-4 = es ear oe 


= pt flog (1-2) +d log (144) 
1 : 
mers (1 —t)+4 log (1 —?). 


py 
Hence finally, replacing ¢ by ye 
x 


jy t log (a* -y*) + blog (w—y) = ©. 


ey 
9. The equation 
(ax + by +0) dx+ (wat by +c’) dy=0.......008. (19) 
may be rendered homogeneous, either first by assuming 
a=a—a, y=y'—B, 
and properly determining « and 8; or secondly by assuming 


ae+-by+c=ax’, da+byte' my’. 
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The first transformation gives 
(aa’ + by’ —aa—b8 +c) dx'+(a'a' +b'y’ —va—b'B +c’) dy’ =0, 
whence if g and f be determined by the conditions 
aa+bB=c, 
aa+UB=d, 
we shall have the homogeneous equation 
(ax! + by’) dx’ + (a'x' + b'y') dy'=0. 
Making then 7 = vz' we find 


dx’ (a' + b'v) dv 


7 


F tae @iayo bene (20), 
which is directly integrable. 
The second transformation gives 
ada + bdy=dz', a'dx+b'dy = dy’, 


whence determining dx and dy, the proposed equation assumes 
the homogeneous form 


(b'a! — a'y') da’ — (ba! — ay’) dy’ =0. 
Both these transformations fail if ab’— a/b =0. But in this 
case, since 0’ = = the proposed equation may be expressed 


in the form 


’ 


ac 
7 ) dy = 0, 


and the variables will be separated if we assume aw + by = z, 
and then adopt either z and # or z and y as the new variables. 


(ax + by +c) deo + “(a+ by + 


These transformations are linear, and by one of the two 
the proposed equation is usually solved. 


[For another method see the Supplementary Volume, Chap- 
ter XIX, Arts. 1 and 2.] 


38 LINEAR DIFFERENTIAL EQUATIONS [CH. II. 


10. The linear differential equation of the first order and 
degree 


P and Q being functions of x, admits of being solved. When 
Q=0 the solution is obtained by separating the variables; 
and when @ is not equal to 0, a solution may be founded 
upon that of the previous and simpler case. 


It must be observed that the linear equation (21), when 
reduced to the form 


(Py — Q) dx + dy =0, 
falls under the general type, Mdx + Ndy=0. 
Ist, When Q=0, we have 


dy ai 
aot ty 0, 


Dividing by y, in order to separate the variables, 


Cg Ys 


a 


Therefore, log y=— | Pdx +c, which gives 


C being an arbitrary constant substituted for «. It has been 
already observed that a function of an arbitrary constant is 
itself an arbitrary constant; see Art. 4. 


2ndly, To solve the linear equation (21) when Q is not equal 
to 0, let us assign to the solution the general form (22) above 
obtained, but suppose C to be no longer a constant but a new 
variable quantity—an unknown function of #, which must be 
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determined in accordance with the new conditions to which 
the solution must-be subject. 


Substituting then the above expression for y in (21), and 
observing that, since C is now variable, we have 


dy a < dC 
ok, ee AP REN\  CONY —)Pdz —|Pdx 
der da coe igs eee 
there results 
C 
dae = @ 
Hence oF = ol O~ 
Therefore C= | eS? Odx + ¢, 


c being an arbitrary constant. Substituting this generalized 
value of Cin (22), we have finally 


y = 6 SPH ( | e SP Oddo + c) MME: Aero (23), 


the solution required. 


It will be observed that if Q=0, the above solution is 
reduced to the form (22) before obtained. 


The method of generalizing a solution above exemplified is 
called the method of the variation of parameters, the term 
parameter, by an extension of its use in the conic sections, 
being applied to denote the arbitrary constants of the solution 
of a differential equation, It is only, however, in certain 
cases that this method is successful. It is always legitimate 
to endeavour to adapt a solution to wider conditions by a 
transformation, which, like the above, only introduces a new 
variable instead of an old one, or a new and adequate system 
of variables in the room of a former system. But it is not 
always that the equations thus obtained are, as in the above 
example, easier of solution than those of which they take the 


place. 
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‘ Lym 8 
Ex. 1 Given ie pin ee 
-2 
Here 2S Sy Q=(a+1) 


Hence [Paw =—2log(@+1), e?*=(e+1)% 
[erm Qaie= |e +1) dx = 2 EY 


Therefore y=(e#+1/Y fe sary of 


= dy ny ae ee n 
Ex. 2. Given Fiat (@ +1)”. 


Here we find [Pax =—nlog(a+1), 


¢ [eae — (ar - ir: 
[er Qde=[ede=e. 
Therefore y = (@ +1)" (e+). 
11. Equations of the form 
dy ~ Oy? 
dx af Py in Qy ’ 


P and Q being functions of x, are reducible to a linear form. 
For, dividing by y", we have 


an @Y there = 
ieee 2 + Py =Q. 
Now let y*” =z, then 
-ndy dz 
(LUT Gara 
4 es _ dz . 
whence a eee 


so that the equation oe 
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dz 2% 
or dat b-”) Pz=(1-n)Q, 
which is linear. 


dy | Jaret yy 
dx a+1 2 : 

Here, dividing by y’, we have 

ty Ge +1) 


Ex. Given 


de” 2 +a, ™ omnes 
and, assuming y= z, 
oa Zz ere): 
*dx a+l rae 
dz z 
(6) im, Oh ae 8 
he ae AGE (a +1)*. 


The solution of this equation, which is identical in form with 
that of Ex. 1, is ; 


i 4 
= 2t sow +1) 
A -! 
whence y= os +c (+1) ‘ 


General solution by development. 


12. In the earlier portion of this Chapter it was esta- 
blished, by considerations founded upon the nature and inter- 
pretation of the equation 


Mdzx + Ndy = 90, 


that it implied the existence of a primitive equation between 
z, y, and an arbitrary constant. The examples of finite solu- 
tion which have been given above, illustrate this truth. But 


* 
“ 


4.2 GENERAL SOLUTION BY DEVELOPMENT.  [CH. II. 


a further and more complete illustration is afforded by the 
presence of an arbitrary constant in the general integral of 
the equation, as developed in the form of a series by Taylor’s 
theorem. This mode of solution we now proceed to exhibit. 


From the given equation we have 
ere 
da Na 
the second member of which, being a function of # and y, 
may be represented by f, (x, y). Thus we may write 


dy 
Te ra PRC LN er ernnerea ae een (24). 
And differentiating this equation 
Py Adley) , Yee 9) dy 


dz? dx dy da 
df, x, 4 df, (x, y) 
- DEY) DEL 4 9, 


the second member of which, being a function of w and y, 


may be represented by f,(a, y). Thus we have, as a conse- 
quence of (24) 


a” 
iat =f, (3, tence eee (25). 


Repeating on this equation the above process of differentia- 
tion and substitution, we have 


wherein 


Ae, = BED 4 LED fy) 


And, continuing thus to repeat the same operation, we obtain 
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a series of equations determining the successive differential 
coefficients of y, in the form 


n 


the dependence of f, (x, y) upon f,_, (a, y), and hence ulti- 
mately upon f, (a, y), being determined by the general equa- 
tion 


Tn (, y) = fe) + ae Fi (ae, yao. (28). 


Hence Mand N being given, the expressions for 
Ul ed 
Ch ren ie aaa 

are implicitly given also. 


N dy dy : : 

OWE yarn gt &e. determine the coefficients of the several 
terms after the first in the development of y in ascending 
powers of w, by Taylor’s theorem, or more generally in as- 
cending powers of «—w,, where a, is a particular value of a. 
Leaving that first term arbitrary, the development is thus 
seen to be possible, and the result, while constituting the 
general integral of the given differential equation, shews that 
that integral involves an arbitrary constant. 


Actually to obtain the development, let (a) represent the 
general value of y, and let y, be the particular value of y 
corresponding to some particular and definite value, x,, of 
the variable a Then, writing ¢ (x) in the form 


p (2, +a Io)s 
we have, by Taylor’s theorem, 
(x cn 2)" 


y =$ (2) +(e) (©) + $e) AS + be... (29), 


But $(z,) is what y becomes ue ays Hence >} (x,) = 4, 
Again, $'(«,) is what dele, 1. @. e, becomes when #=z,. 


da 
Hence $'(x,) =f, (@» y) by (24). In like manner $"(z,) is 
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what ui becomes when «=a,, and is therefore equal to 


f, (2% Y). Determining thus the successive coefficients of 
(29), we have finally 


y= It filet, W)(8— 0) +f, (ys y) ES + Be ..(30), 
which is the general integral. 


If we assume x, = 0, and represent the corresponding value 
of y by c, we have 


y=ctf, (0, )a+f, (0, o) at he dsisthen (31). 


Should however any of the coefficients in this development 
become infinite we must revert to the previous form, and give 
to x, such a value as will render the coefficients finite, and 
therefore justify the application of Taylor’s theorem. 


Virtually the integral (30) involves like (81) only one arbi- 
trary constant. For in applying it we are supposed to give 
to x, a definite value, and this being done the corresponding 
arbitrary value of y, constitutes the single arbitrary constant 
of the solution. 


[See the Supplementary Volume, Chapter x1x, Arts. 4 
| 


and 5 


EXERCISES. 
1. Integrate the differential equations : 
(1) (14 2) ydx + (1—y) xdy = 0. 
(2) (y* + ay’) dae + (a* — yar’) dy = 0. 
(3) wy(1+a°)dy—-(+y’)dx=0. 
(4) A+y')de-{y+vt+y)} +a) dy=0. 
(5) sina cos ydx — cosa sin ydy = 0. 


(6) sec’ a tan yda + sec y tan ady = 0. 
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2. Different processes of solution present the primitive of 
_ a differential equation under the following different forms, viz. 


tan™ (@ +4) + tan™ (a — y) =<, 
y— a +1= 20x, 
Are these results accordant ? 


3. Integrate the homogeneous equations: 


(1) (y—«a) dy+ydx=0. 
(2) 2v(ay) —a} dy + yde=0. 
(3) ady—ydx —/(a’ + y’) dx =0. 

y ede 
(4) (2—yoos t da + x cos © dy = 0. 
(5) (8y + 10x) da + (5y+ Tx) dy =0. 


4, Integrate the equations: 
(1) (2a—y+1)dx+(Qy—a#—-1)dy=0. 
(2) (8y —Ta+7) dx+ (7y —3x+4+ 3) dy=0; 


the former as an exact differential equation, the latter by re- 
duction to a homogeneous form. 


5. Explain what is meant by variation of parameters, and, 
having integrated the equation « = — ay =0, deduce by that 
dy 


method the solution of the equation « ite 


ay =a+1. 


6. Integrate, by the direct application of (23), the linear 
equations, 


dy x ee A 
t) da! ites ~ 20A+a)’ 
da 
ay 2Y an a yt 
(2) x (1 — 2’) dn t (2% 1) y= az’ 


dy y — _#+V(1—a2") 
=) deta G-a ° 
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dy sin 2a 
(4) dg TY OBER oe 
x o dy -1 
(5) (lta!) 7 +y=tan x 


7. Shew that the solution of the general linear equation 
ee + Py = Q may be expressed in the form 
y= S — ¢ /Pae (C+ c/n g 2) ; 


8. Shew that, ¢ (x) being any function of x, the solution 
of the linear equation 


will be y = ce?) — g (x) — 1. 
9. Shew that if in the linear equation = Py= Q we 


represent ay by p, and then, differentiating and eliminating 


y, form a differential equation between p and a, that equation 
will also be linear, 


10. Integrate the differential equations ; 


(1) (1 — 2’) s — wz = axe", 
() 30 ahaa tl. 
(3) - + 2x2 = 2ax*2’, 

(4) “ +2 C08 @ = 2” sin Qa, 


d 
(5) wa ty =y loge. 


Cais) 


CHAPTER III. 
EXACT DIFFERENTIAL EQUATIONS OF THE FIRST DEGREE. 


1. As the cases considered in the previous Chapter under 
which the equation Mdaz + Ndy=0 is integrable by the sepa- 
ration of the variables, are but a small number of the cases 
in which a solution expressible in finite terms exists, Analysts 
have engaged in a more fundamental inquiry of which the 
following are the objects, viz. 


Ist, To ascertain under what conditions the equation 
Mda + Ndy =90 


is derived by immediate differentiation from a primitive of 
the form f(z, y)=c, and how, when those conditions are 
satisfied, the primitive may be found. 


2ndly, To ascertain whether, when those conditions are not 
satisfied, it is possible to discover a factor by which the equa- 
tion Mdx+ Ndy =0 being multiplied, its first member wili 
become an exact differential. 


These inquiries will form the subject of this and the follow- 
ing Chapter. 


Prop.1. The one necessary and sufficient condition under 
which the first member of the equation Mda+ Ndy =0 ws an 
exact differential vs 


‘Let it be considered in the first. place what is meant by the 
supposition that Mde+Ndy is an exact differential. It is 
that Mand WV are partial differential coefficients with respect 
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to « and y,—that there exists some function V, such that 


dV 
== 3. cana tsoedsetaeneeeeene 2), 
Tig a vevtteetteees (2) 
dV 
‘dy eorereerrooccesessore ese eee (3) 


Any relation between M and V which we can derive inde- 
pendently of the form of V from the above equations will be 
anecessary condition of Mdx + Ndy being an exact differential. 
And conversely, any relation between JZ and NV which suffices 
to enable us to discover a function V actually satisfying the 
above equations (2), (3), will be a sufficient condition of 
Mdx + Ndy being an exact differential, And if the same 
condition should present itself in both cases, it will be both 
necessary and sufficrent. 


Differentiating (2) with respect to y, and (3) with respect 
to z, we have 
QV. idl iV aN (4 
dye dy? <dedy = docte a Oeeaae s 


But the first members of these equations being, by a known 
theorem of the Differential Calculus, equal, we have 


This, therefore, is a necessary condition of Mdx + Ndy being 
an exact differential. It is also, as will next be shewn, a 
sufficient condition. 


In the first place the function V, if such exist, must satisfy 
the equation (2). 


Integrating this equation relatively to x alone (since the 


«5500 Seow 
differentiation in de® relative to # alone), we have 


d. 


V=|fde +0 an Lala 
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C being a quantity which is constant relatively to 2, so that 
oe 0. Hence, though C does not vary with a, it may vary 
with y, and there is nothing to limit the manner of its varia- 
tion. It is therefore an arbitrary function of y, and we may 
write 


2 i Mie id (een: ee (7). 


This is the most general form of V as a function of a and Y 
which satisfies the equation (2), 


In the second place V must satisfy the equation (3). Sub- 
stituting in that equation thé value of V given in (7), we 
have 


aj Mde , db (y) = 


dy dy 
VJ. 
Therefore AO = N— df Moke ; 
dy dy 
Whence OY) = {(Q N- ad Copy Oak ceces seers (8), 


C being simply an arbitrary constant, since, as the constant 
of integration with respect to y it cannot contain y, and as 
part of the expression for ¢ (y) it cannot contain a, 


Now the integration in the second member is theoretically 
possible (though its expression in finite terms may not be 


df Mdsx 
dy 
of y only, i.e. if its differential coefficient with respect to # 
is 0, Expressing this condition, we have 
dN d af Mdz _ 
da dx dy 
d df Mdx_ d df Mdx 
dae dy dy dex 
dM 


dy 


, 1s a function 


possible) if the coefficient of dy, viz. N— 


But 
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Thus the condition (9) becomes 


This then is a sufficient, as it has before been shewn to 
be a necessary condition of Mdx + Ndy being an exact diffe- 
rential. 


The substitution in (7) of the value of $(y) found in (8) 


gives 
v= [uae +f (v- a a dy 4G. 


Finally, supposing still the condition (10) satisfied, the 
solution of the equation Mdx + Ndy =0 will be 


[aa +f( 2s ) i= eee (12). 


2. The practical rule to which the above investigation . 
leads is the following. 


To solve the equation Mdx + Ndy = 0 when its first mem- 
ber is an exact differential, integrate Mdx with respect to a, 
regarding y as constant, and adding, instead of an arbitrary 
constant, an arbitrary function of y, which must afterwards be 
determined by the condition that the differential coefficient of 
the sum with respect to y shall be equal to VN. Then that 


sum equated to an arbitrary constant will be the solution 
required, 


Kx. 1. Given (a’—4ay — 2y’) da + (y’— 4ay — 2a°) dy = 0. 


Here M= 2" — 4xy—2y’? and N=y’ —4xy — 22°, whence 


and the first member of the given equation is an exact diffe- 
rential. 
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3 
Now [alae = 5 = 20 Y — 2h +h (Y) cersaeses. (1), 


the arbitrary function ¢(y¥) occupying, according to the rule, 
the place of the constant of integration. To determine (y) 
we haye 


, 


a ES oi y 2 Depa are) =o — day — 22? 
dy \3 y Mi Y — 2. 


Ap (y) _ 
Whence dy =U 
$(y) =. 


Substituting this value in the second member of (1), and 
equating the result to an arbitrary constant, we have 


Done ae ae 
3 coh Pama ne ee 


the solution required. 


. ; dz z dy 

Kix. 2, Given TiS oe i. = ont C2 0. 
V(x’ + y’) V(e'+y")) y 

ih i ad 


CET a me TICE To 
Hence we find 
dM —y~ _dN 
Mijoes (a? + 9)2 da ~ 
To obtain the complete integral we will on this occasion 
employ directly the general form of solution (12). We have 


| Mdx = log {a +n/(a?+y’)}, 


Oa ie 1 ae 
ge 
ay | Soy yN@+y) 


Hence V— 2 | Mdax = 0, so that (12) gives simply 
Y 


log {a+ V(at+y")} <6. 
oa, 
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Substituting log C for ¢, and then freeing the equation from 
logarithmic : signs and from radicals, we have 


y= C?— 20x. 


3. We may in many cases either dispense with the appli- 
cation of the criterion (1), or greatly simplify its application, 
by attending to the two following principles, viz. 


Ist, If Mdx+ Ndy can be divided into two portions, one 
of which is manifestly an exact differential, it suffices to ascer- 
tain whether the other is such. 


2ndly, If Mdx + Ndy, or that portion of it which, according 
to the above principle, it may suffice to examine, can be re- 
solved into two factors, one of which is manifestly the exact 
differential of a function of a and y, which we will represent 
by uw, then when the other factor is expressible as a function 
of u, we shall have an expression of the form f/(u) dw which is 
necessarily an exact differential. 


x iV : 4 thy = hee sed 
Beth on ot ae = ape ty ia dy=0. 


This equation may be expressed in the form 


ydx — xdy 
wdc + ydy + “7 er — 0, 
WIN y My = 2) 
Now, «dx + ydy being an exact differential, it suffices to ex- 
ydx — xdy 


amine whether the term is such also. 


This term may be expressed in the form of the product 


y ¥ yda — xdy 
V(y" RAs x) yf 2 


the second factor of which is the differential of ee If we 


make ~ =u the product assumes the form aa , Which is 


the differential of sin, 
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The complete primitive is therefore 


2 2 
sh + sin? = =¢, 


4. The converse form of the property last noticed is of 
sufficient importance to be stated as a distinct proposition, 
namely, 


Prop. u. If U and wu be functions of # and y, and Udu be 
an exact differential, then U will be a function of w. 


ee Tdu= Ue de +U5 ap 


Hence the second member being an exact differential we 
have by Prop. 1. 


d du d du 
gllm -Eln)-% 
dU du dU du _ 
dy dz dedy 


Therefore, by the proposition in the first Article of the second 
Chapter, U will be a function of w. 


therefore 


EXERCISES. 
ae (xv? + 327’) du + (y° + 8a’y) dy = 9. 


2 
2, (1 +4) din — 2" dy =0. 


Qedx 1 32? 
alle 


ady — dy — yor 
“+y’ 


4, ada + ydy + — == 0). 


er) dic +e¥(1 -7) dy= 0. 


6.. 6? (x +y" + 2x) da+ 2ye*dy = 0. 
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7. {n cos (nw + my) —m sin (ma + ny)} dx 
+ {m cos (nw + my) —nsin (ma +ny)} dy =0. 


8. Shew, without applying the criterion, that the follow- 
ing are exact differentials, viz. 


ada + ydy o ydx — xdy a 


Ist, : ; 
(lte+y)i ety 
de yey 1 “| 
2ndly, a , : 3 ——x +s (ydo—aedy). 
J (x®-+-4")2 (1—a*—y")3 yn (y a x") y (y v y) 


9. Integrate the above equations. 


a*dy — aya "dx 
by" — cx" 
distinguishing between the different cases which present them- - 
selves according, Ist, as 6 and ¢ are of the same or of opposite 

signs; 2ndly, as @ is equal to, or not equal to, 0. 


10. Integrate the equation + a" "dx = 0, 


11. Shew by the criterion that the expression 


o(a) any () 
ow) 


is generally panes, differential, and exhibit the functional 
dy 


; aN 
forms which and a assume. 


CHAPTER IV. 


ON THE INTEGRATING FACTORS OF THE DIFFERENTIAL 
EQUATION Mdax + Ndy = 0. 


1. THE first member of the equation Mdx + Ndy =0 not 
being necessarily an exact differential, analysts have sought 
to render it such by multiplying the equation by a properly 
determined factor. 


Thus the first member of the equation 
(1+y’)dx+axydy=0 


is not an exact differential, since it does not satisfy the con- 


dition See but it becomes an exact differential if the 


dy dx 
equation be multiplied by 22, and its integration, which then 
becomes possible, leads to the primitive equation 


xv (1+y') =e. 
The multiplier 2% is termed an integrating factor. 


We propose in this Chapter to demonstrate that integrating 
factors of the equation Mdx+Ndy=0 always exist, to in- 
vestigate some of their properties and relations, and to shew 
how in certain cases integrating factors may be discovered. 
To complete this subject we shall, in the next following 
Chapter, investigate a partial differential equation, upon the 
solution of which their general determination depends, and 
shall examine some of the conditions under which the solu- 
tion of that equation is possible, 
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2. To every differential equation of the form 
Mdx + Ndy=0, 


pertains an infinite number of integrating factors, all of which 
are included under a single functional expression. 


It has been shewn, Chap. 11. Art. 2, that the above equa- 
tion always involves the existence of a complete primitive of 
the form 


Differentiating the last equation, we have 


dnp (2, y) _, av (a, y) dy _ 
= 4. res Ove eke Dea (2). 


The value of determined as a function of # and y from 


this equation must be the same as the value of = furnished by 


d. 


the given differential equation expressed in the form 


u+Nn% =o. 
da 


Me eg) © ; 
Hence eliminating between these equations we have 


ayy (aw, y) dip (x, y) 


da dy 
A ee — a Nae ee ee ee (3). 


Let » be the value of each of these ratios, then 


AV) ae ay (x,y): 
Td ek 


As pM and pW are therefore the partial differential co- 
efficients with respect to # and y of the same function » (a, Y), 
the expression ~Mdx+pNdy will be an exact differential. 
Thus Mdz + Ndy is always susceptible of being made an 
exact differential by a factor p. : 
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3. The form of the complete primitive is however without 
gain or loss of generality susceptible of variation. Thus the 
primitive #*(1+y°)=c, Art. 1, might, without becoming more 
or less general, be presented in the forms 

sin jv +y')}=¢,, log i’ (1+y)} =o, 

or in the functional form f{a’(1+y’)} =c, where c, ¢,, c, are 
arbitrary constants. And generally a complete primitive ex- 
pressed in the form V=¢ may be expressed also in the form 
J(Y) =o, f(V) denoting any function of V. These variations 
in the form of the complete primitive imply corresponding 
variations in the form of the integrating factor, a special deter- 
mination of which has already been given, Art. 1. 


To investigate the general form under which all such 
special determinations are included, let us suppose pw to 
be a particular integrating factor of Mdx+ Ndy, and let 
pMdx + pNdy be the exact differential of a function (a, ¥). 
Then representing for the present (wz, y) by v, we have 

pMdze + pNdy = do. 
Multiply this equation by f(v), an arbitrary function of v; such 
being, by Art. 4, Chap. 111, the general form of a factor 
which will render the second member an exact differential. 
We have 
pf (v) (Mda + Ndy) = f(v) dv. 

Now the second member of this equation being an exact dif- 
ferential the first is so also. As moreover the first member of 
the above equation can only become an exact differential 
simultaneously with the second, the factor pf(v) is the 
general form of a factor which renders Mdx+ Ndy an exact 
differential. 


We may express the above result in the following theorem, 


Tf ps be an integrating factor of the equation Mdx+Ndy=0, 
and if v=c be the complete primative obtained by multiplying 
the equation by that factor and integrating, then pf (v) will be 
the typical form of all the integrating factors of the equation. 


Furthermore, f(v) being an arbitrary function of v, the num- 
ber of such factors is infinite, 
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Ex. The equation 
(ay — 2y*) da + (ya — 2a“) dy=0, 
3 
becomes integrable on multiplying it by the factor (=) , the 


actual solution thus obtained being 


z 
¥ + =e 
Hence the general form of the integrating factor of the equa- 
tion is 
BE (2 a ry 
ay? y x = 


4, From the typical form of the integrating factor of the 
equation Mdx + Ndy =0, it follows that if we know two par- 
ticular integrating factors of the equation, the solution may be 
inferred without integration. 


For w being one of the factors given, the other must be of 
the form uf(v). If we determine their ratio by division and 
equate the result to an arbitrary constant we shall have 


fe) =6 


which, from what has been said in the preceding Article, is a 
form of the complete primitive. 


5. It has been observed, Art. 1, that the discovery of an 
integrating factor of the differential equation Mdx + Ndy =9 
generally depends on the solution of another differential equa- 
tion, but there are some cases in which it presents itself on in- 
spection. The equation 


(xy’ + y) dx — ady = 0, 


becomes integrable on being multiplied by the factor ue and 


this factor is at once suggested if we place the equation in 
the form 


yada + yda — xdy = 0. 
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We could thus, also by inspection, assign the integrating 
factors of any equation of the form 


y'dx +(x) (ydu — xdy) = 0, 
and many other forms will readily suggest themselves. The 


following analysis will however lead to results of greater 
generality and importance. 


Special Determinations of Integrating Factors. 


6. Whatever may be thesconstitution of the functions M 
and WN we have identically 


mei dx 4 ides one 
Mile+Ndy=5\ (Mo +yy)(2 +91) + (Ma—Ny) (S a =H 
But GES eee oY dog (2). 

ee Ve ea J 
Hence, 
Mdz + Ndy =5 (ae + Ny)d log xy + (Mx—Ny) d log | (1). 


The functions Mx+ Ny and Mx — Ny appear in the second 
member of this equation as the coefficients of exact differen- 
tials. And upon the nature and relations of these functions 
the inquiry will now depend. 


Whatever may be the constitution of JZ and N some one, 
and only one, of the following cases will present itself. 
Fither the functions Mce+Ny and Ma—WNy will be both 
identically equal to 0, or one of them will be so and not the 
other, or neither of them will be identically equal to 0. These 
cases we will separately consider. 


Ist. The case of Ma+ Ny and Ma — Ny being both iden- 
tically equal to 0 may be dismissed, as it would involve the 
supposition that Mand N are each identically equal to 0. 
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2ndly. Suppose that one of the functions Ma + Ny and 
Mz — Ny is identically equal to 0 and not the other, and first 
let Ma + Ny be identically equal to 0, then (1) becomes 
Mda + Ndy =} (Mx —Ny)d log = 
whence dividing by Ma — a 


om va4d oy, o eevee eecscreccsee (2), 


Now the second member being an exact differential the first 
member is also one. In this case then Mdx + Ndy is made 


: : 1 
an exact differential by the factor Taare By parallel 


reasoning it follows that if Ma — Ny is identically equal to 0 
and not Mx+ Ny, an integrating factor of Mdx+ Ndy will 
1 
Det Ny 
And thus we are led to the following theorem. 
TurorEM. If one only of the functions Ma+ Ny and 


Ma —Ny is identically equal to 0, the reciprocal of the other 
function will be an integrating factor of the equation 


Mdzx + Ndy=0. 


srdly. Let neither of the functions Ma + Ny and Ma—Ny 
be identically equal to 0. Then first dividing the funda- 
mental equation (1) by Mz+ Ny, we have 


Mdx + Ndy Ma — Ny 
“Ma + Ny = }d log vy + 3 Ny Nye 85 some (3). 


Now, by Art. 3, Chap. m1, the second member of the 
above equation a an exact differential (its Bist term 


being already such) Behe) is a function of log = gy there- 


— Ny. 
TE ee 
fore if it is a function of 2 therefore if it is a homogeneous. 


function of x and y of the degree 0, for the typical form of 
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such a function is ¢ (): therefore, finally, if M and N are 


homogeneous functions of x and y of a common degree. For 
let MZ and N be homogeneous and of the n' degree. Then 
Ma—Ny and Max+ Ny are each of the degree n+1, and 
Ma — Ny 
Ma + Ny 
functions of the n™ degree, the second member, and therefore 
the first member of (3), is an exact differential. 


is of the degree 0. Thus Mand N being homogeneous — 


From this conclusion, combined with the previous one, we 
arrive at the following theorem. 
THEOREM. The equation Mdx + Ndy =0 when homogeneous 


1 ee 
as made integrable by the LEO Ny? unless Mx + Ny is 


us ; é; 
identically equal to 0, in which case Mz —Ny ws an integrating 
factor. 


Always then the homogeneous equation Mdx+ Ndy=0 is 


made integrable either by the factor or by the 


1 
Ma + Ny 


fact : 
i Ny. 


In the second place, dividing the fundamental equation (1) 
by Mx — Ny, we have 


Mda+Ndy _, (Ma+ Ny é Aa 32) Fr 
Ma ~ Ny = Giga ny? set °8 aia (4), 
of which the second member, and therefore also the first 


4 .  -pMMa + Ny. 
member, becomes an exact differential if ow 8 a func- 


tion of log xy; therefore if it is a function of xy; therefore, 
finally, if 1£ and NV are of the respective forms 


M=F,(ey)y, N=F, (ay); | 
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since this supposition would give 
Meo-+ Ny _ F (ey) + Fey) 
Ma — Ny ~ Fey) —F,(@y)’ 


of which the second member is a function of the product xy. 


Hence the following theorem. 


THrorEM. The equation Mdx + Ndy=0 is made integrable 


1 baba 
by the factor Hany when M and N are of the respective 


jorms 


M=F(ay)y, N= P(ay)a, 
unless Mx —Ny is identically equal to 0, in which case 


We + Ny is an integrating factor. 


Or the theorem might be thus expressed. The equation 
| (ay) ydx + F,(xy) xdy =0 
is made integrable by the factor 
1 
ay Fey) — Pep) 
unless we have identically F) (wy) — F, (ay) =0, in which case 
uy 
wy {E (wy) + 4, (ay)} 


is an integrating factor. 


We may, however, remark that, in the particular case in 
which F' (xy) —F, (xy) =0, no factor is needed, as the dif- 
ferential equation may then be expressed in the form 

Fay) (ydx + ady) =0, 
the first member being manifestly an exact differential. 


7. The results of the above investigation may be summed 
up as follows. 


If either of the functions Mxa+ Ny, Max — Ny is identically 
equal to 0, the reciprocal of the other function is an integrating 
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Jactor of Mdz + Ndy =0; but if neither of these functions is 


equal to 0, then Ma Ny ws an integrating factor for the 


equation when homogeneous, and iy an integrating 
Sactor of the equation when susceptible of expression in the form 
Fr, (ay) yda + EF, (wy) ady = 0. 
Ex. 1. Given a'dx+ (Ba°y + 2y’) dy=0. 


This is a homogeneous equation, and its integrating factor 
according to the rule above given will be 


1 
att + Bary? + Dy” 


Thus we have, as an exact differential equation, 


___ wide ioe + 2y°) dy _ ; 
a4 Bay oy! eBay oye Ge) 


Referring then to Art. 2, Chap. IIL, we have 
adx 
[ate =|5 + 3x°y’ + 2y% 


on x 
={(z Vee are :) de 
Ie Eg ay 


x + Qy? 
= log Je +) + $ (y). 


Differentiating this expression with respect to y, and com- 
paring the result with the corresponding term in (1), we find 


d¢ (y) 
dy 


= 0, whence ¢ (y) = const., and we have 
x + elie 

E+) 

or a2 4+ 27 = Co (e'4+y’) 


for the integral required. 


log 


=C, 
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Ex. 2. Given (y+ ay’) dx + (#—yza") dy = 0. 
This equation may be expressed in the form 
(1+ ay) ydx + (1—ay) ady=0. 
Hence its integrating factor, as given by the rule, will be 


1 1 
Ma —Ny~ (1+ ay) ay — (1 —ay) ay 


1 
cs Qx*y" . 


Rejecting the constant 4, we have, on multiplying the given 


equation by = ; 


ao Pee 
ou xy 
Hence 
dx dx 1 
[atte = [oe + Pam arse) 
Now Ndy= oe - wy . Hence the complementary function 


¢ (y) will be —log y. Thus we have 
1 
log Ne C 
for the integral required. 
Ex. 3. Given (a°y’+ ay’) da — (a*y + a°y*) dy=0. 


If we treat this as a homogeneous equation regardless of 
the implied conditions, we find 


Bc 
Mz+Ny 0° 
The rule however shews that when Ma+Ny is, as in the 
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above example, identically equal to 0, 


1 
Ma — Ny represents an 


integrating factor, which in the above case will be 
pelt 
2 (a*y” + a*y”) © 


The equation is thus reduced to 


whence we find y=ca as the complete integral. 


8. From the theorems of the preceding article others of 
greater generality may be deduced by transformation. Thus, 
since the equation £, (ay) ydx + F, (xy) ady =( is made inte- 

1 


, it follows that the 
ay (Ef, (zy) — F, (zy)} 


EF, (uv) vdu + F, (uv) udv = 0 


; ; li 
is made integrable by the factor Turn SF Call wu and 
v being any functions of x and y, Hence expressing du in 


du du : dv dv 
the form FE: dx + AE dy, and dv in the form a dx + di dy, we 


grable by the factor 


equation 


see that the equation 
du dv du dv 
Ao +5, (uv) u = dx + {7,(ue) v ay + (wv) u a dy=0 


: ; 1 
is made integrable by the factor oF Gan) Ga) what- 


ever functions of # and y are represented by u and v. And, 
on giving particular forms to these functions, particular con- 
ditions of integration of the equation Mda + Ndy = 0 present 
themselves, 


9. An integrating factor for homogeneous equations may 
also be found by the following method, due to Professor Stokes, 
who first pointed out the necessity of taking account of the 


B.D.E. 3) 
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case in which Mx + Ny is identically equal to 0. (Cambridge 
Mathematical Journal, Vol. Iv. p. 241. First Series.) 


Suppose Mand WV to be homogeneous functions of # and y 
of the degree n. Then we may write 


M = abo), N=) veneeeaeeoane es (1), 
where v stands for - : 
Hence Mdzx + Ndy=2"¢ (wv) dat ab (v) dy ......4+. (2). 


But y = xv, therefore dy=adv + vdw. Substituting this value 
of dy in the second member, we have 


Mdx + Ndy =x" {$ (v) +o (v)} dx + ap (v) dv (8). 
Two cases here present themselves. 

First, the constitution of the functions ¢ (v) and > (v) may 
be such that ¢(v)+v(v) may be identically equal to 0. 
This will happen if Je + Ny is identically equal to 0, since 
by (1) 

Ma + Ny = 2"" {oh (v) + vo (v)} .... ec eee (4). 

In this case the equation (3) reduces itself to 

Mdx + Ndy = x" (v) dv, 


es = tae 


Now the second member . an exact differential the first 
is so also, and Mdx+ Ndy is ‘therefore made integrable by 


1 
the factor vi 


Secondly, the constitution of  (v) and  (v) may be such 
that (v) +e (v) is not identically equal to 0. And this 
happens when Mx + Ny is not identically equal to 0. 


In this case dividing both members of (3) by 


a (6 (0) +o 0)}, 


a [ob (®) + rs (v)} b (v) + ow (0) ’ 


we have 
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But the second member being an exact differential the first 
also is such. Now 
Mdx+Ndy __ Mdx+ Ndy ae 
Tb (—) oy) Me+Ny °F 
Here then Mdz + Ndy is made integrable by the factor 
ee 
Ma + Ny’ 


Combining these results together, we see that the homo- 
geneous equation Mdx + Ndy =0 is made integrable by the 


factor unless the constitution of Wand N is such 


1 
Mz + Ny’ 
as to make that factor infinite. In the latter case = will be 
an integrating factor, n being the degree of M and N. 


The form of the supplementary integrating factor as given 
by the above investigation is different from that before ob- 
tained. The results are however perfectly consistent. 


For a more complete analysis of the problem which has for 
its object the discovery of the integrating factors of a homo- 
geneous equation we must have recourse to the method of the 
next Chapter. . 


EXERCISES. 


1. Shew by the application of the theorem of Art. 1, 
Chap. u. that the expression ay’ + a + y'°+2(ay—1) (@+y) 
‘is a function of x and y, only as being a function of ay +a + y. 
2. A particular integrating factor of the equation 
Qaydz + (y? — 3z°) dy=0 is y™. 
Prove this, and deduce another integrating factor by the 
formula established in Art. 6 for homogeneous equations. 


3. Exhibit the general form under which all the integrat- 
ing factors of the above equation are comprehended. 
5—2 
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4. Deduce in like manner the functional oo for all 
the integrating factors of the equation 


449 (S SH) <0, 
x yy Pe 


5. Obtain integrating factors for the homogeneous equa- 
tions : 


(1) wdy — ydx = (x +’) dx. 
(2) (8y+10x) dx+ (5y+ 7x) dy=0. 
(3) (a+ 2ay—y’") dx + (y’ + 2xy — x”) dy =0. 


dy 
2 ; 2 . 
(4) y+ @y +a") 7 =0. 


(5) (ecost +-y sin’ ¥) yde-+ (woos —y sin 2 eedy = 0. 
Exhibit the corresponding integrals of the above equa- 
tions, 
aoe fails to give an integrating 
Ma + Ny a % 
yd 


factor for the homogeneous equation ae =0. What 


6. The formula 


formula ought here to be employed and to what result does it 
lead ? 


7. Determine an integrating factor of each of the equations 
(1) (y' + ay) ydx + (a*y* — 1) xdy = 0. 
(2) (aly +a°y'+ay +1) ydxt (a°y?— xty’— ay + 1) ady =0. 


reg”) 


CHAPTER V. 


ON THE GENERAL DETERMINATION OF THE INTEGRATING 
FACTORS OF THE EQUATION Mdx+ Ndy =0. 


1. Prop. It is required to form a differential equation for 
determining in the most general manner the integrating fac- 
tors of the equation Mdx + Ndy = 0. 


Let w be any integrating factor of the above equation, then 
since ~Mdx + wNdy is by hypothesis an exact differential, we 
have by Prop. I. Chap. 10. 


d (uN) _d(uM) 


dx dy 
Hence 
dp, -dN_ ,,dp aM 
Berek ae mee dyit ady a 


or, by transposition, 


du _ (dM as 
Ce tal sa) 


which is the equation required. 


Now this equation involves the partial differential coeff- 
cients of ~ taken with respect to w and y. It is therefore 
a partial differential equation. We have not the means of 
solving it generally, and it will hereafter appear that its 
general solution would demand a previous general solution 
of the differential equation Mdx + Ndy =0, of which wp is 
the integrating factor. But there are many cases in which 
we can solve the equation under some restrictive condition 
or hypothesis, and the form of the solution obtained will 
always indicate when the supposed condition or hypothesis 
is legitimate. 
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The following are examples of such solutions. 


2. Let w be a function of one of the variables only, e.g. 


suppose = > (x), then since on =(), we have from (1) 
; dM dN 
N$@) = (Gy ~ dz) 8) 
Therefore 
bx) _ dy ~ da 
$ (x) NG iw 
or 
dM aN 


d dy dx 

dav ed RmeiNee ne 
Now if the second member of this equation is a function of x 
the equation is integrable, and we have 


pdMt_aN 
log ¢ (x) [ute dx. 


‘Whence 
aman 
dy dx 
pmer OSs ee (2): 
We have seen that the hypothesis assumed as the basis of 
the above solution, viz. that the integrating factor mw is a 
function of # only, is legitimate when the constitution of the 
functions M and NV is such that the expression 
ci 2ek ) 
(Z dja 
is a function of a only. In this case (2) enables us to deter- 
mine the value of p. 
In hike manner the condition under which wp is a function 
of y only, is 
dN dM 
Fee 
pele function of y only......... (3), 
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and the value of , on this hypothesis, is 


aN dM 
I MN ae as a5. cosh secu 5 (4) 
Ex, Let us inquire whether the equation 
(3x? + Cay + 3y’) dx + (2x" + Bay) dy =0.....5... (5) 


admits of an integrating factor which is a function of « only. 
Making M= 32+ 6zy + 3y’, N = 2x? + 3xy, we find 


aM_ dN 
dy dx _ 6x+6y—(4%+3y)_ 1 
yO 2a* + day ey 


and this result being a function of x alone, the determination 
of # as a function of w alone is seen to be possible. From 
(2) we now find 
fe 
p=e * = Cz, 
C being an arbitrary constant. 
Now multiplying (5) by Cz, we have 
C { (Bx? + 6a*y + 38xy’) dx + (20° + 32x°y) dy} =0. 

The first member of this equation remains a complete differ- 
ential whatever value we assign to C. If we make C=1, 
and integrate, we find 

3a oxy 


talked Bo tame 


' the integral sought. 
The student may obtain also the same result by solving (5) 
as a homogeneous equation. 
The linear differential equation of the first order 
dy 
ie + Py Grd Q ma QUI IE. eta de cee cee (6), 
P and @ being functions of x, may be solved by the above 
method. 
For, reducing it to the form 


(Py — Q) dx + dy= Tha ee (7), 


72) GENERAL DETERMINATION (cH. v. 


we have M= Py—Q, N=1, whence 


au_dN 
dy dx 
N 


which being a function of # we find from (2) 


3 jee 


=P 


bh 
Multiplying (7) by the factor thus determined, we have 


a Py Olde dees 


the first member of which is now the exact differential of the 
function 
a - fe Qdx. 


Equating this expression to an arbitrary constant ¢c, we 
find 


Rey) ley | ah Y jg ae (8), 
which agrees with the result of Art. 10, Chap. II. 


3. Let it be required to determine the conditions under 
which the equation Mdx + Ndy = 0, can be made integrable by 
a factor 4 which is a function of the product ay. 


Representing ay by v and making w= ¢(v), the partial 
differential equation (1) becomes 


fdaM dN 


N§e) Te - UK) - (GD) $=0 


: dv dy 
whence, since a: a =a, we find 


dm dN 
$'(0) _ dy da 9 
b (v) ~ Ny — Mx ee ee ee ed te \ 


Thus the condition sought is that the second member of the 
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above equation be reducible to a function of v alone, i.e. of 
xy alone. And the corresponding value of yw is 


Sees essere esesevores 


One case in which the above condition is satisfied is the 
following, viz. 


Ee (ay) gad, (ey) 2dy = 0. cen sree Guey 
Making M= Ff, (v) y, N= F, (v) a, and observing that since 
dv dv 
v= Ty, de ay we find 
dM dN 
dy de _F, (0) +0F/)— F(0)— 0) 
Ny — Ma v {F, (v) — £, (v)} 


—_ Fe&)-Fe)4+{F/@- FO} 
2 v {F, (v) — #, (0)} 
1 Fo) -F,(Q) 


o£, (x) —£, 0)’ 


a function of v alone. 


Multiplying by dv and integrating, we have 
dM dN 
eee dv =—logv — log {F, (v) — F, (v)}. 
Ny — Ma " Pa eee 
Hence, 
? 1 1 


‘WE O-EO)” athe -hen 
This accords with a result of Art. 6, Chap. Iv. 


[The above investigation fails when the constitution of the 
functions M and N is such that we have identically 


Ny — Mx = 9. 


An integrating factor for this case has already been found in 
the preceding Chapter. } 
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Ex. 1. Thus the equation (a’y?+1) ydx + (a*y’ —1) ady=0 
becomes integrable on being multiplied by the factor Dany? 
which is found by substituting in the previous expression 


xy +1 for F (xy), and ay*—1 for F, (xy). 


The final solution is 
say + log =, 


Ex. 2. The equation 
(2a°y? — y) dx + (2x°y’ — x) dy = 0, 
does not fall under the type (11), but the values which it 
furnishes for M and WN give 


dM aN 
dy de 4a°y—1—(4y°x—1) ee ie 


Ny — Mx if Qx*y* — ay — (2x*y’ — xy) ey v 


> 


so that the condition of integrability by a factor of the form 
J (xy) is satisfied. Hence 
Be rg ee 
lod pas = oy ie ay Ms 
Multiplying the equation by this factor, and integrating, we 
find for the primitive 


a ++ 4 y'=0, 
wy 


4. It is required to investigate the conditions under which 
the equation Mdx+Ndy=0 can be made integrable by a 
factor yw which is a homogeneous function of « and y of the 
degree 0, 


As « must be of the form ¢ (4) let us represent by 2, 
and then assuming yw = ¢'(v), and observing that 
dy =—y dy_1 


da 7 dy a 


’ 
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the partial differential sans (1) becomes 
' dM dN 
— N¢' (v) 4 - Ug’ (®)= = (; 5 -F)b@)» SA ee (12), 


whence 


Thus the condition sought is that the second member of the 
above equation should be a function of v, i.e. of o 


And the ae value of pw is 
2 (aN _ ay 
da dy) 
pp=e MatNy 


But since every function of a is homogeneous and of the 


degree 0, with reference to the variables « and y, we may 
express the above results in the following theorem. 


In order that the equation Mdx+Ndy=0 may be made 


integrable by a factor u whichis a homogeneous function of « and 
y of the degree 0, it 1s necessary and sufficient that the function 


a(f- 
dx __ dy 
iy (13) 


should be also homogeneous and of the degree 0. This con- 
dition being satisfied, the value of w will be 


Pr EL ND deicinca chang én vekee (14), 


where v stands for 7 and f(v) is what the function (18) 2s 


reduced to by this transformation. 
The above investigation fails when the constitution of the 
functions JJ and N is such that we have zdentically 
Ma + Ny =0. 


An integrating factor for this case has already been found in 
the preceding Chapter. 
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We proceed to notice some of the consequences of the 
above theorem. 

It is evident that the condition which it involves will be 
satisfied when M and N are homogeneous functions of # and y. 
For, supposing them to be homogeneous and of the n™ degree, 
_ the numerator and denominator of the fraction (13) will each 

be of the (n+ 1) degree, and the fraction itself therefore of 
the degree 0, the condition required. 

It is not however by homogeneous equations only that 
this condition is satisfied, and it is sometimes worth while to 
inquire into its applicability in other cases. Thus for the 
equation 


(7 + see”) dx —* dy =0 
y o Y 
a 


we should find the integrating factor cos ae 


5. It is required to investigate the conditions under which 
the equation Mdx + Ndy = 0 can be made integrable by a fac- 
tor w,.which 1s a homogeneous function of the degree n. : 


Assuming p =a2"$ (¥) , the partial differential equation (1) 
becomes 


ea ¥ — ot is ¥ Nae y 
v4 nx 6. xu (“)} Ma" (¥) 


(dM dN) ,, fy 
sere ae 
Dividing by aw"? and transposing, we get 
Neha ne) Varl  (Y 
(Mx + Ny) $ (“) =\2 ee dy toe 6(%), 
whence 


z) ee (= a) +nNa 
oe zy 


4) Ma + Ny 
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Let Z =v, and suppose the second member to assume the 


form f(v); then, multiplying both sides by dv and integrating, 
we have ei 


log $ (x) = [Ff (%) de. 
Hence p= a” cu) (v) = ne II dy. 


Thus we arrive at the following theorem, 


THrorem. In order that the equation Mdx + Ndy =0 may 
be made integrable by a factor u, which is a homogeneous func- 
toon of x and y of the n*” degree, it is necessary, and tt suffices, 
that on making y =vzx the function 

dN dM 
tf ee air "f 
x ( ee ay ) +nNax 


plc NEB ne Tea tL ca Sa i Pe n 
Ma zs Ny Ocacccccersecccecs (15) 


should assume the form f(v). This condition being satisfied, 
the expression for will be 


eae LIOR NS, Min dpe au Ha (16); 


It will be noted that the condition that (15) shall be a 
function of v, is the same as the condition that it shall be a 
homogeneous function of # and y of the degree 0, 


The theorem fails when Max + Ny =0, a case already con- 
sidered. 


Ex. 1. Required to determine whether the equation 
(2a° + 8a*y + y’ — y*) da + (2y° + day’ + x’ — x°) dy =0 


admits of an integrating factor which is a homogeneous func- 
tion of # and y. 
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Here M=2a°4+ 382y+y°-y’, N=2y°+ 8ay?+2°—2', 


dN 
‘a7 Bart Sym 8g) 8 Nae ae ree 


aN dM a4 ‘ 
Hence, on substitution, 
dN dM 
2 ——d [ 
ee dy ) ee 
Mx + Ny 


bys" + (3n + 6) ay? + Qnay’® + (n+ 2) 2° = aly 
2x Sea + 2y? + ay + acy’ 


We are now to inquire whether there exists any value of n 
which reduces the second member of the above equation to a 
homogeneous function of # and y of the degree 0. 


That member may be expressed in the form 


—2x y (n+ 6) 2 =O) Beer ae 
ary 2a? + Dy? + ay 


and it is now plain that if any value of m will answer the 
required condition, it must be one which will make the terms 
containing xy” and «* in the numerator of the second factor 
vanish. Making then n=— 2, we have 


—2 ii SY Te ees — 2x 
ety 2 +2y°+ay w+y 


_ 2 
l+v° 
—2dv 
Hence p = ae! #” = —° __ 
x (14+)? 
c 


~ @tyy 
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Multiplying the given equation by this factor and integrating 
we find as the primitive equation 


wD bayt yy _ 
“ety 


In the case of homogeneous equations the condition in- 
volved in the general theorem will be satisfied independently 
of the value of n, the particular case in which Ma+ Ny=0 
excepted. It follows hence that with this exception we can 
find an integrating factor of any ia degree for the 
homogeneous equation Mda + Ndy = 


Ex. 2. Required two integrating factors of the respective 
degrees 0 and 1 for the equation 


(8a + 2y) dx + xdy = 0. 
First making W= 3x2 +2y, N=, and n=0, we have 


dN aM 
fies ae | +nNa - 
Ma + Ny ~ B(a@+y)’ 


Hence fit= 
Bu 
pact — 6 (y41) ae Meee 

Secondly, making = 32+ 2y, N=a, n=1, we have 


Hence SF (v) =9, 
pa relt% — og, 
Thus replacing each of the constants ¢ and ¢’ by unity, the’ 


integrating factors in question are — and a. 
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Multiplying by the second factor x and integrating, we 
find x* + #’y = C for the primitive. 


Again, if in illustration of the remark of Art. 4, Chap. Iv., 
we equate to an arbitrary constant the ratio of the second 
factor to the first, we have 


a (w + y)® = constant, 
which being equivalent to 

x” (x + y) = constant, 
agrees with the previous solution. 


Let us next examine the general results to which the 
theorem leads, when M and N are homogeneous and of the 
m degree. 


The general forms of M and N will be on putting v for 4 ; 
M=2x"b(v), N=a(v). 


Hence, observing that 


d i: m— t 

Tag eH (ve) — ay (2), 
i Neg mee 

aa '¢ (”)3 


we have on substituting in the expression for f(v), and 
dividing numerator and denominator of the result by 2”, 


»p) m+) ¥ (ve) — oF) — $ (r) 
S (v) $()tow@) es (17). 


If we make n, the value of which may be chosen at plea- 
sure, equal to — m—1, we have 


__ FO) + W440) 
ar Ors 10 
Multiplying by dv and integrating, 


 F@)do=—log (6) toy). 
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Cc #40 
~ TSW) toy)} Mat Ny” 


And here again it results that the homogeneous equation 
Mdx+ Ndy=0, may be made integrable by the factor 


_ Hence, p=a"el™ (18). 


Wa + Ny’ except in the particular case in which the con- 


stitution of M and N is such as to make Mz+Ny=0. More- 
over this theorem is seen to be only a particular consequence 
of the general theory of the integrating factors of homogeneous 
equations. 


Resuming (17) which we may write in the form 


— (m+nt+1) vv) - Ly) i (oS ena 


Bete b+) 
we have 
ar (v) dv 
[7 do= (m-+n+1) [eS — log (6 (0) +04 (2) 


by the substitution of which, combined with the previous re- 
duction, the general value of ~ becomes 


Wiv)dv 
ed Gienion AUER), eee (19) 
b= Wax Ny cevcccceroesnoeore . 
which is the general expression for an integrating factor of the 
n™ degree, supposing not equal to —m—1. 


If we now equate to an arbitrary constant the ratio borne 
by the last value of « to the previous one (18), we have 


wWiv'dv 
gimtntt glmtntt) wt (v) — C, 
which is readily reducible to 

ar (v) dv 
log aoe 
eet ee eny O) 
Now this is the very solution of the homogeneous equation 

Mdx + Ndy = 0, obtained by the direct assumption y = ve, 10 
Art. 8, Chap. I. 


B.D. E. 6 
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We thus see that in the case of homogeneous equations the 
employment of integrating factors conducts us, but by a more 
lengthened route, to the same final integrals as the direct 
method of Chap. 11. It is difficult to lay down any general 
rule as to the value of concurrent methods, but it would pro- 
bably be not very remote from truth to say, that the peculiar 
advantage of the theory of integrating factors consists rather 
in its appropriateness for the investigation of conditions under 
which solution is possible, than in the actual processes of 
solution to which it leads. 


6. The following application of the theorem is of a more 
general character. 


The equation 
Pda + P,dy +Q (ady —ydx) =0.....4... (21), 


where P, and P, are homogeneous functions of # and y of the 
degree p, and Q is a homogeneous function of # and y of the 
degree g, may be rendered integrable by a factor w which is a 
homogeneous function of x and y of the degree — q — 2. 


Here M=P,— Qy, N=P,+Qz. 
Hence Me+ Ny=P,v+ Py. 


Thus the denominator of (15) is the same as if JJ and N were 
reduced to their first terms P, and P,. And the numerator 
remains the same also. For the addition which the second 
terms of Mand N, viz.— Qy and Qa, make thereto is 


{7 (Qa) +5 (Qu) } + Qe 


which, on effecting the differentiation, becomes 


x {owe ty Ge (n + 2) qt, 


but Q being by hypothesis homogeneous of the g™ degree, 
whence, ' 
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the above expression reduces to 
x (g+n+ 2) Q, 


and vanishes if m is made equal to —qg—2. Thus (15) as- 
sumes the same form as if JJ and N were homogeneous of the 
degree p, and the condition of the theorem is satisfied. 


[If we write equation (21) in the form 
P, dx + P, dy + Qu’ d u=0, 


the required result follows at once from the remark on page 
79, lines 4...7; for a homogeneous factor of the degree 


—q—2 will obviously render Qa* 1% integrable. ] 


7. All the applications which we have hitherto made 
of the partial differential equation (1) are of one kind. The 
general problem which they exemplify is the following. Under 
what condition does the equation Mdax+ Ndy=0 admit of 
being made integrable by a factor of the form ¢ (v) where v is 
a known and definite function of wand y? Let us examine 
the general form of its solution, 


On substituting ¢ (v) for w in (1), we find 


dM _4N 
d'(v) dy da on 
b(v) 7s ORD enn ea 
Nin Ma 


The condition sought then is that the second member of this 
equation should be a function of v. Representing that func- 
tion by f(v) the corresponding value of p is 


foe OT sca) sn one cenmenmenes (23). 


Any special case may be treated either independently as in 
the previous examples, or by directly referring it to the above 
general form. 


6—2 | 
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Thus a direct reference to the above theorem shews that the 
condition which must be satisfied in order that the equation 
Mdx+Ndy=0 may admit of an integrating factor of the 
form ¢$ (a+ y) is that the function 


au_aN 
dy dx 
2Na—M 


should be a function of 2 +y. And the mode of determining 
this point would be to assume x+y = v, and, thence deducing 
y=v-—«’, to substitute that value of y in the above function, 
and see whether the result assumed the form f(v). The 
equation (23) would then give the value of w. And this mode 
of procedure is general. 


8. When by the discovery of an integrating factor the 
possibility of solving a differential equation has been esta- 
blished, there is no more valuable exercise than to endeavour 
to effect the same object by other means. 


Let us take as an example the equation considered in 
Art. 6, viz. 


Pda + P.dy + Q (ady — ydx) =0 .......... (24), 


P, and P, being homogeneous of the degree p, and Q homo- 
geneous of the degree g. 


g 
Let 2 =a? d (2), PL=aP (*) », Q=a2"y (2) , then 
making =v, whence flow 
dy = xdv + vdz, 
xdy — ydx = x*dv, 


the given equation, expressed in terms of the variables w and 
v, becomes 


a’ (v) da + ab (v) (wdu + vdx) + ay (v) x a'dy = 0, 
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and assumes on transposition and division the form 
de, (0) x (0) 
dv o(v) top  (v) + oF () 


- Now the reducibility of an equation of this form to a linear 
form has been established in Chap. 11. Art. 11. 


os 


Under the general form (24) are virtually included some 
remarkable equations which have been made the subjects of 
distinct investigations. 


; Thus Jacobi has, by an analysis of a very peculiar character, 
solved the differential equation. (Crelle’s Journal, Vol. xxrv.) 


(A+ A'e + Ay) (wdy —ydx) — (B+ Bix i By) dy 
+(0+ Cat C"y) dz =0......... (26). 
If, however, we assume in that equation 
a=E+a, y=n +B, 


we can, by a proper determination of the constants ¢ and £, 
reduce it to thé form 


(a& + a'n) (Edn — nd) — (bE + b'n) dn + (cE + c'n) dE =0, 


which falls under (24). On effecting the substitution in ques- 
tion the equations for determining ~ and £ will be found to be 


a(4+A’a+A"6) -(B+ Ba+B'f)=0, 
—B(A+A’a+A"B) + C+ C'a+ C"B=0. 


The most convenient mode of solving these equations is to 
write them in the symmetrical form 


, 7 , 1/7 
Beet OF Oa te ay Whee eee C7: 


a 
then, equating each of these expressions to d, we find 
A—r7+A’'a4+ A"B=0, 
B+ (B'-r)a+ BB =0, 
C+ Ca+(C"-rA)B=0, 
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from which eliminating ¢ and 8 we have the cubic equation 
(A —2) (B’—2) (C” —20) — B’C’ (A—2) —- A” C (B’—2) 
— A’B(C” —A) + AB’ C+ A BO =... ccc eecc scene (27). 


Ifa value of X be found from this equation, any two equa- 
tions of the preceding system will give a and £. 


9. The present chapter would be incomplete without some 
notice of a method which was largely employed by Euler. 


That method consisted in assuming pw to be a function 
definite in form as respects the variable y, but involving un- 
known functions of a as the coefficients of the several powers 
of ¥. 


After the substitution of this form of » in the partial differ- 
ential equation (1),the result isarranged according to the powers 
of y, and the coefficients of those powers separately equated to 
0. This gives a series of simultaneous differential equations 
for the determination of the unknown functions of But for 
the success of the method it is necessary that the primary 
assumption for « should have been chosen with some special 
fitness to the object proposed. The following is an example. 


Required the conditions under which the equation 
Pydx + (y+ Q) dy =90 
admits of being made integrable by a factor of the form 


1 
t+ Ry? + Sy’ 
P, Q, Rand S being functions of a. 
In the partial differential equation (1), making 


1 


M=Py, N= Syme ie 
Py N= 9 Gh ear eae 
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clearing the result of fractions and arranging it according to 
the powers of y, we have 


(2P+ 2-2) y *+(pR+R oe - qe ey 
+(8 ges a y= Qesesn (28). 


Whence, equating separately to 0 the coefficients of the dif- 
ferent powers of y, we have the ternary system 


dQ dR 
Lea in tepid POC eee weer errr ee essere eseoee (29), 
PR+ Ro - an Se Osetra (30), 
Ze 
dQ ds 
Sr — QF HO eceerrenereeseseeseeseseeseens (31) 


The last equation gives S=cQ, c being an arbitrary constant. 
Substituting this value of S in the equation obtained by 
eliminating P from the first two equations of the system, we 


find 
(2c — R) dQ +2Qdk = RdR, 


or, regarding therein # as the independent and Q as the de- 
pendent variable, 


(2c —R 29 = Me 


,¢@ 
)aR 
a linear equation of which the solution is 

Q=Rh-ct+e (R-- 2c)’. 

Hence we have 

S=c(R—c) +c (R— 2c)’, 
and from the substitution of the value of Q in the first equa- 
tion of the ternary system, 


Paso (8-20). 
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These values of S, Q, and P, in which & is arbitrary, re- 
duce the given differential equation to the form 
{R—¢+c (R—2c)?+ y} dy —cy (BR — 2c) dR=0...(32), 
and present its integrating factor in the form 
Z 
y+ Ry + {ec (R—c) +. cc! (R— 2c)"} y’ 


Z being an arbitrary function of x. 


For other examples the student is referred to Lacroix 
(Traité du Calcul Diff. et du Calcul Int. Vol. 11. Chap. Iv.). 
The results of this method are usually of a very complex 
character, while their generality is limited by the restrictions 
which must be imposed in order to render the system of | 
reducing equations solvable. Thus Euler’s equation above 
considered is virtually only a limited case of the general 
equation (21). If we assume 

ytc=s, R-2c=t, 
it becomes 
(s +t) ds + cc'tdt + c't (tds — sdt), 


which evidently falls under that equation. 


[The Jacobian theory of the Last Multiplier, which is 
connected with the subject of the present Chapter, is dis- 
cussed in the Supplementary Volume, Chapter xxxt.] 


EXERCISES. 
1. The following equations admit of integrating factors 
of the form ¢ (x), viz. 
(1) (@’+y?+ 2x) dx + 2y dy =0. 
(2) (a+ y) dx —2ay dy=0. 
Determine these factors and integrate the equations. 
2. The equation 2ay da + (y’— 32°) dy=0 has an inte- 


grating factor which is a function of y. Determine it, and 
integrate the equation. 
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3. Find those integrating factors of the equation 
ydx + (2y— x) dy=0 


which are homogeneous functions of x and y of the respective 
degrees 0 and — "9, and trom the consideration of those factors 
deduce the complete primitive of the equation. 


4, ior each of the following equations examine whether 
there exists an integrating factor mu satisfying the particular 
condition specified, and if so determine the factor, and inte- 
grate the equation. 


GQ) y(a’+y’) dx+ x (ady—ydz)=0, w a homogeneous 
function of the degree — 3, 


(2) (y° + aay’) dy — ay'dx + (x+y) (xdy -- ydx) =0, mw as 


in the previous example. 

(8) (y—«a) dy + ydx — ad @ =0, »# homogeneous of the 
degree — 1. 

(4) (a? + y'?+1) dx — 2xydy = 0, w a function of y’— a’. 

(5) (y—8a°y?— 2x*) dx + (2y? + 82°y?— x) dy =0, w a func- 
tion of x + y. 

(6) (ae +a°y+2ay—y’—y’) dat (y’+ay’+ 2ay—x’—x*)dy=0, 
pa function of the Teg a (1+a) (1+y). 

(7) (By? — x) da + (2y’ — Gay) dy=0, mw a function of 
x+y’. 

5. The equation y (a+ 9°) dx + x (xdy — ydx) = 0 has an 
integrating factor of the form e*¢ (a*+ y”). Determine it, and, 


from the comparison of the result with that of (1) Ex, A, 
deduce the complete primitive. 


6. The linear equation 4 + Py = Q having an integrating 


factor of the form ¢/?*, deduce a corresponding expression 
_ for an integrating factor of the equation 


dy aie 
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7. Prove that the equation 
dy dP 


tc I a fare 2 
deat Eo gg? 
where P is any function of w, has an integrating factor of the 
—2f Pax 
form pote eas . Lacroix, Tom. 1. p. 278. 
(y—£) i 


8. Deduce a similar expression for an integrating factor 


LOY ewer ~? 
of the equation pane nr +P?=0. Jb. 


9. Investigate the conditions under which the equation 


Wy 
where P and Q are functions of 2, can be made integrable 


by a factor of the form fone ae 3, and determine the form 
i +f @) 


Olay (2x). 
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CHAPTER VI. 


OF SOME REMARKABLE EQUATIONS OF THE FIRST ORDER 
AND DEGREE, 


1. THERE are certain differential equations of the first 
order and degree, to which, in addition to their intrinsic claims 
upon our notice, some degreé of historical interest belongs. 
Among such, a prominent place is due to two equations 
which, having been first discussed by the Italian mathema- 
tician Riccati and by Euler respectively, have from this 
circumstance derived their names. To these equations, and to 
some other allied forms, the present Chapter will be devoted. 


Riccati’s equation is usually expressed in the form 


But as both it and some other equations closely related to 
it and possessing a distinct interest, may, either immediately 
or after a slight reduction, be referred to the more general 
equation 


the discussion of which happens to be much more easy than 
that of the special equations which are included under it, we 
shall consider this equation first. 


To reduce Riccati’s equation under the general form (2), 


it suffices to assume w=" . We find, as the result of this 
substitution in (1), 


Zz ae Opi DUCE malas avila tes en 6 +(8), 


da 
which is seen to be a particular case of (2). 
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/ Of the equation x - — ay + by? = cx". 


2. The discussion upon which we are entering may be 
divided into two parts. First, we shall shew that the equa- 
tion is solvable when n=2a. Secondly, we shall establish 
a series of transformations by which a corresponding series of 
other cases may be reduced to the above. 


3. First. The equation x o — ay + by’? =cx" is solvable 


when n = 2a. 
For, assuming y = x"v, we find on substitution 


dv oe 
oot — + bay"? = ca", 
da 


whence, dividing by a", we have 


_, av ig 
ot 4 by = oy", 
dx 


Now if n= 2a the above becomes 


du 
1-a ti b 2 
x hp + bv’ =¢, 

whence 

CR ai 

c—bv at’ 
an equation in which the variables are separated. If we 
restore to v its value £ and transpose, this becomes 

x'dy — ayx**dx 
by* _aet cu” 


on? hit == OL ee ee (4), 
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an exact differential equation, of which the solution will be 


2(be)ty2 
a lee a +t] 
Oc a =a 
ah ay 3a 
or ce ci 


according as 6 and c have like or have unlike signs. 
4. Secondly. The solution of the equation 
dy 
zx ae = 


is always reducible by transformation to the preceding case 


ay + by’ = cx" 


n+2a . ce eee 
whenever = 1, a positive integer. 
on p) fo) 


For let y= A oo, y, being a new variable which is to 


replace y, and A a constant whose value is yet to be deter- 
mined. On substitution and arrangement of the terms we 
have 


Saat oA + (n—a+ 2A) +g a A — egs"...(5). 


1 1 

Now let —aA iy bA? =0, then A =5 or 0. These values 
of A we shall employ in succession. 

5. First. If we assume Aas the above equation becomes 


Qn nt1 P 
od oh 


eon 
(n+ os — sal ey te AEE 
Multiplying this emaran by on Ye and transposing, we have 


Jae gage OTT Pees, (6). 
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Now this equation is of the same form as the given equation 
between y and x The coefficients however differ, in that b 
and c have changed their places, and a has become a+n. 
And this transformation has been effected by the assumption 


a. a 


—— +—. 
ESB Y, 

Hence, if in the transformed equation (6) we make a second 
assumption 


atmo 
a NONE ye 
we shall have as the result 
d 
ao 23 — (A+ 2n) Y, + by. = CH"..00veeceeceees (7), 


da 


6 and c again changing places, and a+n becoming a+ 2n. 
And the result of 7 successive transformations of the same 
series will be to reduce the given equation either to the 
form 


dy; : t 
a — (ain) yi CY? = bar... .ececee cone (8), 
or to the form 
dy; : z 
x — (@ + tn) Yet DY? = C2"... 0... sneenaee (9), 


according as the integer 7 is odd or even. 


Now by what has been established in Art. 3 the above 
equations will be integrable if we have 


n=2(a+in), 
an equation which gives 
n—2a., 
Fee ee (10). 


6. Secondly. If we assign to A its second value 0, (5) 
becomes : 


2n 


(na) ae 
dy WY 
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2 
Or, multiplying by a and transposing, 


nm 


da ; 2 n 
a(n PONY CY. 08 oss anand sane (11). 


Now this equation for y, differs from the equation (6) ob- 
tained for y, in the previous series of transformations only in 
that a in the coefficient of the second term has become — a. 
With this change only then that series of transformations 
may be adopted in the present instance. The change of a 
into ~— a in the final condition (10) gives 


n+2a_. 
on 


as a new condition under which the equation in y is solvable. 
If 1=1 this gives n=2a, the condition first arrived at, and 
upon which the subsequent researches were based. 


Collecting these results together we see that the equation 
dy are me Za a 
way + by’ = cx” is integrable whenever In 18 & positive 


integer. 


7. Let us now examine the form in which the solution is 
presented. 


= Uy . ene e * 
fee 5 avery. which is the condition arrived at in Art. 5, 
Nr 
we have the series of transformations 
ce 
oo ls 
_atn x” 
OS ais Aa 
Gp Op ae 
ChE Dale ae 


and finally 
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where k=b or c, according as @ is odd or even; and the effect 
of these transformations is to reduce the given equation to 
one or the other of the forms (8) and (9). 


If in the above expression for y we substitute for y, its 
value in terms of y,, in that result again, for y, its value in 
terms of y,, and so on, we find 


a et 
Yo a+n “ihe 
C a+ 2n 
pT teteeteseeee seen: (A), 
the last denominator being ae i is 4+~ | The value of 


: Z 
y; must then be determined by the solution of (8) or of (9), 
these equations being now susceptible of expression as exact 
differential equations in the forms 


andy; ae (a a. in) ana dae 


. patina ob, 
pate tite = 0a (B), 


addy, a2 (a atk in) YER OL 
by,’ — cx” 


a da = 0 ...c. (C). 


n—2a 
When therefore 


2n 
° dy 2 n . * 
equation x7 —ay + by? = cx" will be expressed in the form of 
a continued fraction by (A), the value of y; in the last denomi- 
nator being gwen by the solution of the exact differential equa- 


tion (B) or (C) according as 2 is odd or even. 


=?% a positive integer, the solution of the 


n+ 2a 
2n 
Art. 6, we have the series of transformations 


Secondly, if =, which is the condition arrived at in 


n 


oe 

a ee 

BN ar 
_n-a, a 

Se BAL 
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2n-—a x 
2 b me E Z 
(@—1)n-a , a 
Cha ke Pe eee erreceeccere (12), 


where & = 6 or ¢, according as 7 is odd or even. From these, 
eliminating, as before, the intermediate variables y,, ¥,,---Yi1» 
we find 


Se 
a te 
c 2n—a a 
b 3n — a 
PE (D), 
, . (@—-1)n-a 2" : 
the last denominator being in +—. In this case, 


however, the equation for y; formed by changing a into —a 
in B and C will be 


a” dy, — (in — a) ya" da 


cy; — bx” - 


+e das =O, ssareeee (E), 


a" dy, — (in—a) yc" da 


in—a-1 J, — 
Tae: 4 ati) dp = On escesees (F), 


or 


according as 7 is odd or even. 


m+ 2 

2n 
x ay ay + by? = cx" is expressed by (D), the value of y; im the 
last denominator being given by the exact differential equation 
(E) or (F) according as 1 1s odd or even. 


When therefore bebe positive integer, the solution of 


; dy Send 
Ex. Given x 7 yYty =x. 


B.D. E. i 
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be 


Here n=%, a=1, and as 


aS * — 2 while =—1, 


the formule (D) and (F) fee be employed. pera: 
therein a=1, 6=1, c=1, n=%, 1=2, we have 


y, being given by the exact differential equation 


atdy, — Bye aide 


ape Adge=0 0. (14), 
from which we find 
es 
Hog & : =) i Sak aoe Ge ee (15). 


The elimination of y, between (13) and (15) gives 


4 fae 
guneilays Gara er ee (16), 
By + dae+y 


which is the complete primitive. 


-Ex. 2. Given ale tu=sat 
dc 
This is an example of Riccati’s equation. Assuming there- 


dy 
fore u = = we find x —y+y=25, which is identical with 


the equation last considered. Substituting therefore in (16) 
ux for y, we find after reduction 


8uat — 8 — uxt 
0 


—_, i 
8uai +34 ua yt Ga C erecsee @reecos (17), 


ART. 8.] GENERAL OBSERVATIONS. 99 


General Observations. 
8. The connexion between the two conditions for the 


solution of the equation x as — ay + by’ = cx”, implied by the 


double sign in the equation BE as may otherwise be 
established as follows. 


If the differential equation be written in the form 


it becomes evident that it is symmetrical with respect to 


y and y— 2“. Assume then y -5 as a new variable in place 


b 


of y, and writing y — - =y, y=y + - the equation becomes 


dy! ; 5 ; 
a a URC. wanes es nclnaives «cies LON, 
a +b(y+5)y CH (19) 
or x dy SOY OY? = CH. Fine una siavheviaiee (20) 
da ; 


an equation which differs from the given equation only in that 
y has become y’, and a has changed its sign. Hence the 


and n= are mutually dependent, 


— 2a 
21-1 2-1 
and the value of y having been obtained for the former case, 
its value in the latter will be found by changing therein a 


conditions n = 


into — a, and finally adding me 


It is here also to be noted that instead of beginning with 


an assumption of the form y= A+ a as in Art. 4, we might 


1 
” 


B+ y,’ 
the former of the above being proper for increasing by n, the 
7—2 


have commenced our reductions by the assumption y = 
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latter for diminishing by n the quantity a. And as the first 
led directly to the solution (A), so would the second have led 
directly to the solution (D). 


Lastly, it may be remarked that each of the above assump- 
tions is only the inverse of the other. To increase the value 
of a by n we had to employ the assumption 


gc” 
Yr A ae Yi ? 
which gives 
a. Yur’ 


and this indicates the form of the assumption for the case in 
which @ is to be diminished.' Hence also by admitting nega- 
tive as well as positive values of 7, the two forms of solution 
might be replaced by a single one. 


9. We have seen in Art. 1 that Riccati’s equation 
du 


— + bw? = ca” 


dix 
is reduced by the assumption u =2 to the form 


dy a 
To thy = cx Atk 

Hence the condition for the solution of Riccati’s equation, 
found by substituting in the final theorem of Art. 6, 1 for a 


and m+ 2 for n, will be 


m+2+2 
In +4 ~ 
whence 
n= 24 (21) 

~ 2-1 : 


+ being a positive integer. 
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We may give to the expression for m another form, viz. 
—40 ap he 
m= Sat’ 7 admitting of the value 0 together with positive 
integral values. In order to prove this, let it be observed 
that two values of m included in (21) are 


Fj 46-1) 
Ie ae and eee ig | au 


Tf in the second of these values we change 7—1 into 7, and 
therefore 7 into 7+1, a change which merely involves that 
we interpret 7 as admitting of the value 0 as well as of posi- 
tive integral values, we find 


When 7=0 this gives m=0, and as this value also results 
from the first of the expressions for m on making 7= 0, we are 
permitted in that formula also to regard ¢ as admitting of the 
same range of values. Hence, combining the two formule in 
a single expression, we have 


@ being 0, or a positive integer. 


10. Riccati’s equation may also be reduced, and it usually 
has been reduced, by a series of double transformations, of 
which the following will serve as an example. 


du i ] 


The equation being ee bw? = cx”, let u= ia eu, 
We have 
du Sy Il eee dy Be du, 
de ba xu, vu, dx’ 
] 2 b 
bu? = 3 4,2 
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Substituting these values in the given equation, we have 


bya due me 


Whence, 


1 
In this equation assume w= 2""*, then 


du, du, dz _ mt? du, 
dan de de tO" ae 


whence, after substitution and reduction, 


du Mia SO aes Se $ 
dz nee m+3~ CSTD ire ele eiatserstereker (24), 


an equation differing from the given equation, as to its coeffi- 


cients and indices, in that 6 has been converted into oes 39° 


into ——= é , and m into — a ; but which is still of Riccati’s 
m+3 +3 

form. The oes it will be observed, is a double 

one, as it affects the independent as well as the dcp 

variable. 


Now if m be of the form 7 wee =z? we find on substitution 
and reduction 
m+3 2@—1)—1- 


Hence, asecond double transformation of the same nature as the 
last will reduce the differential equation to a form in which the 


index in the second member will become eer And 
thus after a series of ¢ transformations the index is reduced 
to 0, and the equation becomes solvable by separation of the 
Parables: 
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To establish another condition of solution, assume in the 
given equation w= y ,«=2"" then, after substitution and 


reduction, we have 


which, by what has preceded, will be solvable if we have 


mm _ 4a 
mei. —1' 
. 44 
whence, ae. Farag i 


Combining these results it appears that Riccati’s equation is 
integrable if m= 


agrees with (23). 


at « being 0 ora positive integer. This 
¢ = . 


It is manifest from the complexity both of the transforma- 
tions above described and of the results to which they lead, 
that Riccati’s equation is, in its actual form, far less adapted 
for such transformations than the equation 


dy soe 
ta — ay + by = cz”, 
to which it is so easily reduced. 


11. Riccati’s equation becomes linear on assuming 
1 dw 
bw da * 


The transformed equation is 


U 


We shall consider it under this form in a subsequent Chapter. 
[See Exercise 3 of Chapter xvit.] 
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To Riccati’s equation some others of greater generality may 
be reduced by a change of variables, e.g. the equation 
du 


dat US CO eae e Avene Peteecs (26), 


by assuming #”" =. 


Euler's Equation. 


It has already appeared that the solution of a differen- 
tial equation may sometimes be freed from transcendents 
introduced by integration. An example of this has been 
afforded in the instance of the equation 


ik dest wiayipem ie Melk 
Vd=a) “V(l-¥) 


(Chap. 11.), the solution of which is capable of being exhibited 
in an algebraic form, although immediate integration intro- 
duces the transcendental functions sin“, sin“y. The inquiry 
is here suggested whether in any other cases the direct inte- 
gration may be evaded, an inquiry the more important as our 
means of integration are so limited. Euler succeeded in ob- 
taining without direct integration the solution of the equation 


da 4 dy = 
NV (a+ ba + ca’? + ca? + fe’) © J(at+byt+eytey+fy) ’ 


0, 


and of some related forms. The result belongs to the theory 
of the elliptic functions, and may be established independently 
by the methods which more peculiarly pertain to that theory. 
But the method by which Euler arrived at that result demands 
notice here. 


12. To integrate the equation 


| dee 2 dy Oy =0......(1). 
V(a+ba-+cu* + ex? + fa") ~ /(atbytcy*+ ey + fy’) 


Representing the polynomials a+ be + ca* + ex*+ fx', and 
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a+ by + cy’ + ey? +fy' By, X and Y respectively, we have to 
integrate 


dx % dy 
Wy VD) 
The ordinary solution of this equation in the sense of Art. 5, 
Chap. i. would be 


Ses: TE ale (2). 


daz qi dy 
V(X) J V(¥) 
but it is our present object to obtain an algebraical relation 


between « and y without performing the integrations above 
implied. 


= ¢, 


dx 
Let W(X) =7, then 
da _ dy _ 
HAN), aera) saan aanpeee (3). 


Also let e+y= DP, &—Y =. We shall endeavour to form a 
differential equation in which p and g are dependent variables, 
and ¢ the independent variable. 


From (3) we have 


dp _ 

gg 7 V(X) —V(¥) Pe. Menten een ah Pars (4), 

dq , ; 

a NA) + V(¥) Sieahevel daere oo 6 elsia'ss Tee Ves b (5), 
therefore p “4 Sei 


= bq + epg + beg 3p" +9) + bfpg (p+ 9’) --- (8), 
since the transformations z+ y=p, ©-y=q give 


a — y= PY 
; [397 2 
y= (2-9) (rays y)=q(2 FE"), 
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2 2 
at —y' = (#—¥) +) =09 (254). 
Again, from (3) we have 
da ad(X)_ daedif(X) tex 
dé) dt [rad de ae 
a) aaa 
dt’ ; 2 dy’ 
whence by addition 
d’p _1/dX ,dY¥ ) 
pete © (ae dy 


3 2 2 1 2 2 
=b+ opt ye (Pte) +a JP (B+ 8g’) ee (7), 


on effecting the differentiations and transforming as before 
from «andytopandg — 


Multiplying (7) by g, and from the result subtracting (6), 
we have 


d’p dp dq _ eq ; 
lide di dig +P 
$3 


Therefore 


Now multiplying both sides by ss ; 


dp dp ae of 
dt dt P) dt _ dp 
— ( A) XCF DP cosseen (8), 


from which, each member being an exact differential, we 
have on integration 


1 /dp\* 
1 (Bl -wtstec 


C being an arbitrary constant. 
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d; 
Hence =qV(C + ep + fp’). 
Therefore by (4) 
VX)-VY) = (e-y) {C+e@+y)tf(a+y)}.--(9), 
the integral required. 


The student may apply the same process of transformation 
and reduction to the equation 


dx . dy 
V (a + ba + cx + ea + fr’) a/(a + by + cy’ + ey’ + fy) 
SOS ee (10). 


The resulting integral will be 
V(X) +V(¥Y)=@-yvV[(C+e (ety) +f(et+y)}.-.(1). 


13. It will probably appear that there is something arbi- 
trary in the mode in which, in the above investigation, the 
final differential equation (8) between p, g, and ¢, upon which 
the solution of the problem depends, is formed. The analysis 
which is subjoined may throw some light upon its real nature, 
and shew of what general theorem that equation constitutes 
an expression. 


Prop. Whatever may be the form of the function ¢ (2), 
the following theorem of development holds good, viz. 


$ (y) — $ («) =A, {$' (y) + #' («)} (y—@) 
+ A, {b” (y) +" (x)} (y—-2)° 
+A, {f" (y) +" («)} (y—a)* + &....(12), 


wherein A,, A,, A,, &c. are the coefficients of the successive 


—. 
In a 


powers of a, in the development of the function ea i 


series of the form 
— Aet Ay’ + Aw’ + &e. 


4 
a | 


108 EULER'S EQUATION. fcH. vL a 


For let y=a+h, then, employing a well-known symbolical 
form of Taylor’s theorem, 


$(y)—$(@) = (x +h) -$@) 
=(*—1) $(@) 


Bel sy 
ee 4] 
= foern+40) 
7 {4a z. + AS (F) +h {e (eth) +o a) 
Bere (13), 


where A,, A,, &c. have the series of values above described. 
Hence, performing the differentiations and replacing x+h 
by y, and h by y—@, we have 


$ (y) — $ (x) =A, {¥' (y) + ¢' @)} (y -2) 
+ 4,16" (y) + $" (@)} y—a) + &e. ...14), 


which is the proposition in question. 


The values of A,, A,, A,, &c. may be expressed by means 
of Bernoulli’s numbers, but they may also be calculated very 
simply by developing the exponentials in the fraction = + : 
€ 
and then expanding the fraction itself by division. We 
readily find 


1 1 1 Ah, 
A == =e = —— ee 
=g As 24 A,= 579° 4:= qo399° © 


When ¢ (2) is a polynomial of the fourth degree, we have. 
f’ (x) =0, (x) =0, &e,, 
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and the theorem is reduced to the following, viz.: 


6 (9) -¢ @) =5 '¢' (y) +4 @)} (y—2) 


518" (9) +8" @)} (y—2)*......(15). 


Now the differential equation (8) into whose origin we are 
inquiring is merely a transformation of the last theorem. 
We will on this occasion, and for the sake of variety, ex- 
emplify the above remark in the solution of the differential 
equation 


dx d 


pa) wa Feed ; 
oo eG (16), 
in which 
(x) = a+ ba + ca? + ex? + fart......... (17), 
b(y) =at by +ey + ey tfy'...cccee (18). 


Representing either member of (16) by dé and assuming ¢ as 
an independent variable, substitute the values hence deter- 
mined for (x), $ (a), $"’ (#), &c. in the theorem (15), There 
will result 3 

xe 


d. 
HaNIb(@b Ge=vid(y)}- 


Hence ¢(a)= (=), $(y) = (2). 


d (du\?_ dt d (de\* 
aed ese (ar) -Z alg) 
Fs da 
=25%, 
SF a! 
$ (y) =2-7- 


Lastly from (17) and (18) 
p’” (x) = 24 fe + Be, 
$” (y) = 24 fy + 6e, 
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by which substitution, (15) becomes 


BFC = CY Bo) - (sane ion 


Or, transposing 


(8) (ite (SPN) = (esrefJ-or.an 


Now the very form of this equation. suggests the transforma-— 


tion e+y =p, «—y =q, by which it becomes 
dpdq , ap 
~ dt dt +999 = (+5 5) a 


whence multiplying by = 7 ach and integrating” 


Oe aw se 
(F) +g =fp’ +ep+C; " 


therefore 

v aye ls DT = fe +y)/+e(e@+y) + C...(20), 
the integral sought. 

EXERCISES. 

1 oe ay + yt =a™ 

2. ot ay t yaa’. 

2 - +v= ox 8, 

4. 2 + bu? = ca, 


5 
Gh 
& 
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5. ae Ie 


dx 


6. Assuming the conditions for the solution of Riccati’s 
equation, Art. 9, investigate those under which the equation 


di wees 
= + bxu’ = ca” is integrable. 


7. Assuming the conditions, Art. 6, under which 
dy igen 
we yt by? = ca 


is integrable in finite terms, investigate those under which the 
equation 


d, ‘ 
2 a+ By + yy" = be 


is integrable in finite terms. 


8. Transforming the equation « 2 ay + by’ =cu™", by 


assuming #* = t, an integrating factor may be found by Art. 6, 


‘Chap. Vv. 
BN ih : ee) 
9. The equation Ts + bu? =c2 + F 
Riccati’s, is reducible to the form x s —ayt+ by’ =cx", con- 
y—A 


more general than 


sidered in Art. 3, by an assumption of the form u= 


10. Hence investigate the conditions under which the 
former equation may be solved. 


11. The same equation may be reduced to Riccati’s form 
by an assumption of the form y= Aa™*+2¢ (a), followed by 
a transformation affecting only 2, 


i Ze oP AS ee 
oe ay ~ ehh 
tas + 
" ie d : ; "Ke « 
es ae, negate the equation a 
‘ quae * ys en 
we 3 an” 


ey Tartar ca” + €2 ee + fe) * Va: ; 
by” the application ty the theorem of tit 13. a 


18. Deduce from that ome the following ereion fr be ; 1 
‘the value of a definite integral, viz.: - 


fee) Be aS: aes " (a) Bas) o- a! 


es 
$" (a) + 9" .* N 
nO . o Bae 


» 
r 
7 
¥ ie * 
ae 
* a 
eee 
p 
th of 
ome” 
4 ¥ 
ee 
a Pm 
4 ay : 
of 


Sete ig (o1a3/4 


CHAPTER VII. 


ON DIFFERENTIAL EQUATIONS OF THE FIRST ORDER, BUT 
NOT OF THE FIRST DEGREE. 


1. REFERRING to the general, type of differential equations 


of the first order, viz. 
d 
F F(s Y, e ) =0, 


. ° . di e e 
‘we have now to consider those cases in which oe is sO in- 


volved that the given equation cannot be reduced to the form 


dy _ 
M+N7 =0, 


already considered. 


Freed from radicals the supposed equation wili, however, 
present itself in the form 


‘ (54) Bla ae +P, (A Pct PO cies (1), 


where P,, P,,... P, are functions of x and y. 


An obvious preparation for the solution of such an equation, 
is to resolve its first member, considered as algebraic with 


oe into its component 
da P 


factors of the first degree. If p,, p,... Pn be the roots of (1) 
thus considered, we shall have . 


(“=p,) (32 —p.) wo» (GE Ba) = 0 nnn) 


Bree Es . 8 


respect to the differential coefficient 
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Dr» Pa>+++P, being supposed to be determined as known func- 
tions of wand y. And it is now manifest that any relation 
between a and y which makes either one or more than one of 
the factors of the first member to vanish, will be a solution of 
the equation, and that no relation between a and y not pos- 
sessing this character will be such. Hence if we solve the 
separate equations 
d d: d. 
oe rile = p= 0; Ge — P= 0 ee (3), 


any one of the solutions obtained will be a solution of (2), 
since it will make one of its factors to vanish. And if we 
express the different solutions thus obtained, each with its 
arbitrary constant annexed, in the forms 


V.+ 0,=0, W, 20, =0, ... — Gat 


any product of two or more of these equations will also be a 
solution of (2), since it will cause two or more of its factors to 
vanish, 


Ex. Given the differential equation 


dy\2 » % 
(54) —a'y'=0 Bes. te eee (4). 
Here the component equations are 
d. 
da Y= 
d 
a +ay=0, 
and their respective solutions are 
log yi 0s C, = 0 2.2.3 cscnmselteec deste (5), 
log y+, Gan =e. 0 EW... ona scee suger (6). 


Either of these equations is a solution of the given equation, 
and so is their product 


(log y— ax —c,) (log y+ ax—c,) =0...... oils -8CE)s 
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2, And here two important questions are suggested. First, 
how is it that two arbitrary constants present themselves in 
the solution of an equation of the first order? Secondly, is it 
possible to express with equal generality the. solution of the 
equation by a primitive containing a stngle arbitrary constant 
in accordance with what has been said of the genesis - of 
differential equations of the first order, Chap. I. Art. 6? 
These are connected questions, and they will be answered 
together. 


The equation (7) implies that y admits of two values each 
involving an arbitrary constant, but it does not imply that y 
admits of a value involving two arbitrary constants. The 
component factors of the solution separately equated to 0, as 
in (5) and (6), give respectively 


each of which involves one arbitrary constant only, and each 
of which corresponds to a single factor of the given differential 
equation. The true canon is, not that a general solution of 
an equation of the first order can involve only one arbitrary 
constant in its expression, but that each value of y which 
such a solution establishes involves in its expression only a 
single arbitrary constant. 


At the same time there is a real sense in which it remains 
4rue that every differential equation of the first order, what- 
ever its degree may be, implies the existence of a complete 
primitive involving a single arbitrary constant, and there is a 
teal sense in which such primitive constitutes the general 
solution of the differential equation. To reconcile these seem- 
ing contradictions I shall shew that if we suppose the arbi- 
trary constants ¢, and ¢, in (7) identical, and accordingly 
replace each of them by ¢, we shall have an equation which 
will be, first the true primitive of (4), in that it will generate 
that equation by differentiation and the elimination of ¢ 
secondly its general solution, in that no particular relation is 
deducible from the solution (7) involving two arbitrary con- 
stants which may not also, by the use of a lawful freedom of 
interpretation, be derived from it, 


a 
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Thus replacing c, and c, by c, we have 
(log y — aw — ¢) (log yt+ax—c) =0......... (2), 
whence (log y)?—a’a* — 2c logy +c?=0. 


Differentiating, and representing a by p, 


2 logy 1 — Rata — Bot =0, 


whence c=— oe + log y. 


Substituting this value in (9), we have 
2 2 
f= - az) ae + ax) = 0, 
p P 
which reduces to 
aa (a’y? — p’) = 0. 
Or, rejecting the factor a’a* which does not contain p, and 


replacing p by = ; 


2 E 
(ay 


the differential equation given. Thus (9) is its complete 
‘primitive. 

Again, that solution is general. The two relations between 
y and « which it furnishes are 


y= Oe™, 9 = Oe 5m. Beret eee (10), 


and these differ in expression from (8) only in that the arbi- 
‘trary constant is here supposed to be the same in one as in 
the other, but as it is arbitrary and admits of any value, there 
‘is no single relation implied in (8) which is not also implied 
in (10). And it is in this sense that the generality of the 
‘solution is affirmed. 


[See the Supplementary Volume, Chapter xx. Art. 1.] 


i, 
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3. These illustrations will prepare the way for the de- 
monstration of the general theorem which they exemplify. 


Tanorem, J rf the differential equation of the first order and 
n'™ degree be resolved into its component equations 


dy Sy 2. dy = 
ries ahaa amt Jira Uae Se eh 


and wf the complete primitives of these equations are V,= Gs 
Vi=c,,...V,=¢,, then the complete primitive of the given 
equation will be 


(V, — 0) (Vz—<)'... (V.—¢) =0. 


Let us first examine the case in which the proposed diffe- 
rential equation is of the second degree, and therefore express- 


sever d. d. 
ible in the form ( a - p,) (Zz - p,) =0. Suppose that the 


integral V,=c, is derived from the equation a —p,=9 by 


d. 
means of an integrating factor u,. Then dV,=p, (3 — »,) da. 
In like manner we shall have dV,=p, =H(Ge p.) dx. Now 


taking the equation 
CVO) VC) LU tw cnet er seesoay arn db bed 


as a primitive, we have, on differentiating with respect to # 
and y, 


(V,—¢) dV, + (V,—¢) dV, =0...saceeee (12), 
phcrerors c= nota : 
whence Vi-c= gee 
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Substituting these values in (11), we have 


(V.=V,) OV dV, = Ole eee ee (13), 


which gives (V,— Vag, (3! -p.) (3 — p,) =0...(14). 


And this, on rejecting the factor (V,— V,)?4,u, which does 
not contain any differential coefficients, becomes identical with 
the given differential equation. Hence (V,— cc) (V,—c)=0 
is the complete primitive of that equation. 


To generalize this particular demonstration it would be 
necessary to eliminate c between the equation 


(VieoWy cess (2) 0a ee (15), 


and the equation thence derived by differentiation with re- 
spect to 2 and y. -The ordinary process of elimination, as 
exemplified above in the particular case in which n= 2, would 
‘be complex, but the result may be determined without dif- 
ficulty by logical considerations. It will suffice for this pur- 
pose to consider the case in which n=8. 


We have then as the supposed primitive 
(V,'—e) (Vo = ¢) (V,—¢) = Oni (16), 


and as the derived equation 


(V,-0) (V,-6) (G+ a 


an “Ay Oe. 
Var dV, a, » ay 
+(V,=¢) (V, (G24 dy a) 
dV, dV, dy 
= Th ates 
1-90, (ie ie SN a0 ane (17). 


Now (16) implies that some one at least of the equations : 
V,-c=0, V,-c=0, V,-c=0, 


is satisfied. 
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If the first of these equations is satisfied we have ¢= V, 
and substituting this value in (17) there results 
(V, ie — V,) dV, 0.05003.0.8.,. (18). 


If the second equation of the system is satisfied we have 
in like manner 


2 


Bh > VV Vg dias 0. scat ta (19). 
If the third equation of the system is satisfied we have 
CVs VN CV = VN Or Vee) ssey aerec ect (20). 


Hence the existence of (16) as primitive supposes the exist- 
ence of some one at least of the’equations (18), (19), (20), and 
therefore of the equation 


(Y,- VY VP = Vi) dV, Vd V,=0......(21), 
which is formed by multiplying those equations together. 


Conversely the supposition that the equation (21) is true, 
involves the supposition that one at least of the equations 
(18), (19), (20) is true. 


The equation (21) is therefore equivalent to the result which 
ordinary elimination applied to (16) and (17) would give. 
The same process of reasoning applied to the more general 
equation (15) as supposed primitive, would lead to a result 
of the form 


Kd Ved Var dV. = 0s cies elon BIO (22), 


K being the product of the squares of the differences of 
HAY Dice 


On comparison with (13) we see that in the particular case 
of n = 2, this is not only equivalent to but identical with the 
result of ordinary elimination in that case. And this identity 
of form, though. it is not necessary to our present purpose to 
establish it, might be demonstrated generally, 


Now aie = (ie cn)? dV, = nm pn) a bo, 
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Hence (22) gives 


d d dy 
Kart (GL—,) (2-0) (Ge—Pa) = 9, 


or, rejecting the factor Kyu,u,-..@e, Which does not contain 
differential coefficients, 


(00 ae 
(-»,) (=P. (3 Pn =(), 
Of this equation it has therefore been shewn, as was required, 


that (V,—c) (V,—c)...(V,—c) =0 constitutes the complete 
primitive. 


[See the Supplementary Volume, Chapter xx. Art. 2.] 
2 
Red) (igen al’ (3) Oe. Ti eee ei si 


Here the component equations are 


dj (a\t. die, (ayes 
Palio pase 


and their respective integrals are 


Y= Of 2a/ (am) O.. ccccls disasters (2), 
Yi Cg FAN (G2) = Oo ayon ness gerne (3). 


Replacing both constants by ¢ and multiplying the equations 
together, we have 


(4 — 0)" — Aigar'at: Onn, cent eect peer (4), 
as the complete primitive. 


Now this primitive represents a series of parabolas, the 
parameters of which are constant and equal to 4a, and the 
axes of which are parallel to the axis of 2; but the ver- 
tices of which are situated at different points of the axis of 
y, corresponding to the different. values which may be given 
to the arbitrary constant c. Of these parabolas the equations 
(2) and (3), which may be written in thé more usual forms 


¥—¢,=2/(axz), y—o,=—2V (az), . 
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represent respectively the positive and the negative branches, 
while the equation * 


{y—c,—2/(am)} fy—c, +2 (ax)} =0......... (5), 


represents the terms which would be found by taking one 
positive and one negative branch, but not necessarily from 
the same parabola. Thus there is no portion of the loci re- 
presented by the apparently more general solution (5), which 
is not also represented by the complete primitive (4). The 
defect of generality, if as such it is to be regarded, consists 
in this that while each branch of every curve in the series 
is represented, those branches which belong to the same curve 
are paired together. ‘ 


[On the subject discussed in the first three Articles of the 
present Chapter the student may consult a paper by Pro- 
fessor De Morgan entitled On the question, What is the solu- 
tion of a Differential Equation? The paper is published in 
the Cambridge Philosophical Transactions, Vol, x.] 


4, There are certain cases in which differential equations 
of the first order can be solved without the resolution of the 
first. member into its component factors. Of these the most 
important are the following. 


ist. When the given equation contains only one of the 
dy 


variables 2 and y in addition to Te being either of the form 
dy) _ oY) 2 
F (2, ) =0, or of the form £ @ ie 0. 


Qndly. When, involving w and y only in the first degree, 
it is expressible in the form 


d 
xd (p) + yh (p) =x (p), where p= 5%. 


3rdly. When the equation is homogeneous with respect to 
x and y. 


These cases we shall consider separately. 
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Equations involving only one of the variables x and y 


4, dy 
with aes 


5. In this case if, representing = by p, and regarding 


p as a new variable, we form a differential equation between 
p and the variable which does not enter into the original 
equation, and integrate the equation thus formed, the elimina- 
tion of p between the resulting integral and the original 
equation will give the complete primitive required. For it 
will express a relation between a, y, and the arbitrary con- 
stant introduced by integration. 


Thus if from the equation F(x, p) =0 we deduce =f (p), 
then, since dy = pdx, we have 


| dy = pf'(p) dp; 
therefore y= | ef" (v) Cy he a ee fee (1). 


After the integration here implied y will be expressed as a 
function of p and ¢, and between that result and the original 
equation p must be eliminated. 


In like manner, if from F'(y, p) =0 we deduce y=f(p), 
the equation dy = pdx gives f’(p) dp = pdx, whence 


Bee) 
P 


, ad L 
on [OOP 4 eee ees 


between which (after the integration has been performed) and 
the original equation, p must be eliminated. 


dp, 


whence 


But these methods, though always permissible, are only 
advantageous when it is more easy to solve the given equa-~ 


tion, with respect to the variable # or y which it involves, 
than with respect to p, : 


e 
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Ex. 1. Given a2=14 p*. . 
Here dy = pda =p x 3p*dp = 8p'dp ; 


_ 3p" 
therefore ley ne cE (3). 
Now as the original equation gives fel (a — 1), the com- 


plete primitive found by substitution of this value in (3) 
will be 


and it would be directly obtained in this form by integrating 
the original equation reduced by algebraic solution to the form 


This example illustrates the process but not its advantages. 


Ex. 2. Given e=1+p+p". 
Here dy = pda = pdp + 3p*dp ; 


2 
therefore y= SS + 2a A Pe ON eI Tete i (5), 


between which and the original aafion p raust be eliminated. 
We may do this so as to obtain the final equation between x 
and y in a rational form; but, if this object is not deemed im- 
portant, we may, by the ‘solution of a quadratic, determine p 
from (5) and substitute its value in the given equation. 


Ex. 3. Given y=p’ + 2p’. 


Here since pdx=dy we have 
dan = dy = adp + 6pdp ; 


therefore x= 2p + 3p" +e. 
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From this equation we find 
_-1lt/(82+ C) 
= 3 ' 


C being an arbitrary constant introduced in the place of 1 — 3c; 
and y will be found by substituting this value of p in the 
original equation. 


Equations in which x and y are sinned only in the jirst degree, 
the typical form being xp(p) +yh(p) =x(p). 


6. Any equation of the above class may be reduced to a 
linear differential equation between x and y, after the solution 
of which, p must be eliminated. 


The reduced equation is found by differentiating the given 
equation and then eliminating, if necessary, the variable y. At 
may happen that such elimination is unnecessary, y disappear- 
ing through differentiation. 


Ex, Let us apply this method to the equation 
¥ = a+ TB) nk pretag dels caer ce se eeeneene (1), 


usually termed Clairaut’s equation, 


Differentiating, we have 


_ p= pra? Pap? 


whence {a + f'(p)} - = 
Now this is resolvable into the two equations, 
got f(p) OUT he ee ee eee (oy 
op oI), sides ons enepben acca (3). 


The second of these, which alone contains differentials of the 


new variables x and p, is pak true differential equation between 
x and p. 


~% 
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_ Integrating it we have p=c, 
and substituting this value of p in (1), 


which is the complete primitive required. 


But what relation does the rejected equation (2) bear to 
the given differential equation (1), and what relation to its 
complete primitive just obtained? 


‘If we eliminate p between (1) and (2) we obtain a new rela- 
tion between w and y not included in the complete primitive 
already found, i.e. not deducible from that primitive by 
assigning a particular value to its arbitrary constant, and yet 
_ satisfying the same differential equation, and, as we shall 
hereafter see, connected in a remarkable manner with the com- 
plete primitive. Such a relation between x and y is called a 
singular solution. We shall enter more fully into the theory 
of singular solutions in a distinct Chapter, but the following 
example will throw some light upon their nature, as well as 
illustrate the process above described. 


Ex. Given y=ap a - 


Here differentiating we have 


From the equation a = 0, we have p=c, whence 
Y = CH fon vaeesssessessveesssesesseesse(B), 


the complete primitive, From the equation x ac = 0, we have 


peal G): 
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and this value substituted in the original equation gives, after 
freeing the result from radical signs, 


the singular solution. 


Here the singular solution (6) is the equation of a parabola 
whose parameter is 4m, and the complete primitive (5) is the 
well-known equation of that tangent to the same parabola 
which makes with the axis of x an 1 angle whose trigonometri- 
cal tangent is ¢. 


Now, for the infinitesimal element in which the curve and 


its tangent coincide, the values of a, y, and a are the same 
in both. And thus it is that the algebraic equations of the 
curve and of its tangent satisfy the same differential equation 
of the first order. 


On the other hand, if (5) be regarded as the general equa- 
tion of a system of straight lines, each straight line in that 
system being determined by giving a special value to c in the 
equation, the envelop or boundary curve of the system will 
be determined by (6). Here the singular solution is presented 
as the equation of the envelop of the system of lines defined 
by the complete primitive, 


7. In the second Place let us consider the more general 


equation 
y = of(p) + o(p). 


Differentiating, we have 
paso) tte @) +6 oh? 
whence — [p—flp) ES (p) @= $'(P) 


dx f' (ph \ _ FB (p)_ 
dp ~p-F0)* Pp ~F(e)’ 


or 


ART. 7.] ORDER, BUT NOT OF THE FIRST DEGREE, 127 


a linear equation of the first order by which # may be deter- 
mined as a function of p. The elimination of p between the 
resulting equation and the given one will give the complete 
primitive. 3 

The typical equation 


xp (p) +yv(p)=x(p) 


may be reduced to the above form by dividing by y(p), but 
it may also be treated independently by direct differentiation. 


Instead however of forming a differential equation between 
x and p, we may form a differential equation between y and 
p. Or, with greater generality, representing any proposed 
function of p by t, we may form a differential equation be- 
tween either of the primitive variables and ¢. Such a diffe- 
rential equation will necessarily be linear with respect to the 
primitive variable retained, and its solution must of course be 
followed by the elimination of t. And this general procedure, 
more fully to be exemplified when we come to treat of some 
of the inverse problems of Geometry and of Optics, is often 
attended with signal advantage. 


Ex. Given «+ yp = ap”. 

We shall reduce this to a differential equation between a 
and p. 

Differentiating, we have 

2. Pon P 
Lave sf Yigggee ce Pes 
then eliminating y by means of the given equation, we have 
L m2 ap” mae dp = 9 dp 
bay +( ? \e- OP In? 


which may be reduced to the linear form 
dx: z ap 


dp p+p) 1+p"’ 


its integral being 


p Pe 1. 
a= [C+alog{p+V(1+p")}] 
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If in this equation we substitute for p its value in terms of x 
and y furnished by the given equation, i.e. if we make 


wis V (y? + 4ax) 
Pa 2a 4 


we shall be in possession of the complete primitive. 


Had we chosen to form a differential equation between y 
and p, we should have, on differentiating the given equation 
while regarding y as the independent variable, 


whence, replacing i by : and reducing, 


dy Pp, _ 2ap’ 
dp 1+p4—1+p” 


therefore on integration 


1 
eqiceyay ean + p’) —a log {p+VA + pH, 


from which, as before, p must be eliminated. The final results 
are of course identical. 


Homogeneous Equations of the first order. 


8. Equations which are homogeneous with respect to x 
and y may be prepared for solution by assuming y = vz. 


The typical form of such equations is 
re eae pa | 
x'6(%, p)=0 9 ee Peiy 
Assuming then =v, and dividing by a”, we have 


P (0, p) =Ovsssssseresssvsverseseee(Q)e 
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If we can solve this equation with respect to p, we have 


2 =f (v). 


But, since y=a1, 


Thus the transformed equation becomes 
dv ; 
pie ewenly =f (v), 


dv dx 


whence ito) + an 0, 


an equation in which the variables are separated, and in the 
imtegral of which it will only remain to substitute for v its 


My 


¥- value <. 
2 


But if it be more easy to solve (2) with respect to v than 
with respect to p, and if the result be 


v=f(p); 


‘ . 4, , 
then restoring to v its value : , we have 


y = xf (p); 
which is a particular case of the equation of the previous 
section, Hence differentiating, we have | 


p=f(p) + af" (p) ge 


from which results 
da, f'(p) ap _ 9 
Po oO) ek ae 
B.D. E, 9 
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an equation in which the variables and p are separated. 
Between the integral of this equation and the given equation 
must be eliminated, and the relation between # and y which 
results will be the complete primitive. 

Ex. Given yp +nx=/(y?+ nx’) /(1+4 p’). 
Assuming y= va, we have 


wp tn=V(v'+n) v(1 +p") 


the solution of which with respect to p gives 


pave /(*=4) V (v? + 2). 


But W Glioe > pee 


dy —1 2 
‘Therefore a te + wT, (“| Jw +n), 


Integrating, we have: 


log fv + Vet +0} = 4 ,/ (2) log a+C; 


a) 


therefore vt (+n) = any ie 


? 


or, replacing » by s 


y+ (y? + nx) = ie 


the complete primitive, 
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Equations solvable by differentiation. 


. 9. A remarkable class of equations, the theory of which 
# has been fully discussed by Lagrange, deserves attention, 


It has been shewn, Chap. 1. Art. 9, that if two differential 
equations of the first order, each involving a distinct arbi- 
trary constant, give rise to the same differential equation of 
the second order, they are derived from a common primitive 
involving both the arbitrary constants in question. 


Let us suppose these differential equations of the first order 
to be reduced to the forms 


d: 
(a, Y) La ae EP cha (1), 


Va (2, Y, 2) a1 Pere Deere aeeet (2), 


and let the primitive obtained by the elimination of a be 


® (x, y, a, 6) =0. Lagrange has then observed that if we 
have any differential equation of the first order of the form 


Fis (2, Y, ), + (a, Y; SE) 0.8) 


} its complete primitive will still be ® (a, y, a, b) =0, but with 
| the condition that a and 6 are no longer independent con- 
stants, but are connected by the relation 


F (a, 6) =0. 
This is an obvious truth. For as, by hypothesis, the sup- 
posed primitive ® (a, y, a, b) = 0 gives 
d dy 
p (2, y; -) =a, A (2, y; on = b, 
it will convert (3) into F(a, 6) =0, and will therefore satisfy 
that equation if a and 6 are connected by the relation 


F (a, b) =0. 


9—3 
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Moreover it contains virtually only one arbitrary constant, 
for the relation F(a, 6)=0 permits us to determine 6 as a 
function of a. Hence it will constitute the complete primitive 
of (3). See also Chap. 1. Art. 10. 


This result may be expressed in the following theorem. 


If any differential equation of the first order be expressible 
in the form 
I (6, v) = = Oveeesseseeeeeesesererees (45), 
where & and are functions of x, y, oe such that the dif- 


Jerential equations 
tH) = a, vr = 6, 


aré derivable from a single primitive involving a and b as 
arbitrary constants, the solution of the gwen differential equa- 
tron will be found by limiting that primitive by the condition 


F (a, b) =0, 


so as actually or virtually to eliminate one of the arbitrary 
constants. 


Ex. Suppose that the given equation is 


y cL {1 = (2) = f (e+ yt) Ree a (1). 


Now the differential equations of the first order 


are derivable from a common primitive; for, on differen- 
tiating them, we have respectively 


dy a? 
14 (ft) +954 =0, 


Teepe 
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# and these agree as differential equations of the second order, 
-Chap. 1. Art. 9. That common primitive, found by elimi- 
nating oe between (2) and (3), is 
y+ (a—ayP=P. 
Hence the primitive of the given equation is 


Pe (aa) F (a) oe cadssesovevivass (4). 


We might also proceed as in the solution of Clairaut’s 
equation. Differentiating the given equation, we have 


dy an 
Ata) eh cuie aaa 
dx 


2 
The second factor, which alone involves oe equated to 0, 


gives on integration the primitive 
oy + (ce—a)? = b 
as will be seen in Chap. x. Art. 1, in which the relation be- 


*% > tween } and-a@ remains to be determined as before. The first, 


factor equated to 0 constitutes the ditferential equation of the 
singular solution, which will be obtained by eliminating a 
between that equation and the equation given. 


Clairaut’s equation belongs to the above class. We may 
express it in the form 


Now the differential equations 
d: 
y~ 2G 


dy _ 
mee 
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generate the same differential equation of the second order 


and are derivable from the same primitive 


y=bx +a. 


Examples of Transformation. 


10. Well-chosen transformations facilitate much the solu- 
tion of differential equations of the first order. 


Ex. 1, Given ree) = fatty). Lacroix, Tom. I. 
p. 292. 


Assuming «=r cos @, y=r sin 6, we have 


=f (r), 


— ta 


i+ (aj 


whence 
dr _rv[rP {fF 
do f(r) 
Consequently 
' ‘\ dr 
Ox [pd har o. 
rv lr {Fr} 
Mae : me ; 
As Ja+p) is the expression for the length of the per- 


pendicular let fall from the origin upon the tangent to a 
curve, the above is the solution of the problem which pro- 
poses to determine the equation of a curve in which that 
perpendicular is a given function of the distance of the point 
of contact from the origin. 
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_ By the same transformation we may solve the equation 


Y-2P _ oy ‘ 
dee VO era 
Ex. 2. Given (#4) = = Aa* + By, 


To render the above equation homogeneous if possible 
let y= 2"; we find 


(mer oe mat a Bz"®, 


| This will be homogeneous with respect to z and a, if we 


have ‘ 
k (n—1)=a=nf, 
equations from which we deduce 
ap a 
a= Bt Be 


the former of which expresses a condition between the indices 
of the given equation, the latter the value which must be 
given to n when that condition is satisfied, 


It appears then that i equation 


dy p 
(20? = Ag + By®, 


can be rendered homogeneous by the assumption y = 2. 


If the more general transformation y=2", #=t", which 
seems at first sight to put us in possession of ie disposable 
constants, be employed, the necessity for the fulfilment of the 
same condition between a, 8, and &, will not be evaded, the 
ratio of the constants m and n, not their absolute values, 
proving to be alone available. 


Ex. 3. The equation of the projection on the plane ay of 
the lines of curvature of the ellipsoid is 


WN Oe ; d 
Any (32) + (2? — Ay’?— B) Je 7 Y= Oevvees (Mo? 
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Assuming a?=s, y°=t, the equation is reduced to one of 
Clairaut’s form, Art. 6. Its solution is 


The equation may also, without preliminary transformation, 
be integrated by Lagrange’s method, Art. 9. We may ex- 
press it in the form 


Ad + Bb + WHO cecccctccesceeteetees (2), 


“where @ =? » p=y— ype. 
Now Up =a, y’ — ypx = b, 
are derived from a common primitive 7*—axz*=b. The solu- 
tion of (2) will therefore be, 
y? —aax*=b 
with the connecting relation between the constants, 
Aab+ Ba+b=0. 


And this will be found to agree with the previous result. 


EXERCISES. 


The following examples are chiefly in illustration of Arts. 
tbc Bes 


dy =) x 
1 (3) —5 (3 +6=0 
dy\" a. 
- (i) ~ =O 
dy’ _1l—x 
* (ree 
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ae a d ; 
4, af Ene eae 
| (a) toe 1=0. 
5 ~ git a). 

y aan (a 

_ dy dy\” 


2\ 8 
10 {i+ (qt -a=0. 
da 
dy\* _ {«+a)? 
at a (4) Siew 


The following examples are intended to illustrate Art. 6. 
The singular solutions as well as the complete primitives are 
to be determined. 


dy dy Za 
ee laa br 
= dy 2 2 a 
7 yaoi sy/{s Be & i‘. 


The following examples are in illustration of Arts.’7 and 8. 


14, ya efi rar/{+ (Bt. 
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ily, y=x wee TCG )t. 


17. ety emay/{1+ (Pf. 


The following examples are in illustration of Art. 9. 


dy . (dy 


os | 


Tear OTe Ol 


m o-teterte(i)h 


ad 
2 dy % dy 
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CHAPTER VIII. 


ON THE SINGULAR SOLUTIONS OF DIFFERENTIAL EQUATIONS 
: OF THE FIRST ORDER. 


1. IN the largest sense which has been given to the term, 
a singular solution of a differential equation is a relation 
between the variables which reduces the two members of the 
equation to an identity, but which is not included in the 
complete primitive. 


In this sense, the relation obtained by equating to 0 some 
common algebraic factor of the terms of the equation might 
elaim to be called a singular solution. 


But, in a juster and more restricted sense, a singular solution 
of a differential equation is a relation between x and y, which 


satisfies the differential equation by means of the values which 
oe } : , dy ad’ : 
at gives to the differential coefficients - ; a , &e., but is not 


included in the complete primitive. In this sense the equa- 
tion 2’+y?=n’, is a singular solution of the differential 
equation of the first order 


poadtans/(u+ (Bh 


It reduces the members of that equation to an identity, but 
not by causing any algebraic factor of them both to vanish. 
At the same time it is not included in the complete primitive 


y —ce=nV/(1 +c’). 


And this is the juster definition, because that which is 
essential in the singular solution is thus in a direct manner 
connected with that which is essential in the differential 


equation. Def. Chap. 1 
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When it is said that a singular solution of a differential 
equation is not included in the complete primitive, it is meant 
that it is not deducible from that primitive by giving to the - 
arbitrary constant ca particular constant value. But although 
a singular solution is not included in the complete primitive, 
it is still ¢mplied by it. Upon the possibility of satisfying a 
differential equation by an infinite number of particular equa- 
tions, each formed by the particular determination of an 
arbitrary constant, rests the possibility of satisfying it by 
another equation, to the formation of which each particular 
solution has contributed an element. We have seen in 
Chap. vil. how a singular solution, as representing the 
envelope of the loci defined by the series of particular solu- 
tions, possesses a differential element common with each of 
them. We shall now see that this property is not accidental 
—that it is intimately connected with the definition of a 
singular solution. 


It is important that the two marks, positive and negative, 
by the union of which a singular solution of a differential 
equation of the first order is characterized, and by the expres- 
sion of which its definition is formed, should be clearly appre- 


hended. 1st. It must give the same value of °F in terms of x 


dx 

and y, as the differential equation itself does. This is its 
positive mark, a mark which it possesses in common with the 
complete primitive, and with each included particular primi- 
tive. 2ndly. It must not be included in the complete 
primitive. This is its negative mark. Upon the analytical 
expression of these characters the entire theory of this class 
of solutions depends. 

Among the different objects to which that theory has 
reference, the two following are the most important. Ist. The 
derivation of the singular solution from the complete primitive. 
2ndly. The deduction of the singular solution from the differ- 
ential equation without the previous knowledge of the com- 
plete primitive. The theory of the latter process is so de- 
pendent upon that of the former that it is necessary to consider 
them in the order above stated, 

[Important additions to the present Chapter are given in 
the Supplementary Volume, Chapter Xx1.] 
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_ Derivation of the singular solution from the complete primitive. 


2. The complete primitive of a differential equation of the 
first order, whatever may be the degree of the equation, is of 


the form 
¢d (x, y, c) =0. 


If we give to ¢ a particular constant value in this equation 
we obtain a particular primitive. If we give to c a variable 
value by making it a function of a, or of y, or of both, we, as 
will immediately be shewn, convert the equation into any 
desired relation between « and y. We propose then to deter- 
mine ¢ as variable, but as so varying that the resulting 
relation between a and y shall continue to satisfy the differ- 
ential equation. 


The general effect of the conversion of ¢ into a function of 
x or of y must first be considered. 


Prov. 1. A primitive equation 


(x, yc) =0 


may, by the conversion of c into a function of x, be transformed 
into any desired equation containing « and y together, or y 
alone, but not into an equation involuing x without y. 


Let the desired result of transformation be 


p(x, y)=90, or x(y)=9, 


involving y at least. Combining either of these equations 
with the primitive we can eliminate y, and so obtain a rela- 
tion between « and ¢ which will determine ¢ as the function 
of x required. 


It is evident however that the conversion of c¢ into a func- 
tion of x could not convert the primitive into an equation not 
involving y. Lor a variable cannot be eliminated from an 
equation, except by the aid of another equation which contains 
that, variable. 
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Similarly the conversion of ¢ into a function of y would 
enable us to convert the given primitive into any desired 
equation involving, of the two variables, at least a. 


Ex. Let it be required to convert the equation y = cx into 
x + y’=1, by the conversion of ¢ into a function of x. 


Eliminating y from the given and the proposed equation, 
we have 


e+ce'=1, 


v=) 


whence c = 


This value of c substituted in y =cx, converts it into 
# 
y=V(1— 2’), 
which is equivalent to 2*+7’=1. 
3. Let us now enquire what determination of c as a func- 
tion of « will convert the primitive ¢ (a, y,c)=0 into a 


relation between # and y still satisfying the differential equa- 
tion. 


Now the complete primitive of a differential equation of 
the first order is always by solution with respect to y reduci- 
ble either to a single equation or to a series of equations of 


the form 
9) SR KG, C) secieus se ance Seatueieee (1). 


Tf we differentiate, regarding ¢ as constant, we have as the 
derived equation 


dy df (a, c) 
du dag nee wigntetke (2), 


and the elimination of ¢ from this by means of the previous - 


equation gives us a value of ) which satisfies the differential 


equation. That differential equation would then still be satis- 
fied if ¢ were regarded as variable, provided that the variation 
were such as to leave unchanged the form of the relation be- 
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tween 2, y and ¢ in the primitive and in the derived equation. 
For the nature of ¢ does not affect the mode of the elimina- 
tion. 


Differentiating (1) then on the hypothesis that ¢ is a func- 
tion of x, and representing the differential coefficient of ¢ thus 


: dc 
considered by (e) , we have 

dy df(x,c) , df(a, ¢) @) 

ey SE!) 4 LOO ( dni ger rrRE corerae (3). 
And this will agree in form with the expression for = in (2) 
Paya.) (acy ~ a) = 
if ae (Z) =0. But to suppose e =0 would be to 


suppose ¢ a constant and to return to the ordinary primitive. 
It remains therefore that for a singular solution we have 


df (@, 0) dy 
ae 0, or ae =O ..ovecsrorsee (4), 
This is the first analytical condition. What it means is that 
if a fixed value be given to a in the primitive, y must not 
vary for an infinitesimal variation of c. And by this condi- 
tion ¢ is to be determined as a function of z. 


Now in accordance with the reasoning of Prop. I. the sub- 
stitution of a function of # for ¢ in a primitive which contains 
y, cannot lead to a resulting equation not containing y, though 
it may lead to a resulting equation not containing ~ Hence 


the condition = = 0 can only lead to those singular solutions 
C 


in the expression of which y at least is involved. Had we 
reduced the primitive to the form «=f (y, c) we should, as is 
evident from the principle of symmetry, have arrived at the 
analytical condition 


a condition by which ¢ would be determined as a function of 
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y. And the substitution of such value or values of c in the 
primitive would lead to all singular solutions in the expression 
of which x at least is involved. 


It will be remembered that what is essential to a singular 
solution is that c should not admit of determination as a 
constant wholly independent of the variables. But whether 
it be determined as a function of a or as a function of y is 
indifferent. The one form is usually, but not always, con- 
vertible into the other by means of the primitive. Thus, if 
the primitive be in the form ¢ (a, y, c)=0, and ¢ be deter- 
mined in the form ¢ = f(y), the elimination of y between these 
equations will generally enable us to determine ¢ as a function 
of w; but it will not do so if, in the elimination of y, ¢ should 
disappear. 


Thus if the primitive were 


x= (y—c)’, 
the value of ¢ determined as a function of y by the condition 
oe 0 would be c=y, and this value of c is not expressible 


de 
by means of a, for on attempting to eliminate y between the 
above equations c also disappears. Nor is it indeed possible 


in the above case to satisfy the condition Bs =0. Hence it is 


necessary in establishing a general method to take account of 
both the conditions (4) and (5), 


And these conditions are sufficient. No other is implied. 


The comparison of (2) and (3), from which the condition - =0 


was derived, leads also to the condition = = 0, but not to any 
c 


other condition, The expressions which they furnish for - 
é' aX 
become equivalent in two cases only, viz. 1st, if aie oe 0, 


the case first considered;  2ndly, . if “without supposing 
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aed e) = 0, we have 2 2 ( 
df («, ¢) ts 


) infinitesimal in com- 


dx 


, and therefore if we have 


Uf (x,¢) , Uf (x, ¢ 
ng A iM ast ahs Neca (6), 


for, c being regarded as a function of , and therefore variable, 


parison with 


da 
ferentiating the equation y = f(x, ¢) we have 


(da 
the factor (=) cannot be continuously infinite. Now dif- 


Coe eeeeesees 


Hence, if we make dy=0, we have 


dx _ _ af (a,c) df (x, c) 


dc de dx eee re rereccceee (8), 


so that (6) assumes the form gd 0. But, as a demonstration 


de 

of this condition, the above method is less general than the 
previous one, for it assumes the possibility of expressing as a 
function of z the value of ¢ determined by the condition 
dx 


-~=(. Now that value is primarily a function of y, and may 


not be expressible at all by means of a. 

It is well to note that the final criteria “Y = 0, Jo aot 
are in effect analytical expressions of what ae term con- 
ditional propositions. The former expresses that 2f x be 
assumed constant, y will not vary for an infinitesimal varia- 
tion of c; the latter that of y be assumed constant, « will not 
vary for an infinitesimal variation of ¢. 


4, Each of these conditions then 
dy, d« 
tie 


has its special case of failure. The former cannot lead us to. 


= 0, 


B.D. E, 10 


ae 
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singular solutions in which y is not involved; the latter can- 
not lead to those in which 2 is not involved. It is proper 
to shew that except in such cases of failure they are 
equivalent. 


As expressed by means of the primitive y=/(z, c), these 
conditions assume the forms 


Ulw.c)_ flare), aflee _ 
dc de : ax . 
dy _«, dy dy 
or Aa => 0, ae Eo = 0; 


and these are equivalent unless dy be 0 or infinite. 


dx 


But au =(0 implies that the singular solution is of the 


form 
y =a definite constant, 


and this is precisely that form of singular solution which the 


condition e = 0 fails to give. 


Gh dy 3 , da ieee 
Similarly Phra being equivalent to ‘a = 0, implies that. 
the singular solution is of the form 
«=a definite constant, 


and this is that form of singular solution which the condition 


d ; : 
= = 0 fails to give. 


Thus the conditions fi =0, = =0, although not necessarily 


equivalent, do not lead to conflicting. results. 


When we cannot solve the primitive equation with respect — 


to y and & so as to enable us to form directly the expressions 


) 


a 
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dy dx ‘ : 
bor —" ae Fang Jo? We may proceed thus. Representing the pri- 
mitive by ¢ =0, we have on differentiation 


oS is + ay +48 demo. 


da de 
H ; : dy dx 
ence, remembering what is meant by a 7 and ee 
db db 
dy de dx de 
dco dd , dc db CeCe or ere eeeccressons (9), 
ae has 


and the second members of these equations must be equated 
to 0. 

We see that these second members will usually vanish if 
4 =0. And this equation = =0 is adopted by some writers 
as a sufficient expression of the rule for the derivation of the 
singular solution from the complete primitive, unrestricted 
by any accompanying condition. (Lagrange, Calcul des Fone- 
tions, p. 207.) We must notice however that the vanishing 


of 4 or = in (9) may be due not to the vanishing of the 


numerator - , but to the assumption of an infinite value by 
| the denominator 9 or a The latter is indeed quite as 
probable a cause as the former when ¢ is not expressed as a 
rational and integral function of « and y. And even when 


is thus expressed the condition uP 0 may fail through its 


dg 


, on " 
involving a factor contained in a or a We conclude that 


) while the true tests of a singular solution are “0 and 
4 a 0, any subsidiary conditions apes as ae 0, =, 
10—2 
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Tp 7? ate only to be used for purposes of convenience, and 
0 
never without reference to the more fundamental relations of 


which they take the place. 
The following is a legitimate example of the application of 


the subsidiary condition - = 0. 


The complete primitive of the differential equation a = 2y? 
is y=(x—c). Here $¢=y— (x—c)’, and, this being rational 
and integral, the condition ae 0 gives 2(a—c) =0, whence 
c=, a value of which, substituted in the primitive, gives y = 0 
a singular solution. 


The condition = = 0 also gives c =a, and leads to the same 


result. But, since the primitive solved with respect to x gives 
x=C+ y?, the condition = = 0 cannot be satisfied. Thus the 
singular solution is here obtained by means of the condition 


ays 0, and not by the condition aos 0. 
de de 


5. The chief results of the above investigation are com- 
bined in the following Proposition. 


Prop. 11. Lvery singular solution of a differential equa- 
tion of the first order may be deduced from its complete primi- 
tive by gwing therein to c a variable value determined from 
that prumitive by either or both of the equations 


dy_, dx_ 
oe Ome: = Oe rae ee (1). 


And any solution which is thus obtained, and which cannot be 


also obtained by giving to c in the primitive a constant value, is 
a singular solution. 


The conditions (1) are equivalent, except when one only of 
the variables x and y is involved in the singular solution ; solu- 
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tions involving only the variable y resulting only from the 
| by 


condition ha 0, and those involving only the variable x re- 
sulting only from the condition w 0. 


_ When the primitive, represented by 6=0, is rational and 
untegral we may for convenience employ the single condition 
ae but never without reference to the fundamental con- 
ditions (1). . 

In the statement of the above theorem the two following 
particulars should be noticed. * 


ist. It supposes ¢ to be determined as a variable quantity. 
Now if ¢ be obtained as a function of both w and y, as it 


: ; fei es) : 
generally will be if the condition =0(0 be made use of, it 
inay be necessary by a subsequent elimination to reduce it to 
a function of one of the variables, in order to assure ourselves 
that it is not constant in virtue of the relation between a and 


_ y established in the primitive. 


2ndly. The theorem takes account equally of the positive 
and of the negative characters of a singular solution. The 
existence of a variable value of c determined by either of the 
conditions (1) does not assure us that the resulting solution is 
singular, unless constant values of ¢ are at the same time 
excluded. 


| di, eee 
Ex. 1. The equation y’— 2ny + (142) (4) =, lige 


for its complete primitive y=cx+/(1—c’). Its singular 
solution is required. 


_ Here oo L— Wise’ Hence 2 =0 gives for ¢ the 


I =——__, the substitution of which in th 
varvable value c ae 1)’ the substitution of which in the 


primitive gives 
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This value of y satisfies the given differential equation, and 
it is evident on inspection that it is not included in the com- 
plete primitive. Formally to establish this, we find on elimi- 
nating y between that equation and (1) 


ca + (l—-e) =V/(@’ +1); 


solving which with respect to c, we have the unique value 

x 
Vel)’ 
employed, shews that ¢ admits of no other value, and in 
particular that it admits of no constant value. The solution 
is therefore singular, 


c which, agreeing with the value of ¢ before 


dir _ 


de 


The condition 0 would, in the above example, give 


2 Ne 
Cie ak , 1) , and lead to the same final result. 


We must be careful not to rely upon the condition ee 0, 


de 
except under the circumstances specified in the general 
theorem. This remark will be illustrated in the following 
example. 


Ex. 2. The complete primitive of the differential equa- 
tion y= px+ “, where p stands for, is y—ca—“ =0, 
and, if we‘represent its first member by @, the elimmineee of 
c between the equations ¢ = 0, ao = 0, gives the singular solu- 
tion y? = 4ma. 


But, though this is not a procedure likely to be adopted, if 
we reduce the primitive by solution to the form 
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and then represent its first member by ¢, we shall have 


dy__dd df 
de de dy 
Cia Pa Se ay 
= et ari (y*— 4a) 


And here the singular solution y’ — 4mz =, before obtained, 


is seen to be dependent, not upon the vanishing of ue but 


de” 


upon the assumption of an infinite value by is : 


The true ground of preference for the conditions ay 


= = 0, consists, however, not in the directness of their appli- 


0, 


cation to irrational forms of the primitive, but in the plainness 
of their geometrical interpretation, and still more in their fun- 
damental relation to the problem of the derivation of the 
singular solution from the differential equation—questions 
hereafter to be discussed. 


The following example is intended to illustrate that portion 


of the theorem which relates to the negative character of a 
singular solution. 


Ex. 3. Thecomplete primitive of the differential equation 


dy dy = 
(4) - day F +87’ =0, 


is y=c(a—c)*. The singular solution is required. 


Here the condition oe = 0 gives : 


(2 —c) (a— 3c) = 


152 SINGULAR SOLUTIONS. [CH. VIII. 


whence c=2, or 5 These values of c, both of which are 


variable, reduce the primitive to the forms 
e 
Ag? 


and both these are solutions of the differential equation. But 
while the latter of the two is not included in the complete 
primitive, the former is included in it. If between the equa- 
‘tions 


y=c(a—c), y=9, 
we eliminate y, the resulting values of ¢ will be 
C=), ea, 


We sce therefore that the solution to which we were led 
by the assumption c=~@ is a particular integral. But it pos- 
sesses the geometrical properties of a singular solution ex- 
plained in the following Article. 


Geometrical Interpretation. 


6. Let y=f(a, c) represent a family of curves the indi- 
vidual members of which are determined by giving different 
values toc. Then, adopting for a moment the language of 
infinitesimals, the differentiation of y with respect to ¢ implies 
the transition from an ordinate y of one curve to an ordinate 


y+ dc, corresponding to the same value of x, but belonging 


to another curve of the series; viz. the curve obtained by 
changing c into ¢ + de. 


es = (0, we demand that this 


transition shall not affect the value of the ordinate y corre-~ 


When we impose the condition 
' e 


sponding to a value of w determined by the equation yy =0. 


dc 
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Hence the singular equation obtained by the elimination of 
c between the equations y=/ (a, c), a = 0, represents the 
locus of such points of svecessive intersection. 


In stricter language, the singular solution represents the 
locus of those points which constitute the limits of position of 
the points of actual intersection of the different members of 
the family of curves represented by the equation y = f (a, c), 
always excepting the case in which that locus coincides with 
a particular curve of the system. . 

And as at these limiting points the value of os is the same 
for the locus of the singular solution and the loci of primitives, 
it follows that the former has contact with every curve of the 
latter system which it meets. The locus of the singular solu- 
tion is seen to be the envelope of the loci of primitives. The 
envelope of the loci of primitives is the locus of a singular 
solution, except when it coincides with one of the particular 
loci, of which it forms the connecting bond. 


Similar observations may be made with reference to the 


3.66 BOD 
condition -—— = 


dc 


Derivation of the singular solution from the differential 
equation. 


7. We have found that the singular solution of a differen- 
tial equation considered as derived from its complete primitive 
possesses the following characters, 

: ed d 
Ist. It satisfies one of the conditions ee 0, oF 1 0), 
é a ae de 

2nd. It is not possible to deduce it from the complete 

primitive by giving to ¢ a constant value. 


It has also been shewn that the positive conditions are 
equivalent except when the singular solution involves only 
one of the variables in its expression, 
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Now we shall endeavour to translate the above characters 
from a language whose elements are a, y, andc to a language 


whose elements are w, y, and - ,—from the language of the 


complete primitive to the language of the differential equation. 


If we differentiate with respect to w the complete primitive 
expressed in the form 


CRD fh Com permanrpee oink Ske (1), 
we obtain the derived equation 
ay ee 2); 


and substituting in this for ¢ its expression in terms of x and 
y given by the primitive (1), we have finally the differential 
equation in the form 


peda Aol Se (3). 


Thus the differential equation (3) is the same as the derived 
equation (2), provided that ¢ be considered therein as a func- 
tion of a and y determined by (1). 


Accordingly we have 


dp . OD at et eee 
ay in (3) =7o 2 (2) eh in-(); 


dp . d df (x, 
Oana ae 
since in (1) Soa leGat+ — lp 
Hence - in (3) = i log LE 9) ; 
? dp a 
or finally 5 ae log - nee'ed de specie vine tees oaaeine (4), 


ee 


ae it hee er 
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provided that the value of the first member be derived from 
the differential equation, that of the second member from the 
complete primitive. 


In like manner if we suppose the complete primitive ex- 
pressed in the form 
x= (y, C); 
we shall have through symmetry the relation 
@ *) —_ @ oo da 5 
rie E 5 Oe Sse aa ee (5), 
the first member referring to the differential equation, the 


second to the complete primitive. 


The equations (4) and (5), which are rigorous and funda- 
mental, establish a connexion between the differential equa- 
tion and the complete primitive, and it now only remains to 


introduce the conditions 2 = 0, a =0. We begin with the 


former. 


We have seen that when 2 = 0 leads to a singular solu- 


tion it does so by enabling us to determine ¢ as a function 
of x, suppose c= X. Before proceeding to more general con- 
siderations it will be instructive to make a particular hypo- 


thesis as to the form of the equation a = 0, 
Suppose then this equation to be of the form 
Qhe me XK" SEO. .osnaeca cep seuanenaems (6), 


m being a positive constant and @ a function of # and c, which 
neither vanishes nor becomes infinite when ¢=X. This hypo- 
thesis is at least, sufficiently general to include all the cases in 


which 2 = 0 is algebraic. 
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By (6) we have then 


dq ax 
dp _d dy dx a dx 
ees 67 = 7 Teco eee eeees (7), 


and the second term of the right-hand member having c—X 
for its denominator and not containing c at all in its nume- 
rator, is infinite. At the same time, we see that no such 
infinite term would present itself were c determined as a 
constant. 


For iet 4 —=(Q(c—a)”, then ie log ae ae + Q, the right- 
hand ined of (7) being now reduced to a first term. 
The conclusion to which this points is that - is infinite for 


a singular solution, but finite for a particular integral. 


_ Again, suppose the value of c in terms of w and y fur- 
nished by algebraic solution of the complete primitive to be 
C=a(@, Y), “then substituting this value in the equation 
c— X =0, we obtain the singular solution in the form 


i) (a, y ) —X=0. 
Now the same substitution gives to the infinite term in the 


value of dp the form 


dy 


— a 


dx 
$@, y—X eee ee ee ee (8) : 


We see then, in the case of a singular solution correspond- 
, ne as d, : 
ing to a determination ¢=_X, that iy as derived from the 
differential equation becomes infinite owing to ¢ (a, y)—X 
occurring in a denominator. And, whatever modification of 
form may be made by clearing of fractions or radicals, we may 
still infer that, if w= 0 be a singular solution derived from an 
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algebraic primitive, the function “2 will: become infinite, owing 


dy 


to w presenting itself under a negative index. 


' The analysis does not however warrant the conclusion that 


any relation between x and y which makes - infinite will 


be a solution. Ifm be a negative constant, the second term 


in the expression of e is still infinite, but the prior condition 


C0 is no longer satisfied. All we can affirm is that if 


a = gives a solution at all it will be a singular solution. 
gy 
: Cael. : : ; Ri 
Since aay it is evident that a singular solution origi- 
i, ; ; 

nating in a determination of c in the form c= Y will make 
J, (_) infinite 
dx \\p 


- A contrast between the conditions OY 0, - = 0, and the 
d fi . 
conditions P= 0, is () =, 1s also developed. The former 


lead to solutions, but not necessarily to singular solutions ; 
the latter do not necessarily lead to solutions, but when they 
do, those solutions are singular. 


Ex. 1. Given p’—2xp+2y=0, e 
Here p=atn (a —2y), 

dp = 2 ),,)\-2 

nae — 24)", 


2 
which becomes infinite if y= 5 , and this satisfies the differ- 


ential equation. It is therefore a singular solution. 


It may be objected against the above reasoning, not only 
that it involves an assumption as to the form of the equa- 
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tion oo 0, but also that it takes no account of any pos- 
sibilities arising from the first term in the expression of 
a But it serves well to illustrate what, in the vast ma- 
J ee 
jority of. instances, is the actwal mode of transition from the 
one set of conditions to the other. We proceed to consider 
the question in a more strict and general manner. ~ 
4 8. When se =() determines c as a function of a, it recipro- 
cally determines x as a function of c, so that if a definite value 
be given to ¢, a corresponding definite value or values will be’ 
given to x. Let : be represented by yy (a, c), then 
dp d dy 

ite ase: 

logy (a +h, c)— log (a, c) 
a Samat eS (9), 


= limit of 


h approaching to 0. 


Now for a singular solution (a, c) =0, and this being, 
from what precedes, satisfied only by definite values of x, cor- 
responding to our assumed definite value of ¢, it follows that 
wv (a+h,c) will not be equal to 0 for any continuous series of 
values of h however small; neither then will log > (@ + A, ¢) 
retain continuously the value of log y (a, ¢), viz. —oo. Thus 
the numerator of the fraction in the second member being 
equal to the difference between a finite and an infinite quantity 
is mfinite, and the limit of the fraction therefore infinite. 
Hence. we conclude that a singular solution considered as 
derived from the primitive by the conversion of ¢ into a func- 
tion of a, satisfies relatively to the differential equation the 
condition ; 
dp 
dy 

And in the same way it may be shewn that a singular solu- 
tion derivable from the primitive by the conversion of ¢ into a 


=O. 


function of y satisfies the condition as () =o, 
. dic \p 
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Changing the order of the enquiry, let us now examine 
whether ee exist ay other forms of solution satisfying the 
condition 2 7 On () =o. If there be, it will be made 
» evident that more is involved in the definition of a singular 
| solution than we have yet recognized in our processes of 
deduction, or else that the definition must be enlarged. 


Expressing the condition - = 0, in the form 
d dy 
dae log ae eo seiese os 0% Meee giscle ests « (10), 


we observe that it can be satisfied only in one of two ways, 
viz. either independently of c, or by some determination of ¢, 
and if the latter again only in one of two ways, viz. either by 
the determination of ¢ as a function of a, or by the determina- 
tion of ¢ as a constant. 


We may pass over the case in which the above equation is 
satisfied independently of c, because the relation obtained 
would involve w only, whereas it has been shewn that 
oP co leads only to solutions involving y at least. We 
may also pass over. the case in which it is satisfied by the 
assumption c= X, because such a value of c, if it lead to 
a solution at all, can only do so by satisfying the condition 


a = 0, and thus lead to the form of singular solution already 
C 


investigated. There remains only the case in which the 
equation (10) is satisfied by a constant value of c. 


Let then the equation (10) be satisfied by c=a. The most 
general assumption we can make respecting the form of its 
first member is the following, viz. 


d Dye 
# tog Va $4 (0 9, 


where ¢ (c) is a function of c which becomes infinite when ¢ 


4 


* = ; = 
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assumes the constant value in question, and > (z, c) does 
not become infinite for such value. Hence the most general 

dy . 
form of log 2 is 


tog SE = [$ (0) ¥(e, o) d2= 4 (0) [4 0) dm 


To give to this expression the utmost generality, we must, 
on effecting the integration with respect to x, add an arbitrary 
function of c. Thus we shall have > 


1og = 6 {fy (ere) de tx (Oh. 


Therefore pee eb) [[¥, ¢) de+x(c)} 


de ei 


or, representing the function i vr (x, c)da+y (c) by ® (@, o), 


LY _ (0) B(x, 0) 
dc 


dy 
. . . de : 

the primitive, which is consistent with the hypothesis that 

d dy nae 

7 log 7. becomes infinite for a constant value of ¢« <Ac- 


cordingly if, supposing the primitive to be given, we sought 


This is the most general form of as determined from 


to determine the singular solution by the condition Tye, 


dc 


we should be led to an equation of the form 


EPO), 0) — 0), 


or  (c) D (ae) = 00 nesses (12). 


‘ 


Now this equation is not satisfied by any value of ¢ which 


makes ¢ (c) infinite, unless it give to ® (w, c) an opposite sign. 


% 


7 
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to that of ¢(c). But this indicates in general the existence 
of a relation between x and c, Thus suppose 


G (c) =e, & (2, c) =a, 
Then (12) becomes 


CL=— 0, : 


which demands that c should receive the value — or + 0 
according as w is positive or negative. In either case ¢ is 
constant, but it is a dependent constant—dependent for its 


sign upon the sign of x. Thus the condition Le oo may 


dy 


indicate the existence of a species of singular solution derived 


from the complete primitive by regarding ¢, not as a conti- 
nuous function of x, but as a discontinuous constant, the law 
of its discontinuity being however such as to connect it with 
the variations of a, 


Ex. 2. Given p= a 
. Here we find 
OP (1 low yee seins: AD) 
aye , 


which is infinite if y=0. And this proves on trial to bea 
solution of the differential equation, the true value of the 
indeterminate function in the second member when y=0 
being 0 (Todhunter’s Diff. Cal. Art. 158). Now the complete 
primitive is y=«*. Hence we see that y=0 is not a particu- 
lar integral in the strict sense of that term. The value to be 
assigned to ¢ is not wholly independent of x We may there- 
fore regard y = 0 as a singular solution satisfying the condition 


9. We have said that, in general, the equation (12) in- » 
dicates the existence of a relation between w andc, A case 


‘of exception however exists. Representing ¢ (c) by C, sup- 
pose @ (x, c), expressed in terms of x and. C, to be capable of 
development in descending powers of C:; suppose, too, that 


B, D, E, | 1] 


wae oa 
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‘the first term of the development is of the form AC’, where 
A is constant and r>—1. Then as C approaches infinity, 
(12) tends to assume the form 


AC = 205 


indicating that C, and therefore ¢, possesses more than one 
value, real or imaginary. Here, then, the condition ea oo 


would accompany a solution possessing this singularity, viz. 
that it corresponds to a multiple value of c, the arbitrary 
constant in the complete primitive. It is in fact a species of 
multiple particular integral. 


Ex. 3. Given p’— pay +7’ log y = 0. 


ee ty (x? — 4)og y) | 


Here 2 ; 
therefore 
dp _wtv(@—Alogy) | 
ae 5 + Jaf d logy) ae (14), 
and this is made infinite by y = 0 and by a’— 4 log y=0, that 
is by y=0, ye. 


Both these satisfy the differential equation, and the second is 
obviously a singular solution. To determine the nature of 
the first let it be observed that the complete primitive is 


bee 
y= iS 


and that this reduces to y = 0, irrespectively of the value of a, 
by the assumptions c=+0 and c=—. Now this is the 
only case in which two particular integrals agree. We might 
in any case, by changing in the complete primitive of an 
equation ¢ into c’, get two values of ¢ for a particular integral, 


but then it would be for every particular integral. It is only — 


when the property is singular, that the condition A = is 


satisfied. 


} 
| 
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It is obvious that one negative feature marks all the cases 
in which a solution involving y satisfies the condition 2 0. 
It is, that the solution, while expressed by a single equation, 
is not connected with the complete primitive by a single 
and absolutely constant value of c. In the first, or as it 
might be termed envelope species of singular solutions, ¢ re- 
ceives an infinite number of different values connected with 
the values of « by a law. In the second it receives a finite 
number of values also connected with the values of x by a 
law. In the third species it receives a finite number of values, 
determinate, but not connected with the values of a. 


If we observe that all the above cases, while agreeing in 
the point which has been noted, possess true singularity, we 
shall be led to the following definition. 


Derinition. A singular solution of a differential equation 
» of the first order is a solution, the connexion of which with 
‘the complete primitive does not consist in the giving to ¢ of 
a single constant value absolutely independent of the value 
ot x. 


Criterion of species. 


10. It is a question of some interest to determine whether 
a given singular solution, w=0, of a differential equation, is 
of the envelope species or not. a 

On the particular hypotheses assumed in Art. 7, it is shewn 
that singular solutions of the envelope species possess the er 
lowing character, viz. if w=0 be such a solution, then a 
becomes infinite though containing a term in which w is 
presented under a negative index. 


Now inquiries which are scarcely of a sufficiently elemen- 
tary character to find a place in this work, indicate (with very 
high probability) that this character is universal and indepen- 
dent of any particular hypothesis, and that it constitutes a 
- eriterion for distinguishing solutions of the envelope species 
| from others. 


J1—z 
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As an example of an hypothesis different from that of 
Art. 7, let us suppose 


OY oe ee 
de log (¢—X)’ 


which vanishes when c =X. 


We find 
dQ dX 
ad, Wdy dz. dx 
dn 8 da 0. GE ean: 


The second term in the right-hand member becomes inde- 
terminate when c =X, but its true value is ©, and it assumes 
this value in consequence of ¢— X presenting itself with a 

ive index. : k that the fraction .__——.,, 1s 
Beene in a We ua . e fraction ingee : 
one which vanishes with c—X in whatever manner c— X ap- 
proaches to 0,—-a consideration which is quite of essential 
importance. 

Applying the above criterion to some of the previous ex- 
amples, we see fromthe form of ae in Ex. 1, Art. 7, that the 
singular solution belongs to the envelope species; in (18) 
Art. 8, it is implied that the solution is not of that species’; 
in (14) Art. 9 two species are indicated, the solution y=0 


resulting from log y = — being not of the envelope species, 
while the other solution is of that species. 


11. The collected results of the above analysis are con- 
.tained in the following theorem, 


TuroreM. The singular solutions of a differential equation 
of the first order (Def. Art. 9) consist of all relations which 
belong to one or both of the following classes, viz. 


Ist. Lelations involving y, with or without x, which make 


a infinite and only infinite, and satisfy the differential equation, — 


% 


teen eri ae 


a 
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, 2nd. Relations involving x, with or without y, which make 
- (5) wmyinite and only infinite, and satisfy the differential 
equation. } . 


When a solution as above defined is actually obtained by 
equating to 9 a factor which appears under a negative index in 
the expression of : or () wt may be considered to belong 
to the envelope species of singular solutions. En other cases tt ts 
deducible from the complete primitive by regarding c as a con- 
stant of multiple value,—its particular values bevng either 1st 
dependent in some way on the value of x, or 2ndly independent 
of x, but stall such as to render the property a singular one. 


We may add that there exist cases in which. the characters 
of different species of solutions seem to be blended together. 
Thus may admit of both a finite and an infinite value, 
indicating a duplex genesis of the solution from the complete 
primitive. . It may also happen that the assumption of an 


infinite value by may be attributed, indifferently, either to 


a negative index or to a logarithm. And then it should be 
inquired whether or not the solution is of the envelope species, 
but marked with some peculiarity arjsing from a breach of 
continuity in the mode of its derivation from the complete 
primitive. a4 

The following examples are intended to elucidate particular 
points either of theory or of method. 

es (OV. AY oa 1 

Ex, 1 Given (l+a (34) —2ay Gt 1=0. afc 
- This equation, first discussed’ in Brooke Taylor's Methodus 
Incrementorum, is remarkable as having afforded the earliest 
instance of the actual deduction of a singular solution from a 
differential equation (Lagrange, Calcul des Fonctions, p. 276). 
We shall first explain Taylor's procedure, and afterwards 
apply the above general Theorem, — 
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Taylor differentiates the equation, and finding 
{2 (1 + 2”) 4 — any} 727% 


resolves this into the two equations 


d dy. 
(1 +2") *—ay=0, a= 0 5 0 


The second of these gives y=ax+b, which satisfies the 
differential equation provided that 6=/(1—a’), Thus the 
complete primitive is 


y=ax +r/(1—a’). 
The first equation of (1) gives, on eliminating ey by means 
of the differential equation, 
y = ve ne 1, 


and this he terms the singular solution (singularis quedam 
solutio problematis). 


To apply to this example the general method, we find 


tay fl 


P re 


dp. tl ue y 
Bees AE ee ‘ 


Introducing the condition ame 20, we should apparently 


Hence, 


have the equations 
a'—y?+1=0, 
zv+1=0, 


but of the second of these, as it does not involve y in its 
GXPIOR IED no account is to be taken. The first making 
2 infinite whether the upper or the lower sign be taken, and 
satisfying the differential equation, is a singular solution. 
Again, as also it is derived from the vanishing of a function — 
under a negative index, it belongs to the envelope species. 


| 
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We may add that it might be found but less readily from the 


condition © (<) = Oe 
dx \p 


_ The following example is intended to illustrate the use of 
the latter condition. 


Ex. 2. Given wy er 
dx 
dp 


Hence, since p=”, the condition a =o cannot be 
satisfied. 


peer Seva : 
The condition ae () = gives 


10 =, 


and this is satisfied by 2 =0 if n.be less than 1, but is not 
satisfied by «= 0 if m be equai to or greater than 1. 


Now the differential equation is satisfied by 2 = 0, whatever 
positive value we give to n, as may be seen by expressing it 
in the form a = 2". We conclude therefore that x=0 is a 
singular solution of the proposed equation if n be positive and 
less than 1, but a particular integral if m be equal to or greater 
than 1. We infer too that the solution, when singular, be- 
longs to the envelope species. 


In verification, it may be observed that, if m be not equal 
to 1, the complete primitive is 


or ; 
= {(1—n) (y—)}™ 


Now if v is less than 1, the index in the second member is 
positive, and we cannot have # = 0 unless the quantity under 
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the fidex: be made equal to 0. But this would give c=y. 
Hence, «= 0 is a singular solution. 


If n be greater than 1, the index i in the second momben 
being negative we cannot have a=0 unless the quantity 
under the index becomes infinite. But this it does if ¢ is 
infinite. Here then x =0 is a particular integral. 


If n be equal to ot the ae primitive is 
=ce’, , * 


at this is rednal tox =0 “ the ascuipaen c= 0. Here 
then also x = 0 is a particular integral. 


The following example is intended ‘to illustrate a.class:of | 


problems in which ap admits of both a finite and an infinite 


dy 
value. ; 
Ex. 3. . Given p?—2ay*p + 4y' = 0. 
_ Here we find 
paayt t J (aty — yl) veccccccsseceees (1). 
Therefore » 
dp *_ Gy! | 
Pm fo A cen (2), 
Y dy v/ (a? — dy”) 


and this apparently becomes infinite when y=0, and when _ 


“x *— dy} = 0, 1.e. for 


o 
y= 0, i 16 e 
Let us inquire what are the true values of ‘ 
€ : é y 
. 
ist, Iivye =, we find, on substitution and reduction, *~ 


iG: 
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which becomes infinite whichsoever sign be taken. Hence, 
: ax 
I~ 16 
it is of the envelope species. 


is a singular solution; and, from the mode of its origin, 


~ Qndly. If y =0, the value of - in (2) becomes infinite if 


the upper sign be taken, but assumes the ambiguous form 2 if 


the lower sign be taken. To determine its true sete 

may expand the fraction aS by : in ascending powers of iy 

We thus find re gE 
ee (2-4 +&e)}, 


; re, i 
which, as before, gives = = when, taking the upper sign, 
we make y = 0, but on taking the lower sign gives 


: 4 
op ! (4 +&e,) 


2 Sn We ae . 
=, + terms containing positive powers of y. 
And this expression, on making y = 0, assumes the value — 


- These results lead us to infer that the solution y =0, 
originates in two distinct ways from the primitive, which is in 
this case y=c’ (a—c)’. It is evident that this is reduced to 
y = 0, by either of the assumptions c=0 andc=a. Hence 
the solution y =0 is a particular integral. — bs 


At the same time it is to be noted that this solution pos+ 
sesses all the geometrical .properties of a singular solution. 
The complete primitive represents an infinite system of para- 
bolas whose axes are parallel to the axis of y;—whose vertices 
all touch the axis of 2, which thus constitutes a branch of 
their complete envelope,—and of whose parameters each is 
inversely as the square of the distance of the corresponding 
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vertex from the origin of co-ordinates. The nearer any par- 
ticular vertex is to the origin, the more does the curve to 
which it belongs approach to a straight line; and the curve, 
if we may continue thus to speak, whose vertex is at the 
origin coincides with the axis of # which is the envelope of 
the series. It might in a certain real sense be said that the 
particular and the general are here united. 


The following example shews, though by no means in the 
most extreme case, how slight may be the difference between 
a singular solution and a particular integral. 


Ex. 4. Given x 2 = y (log x + log y— 1). 


Representing a by p, we have 
_Yy (loga” + logy—1), 
= - ; 
dp _logx+logy 


therefore Ay . 


and this becomes infinite, Ist, if y=0, 2ndly, if y=o, 
ardly, if «= 0. 


The first only of these satisfies the differential equation, 
the assumption y=0 reducing the indeterminate function 
y log y in the second member to 0 (Todhunter’s Differential 
Calculus, Art. 158). We conclude, that y=0 is a singular 
solution, but from the nature of its origin not of the envelope 
species. 

ex 


Now the complete primitive is =~, and, judging from 


this, it might at first sight seem as if y= 0 were a particular 


integral corresponding toc=— 0. We remark however that 
the primitive is not reduced to y=0, by the assumption 
c=—0, unless x be positive. If x is negative we must make 


c=+ 0 to effect that reduction. In fact, the value of ¢ which 
reduces the complete primitive to the form y = 0, though in- 
dependent of » in all other respects, is dependent upon @ for 
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its sign, which must always be opposite to the sign of a. 
And this connexion, slight as it is, determines the character 
of the solution. 


The following example illustrates a mode of procedure 
dp 
dy 


biguous form : , while the differential equation cannot readily 


be solved with respect to p. 


which may be adopted when presents itself in the am- 


Ex. 5. Given p*®—4ayp + 8y?=0. 
Differentiating with respect to y and p, we find 


dp _4ap—16y (1) 
dy — 3p" ond Accy Cece rece rece esses eeores i * 
Equating to 0 the denominator, we have p= =f, and, 


substituting this value in the differential equation, we obtain 
a result resolvable into the following equations, viz. 


4s 
Y= o> y=0 Doe ererserecesescseoece (2), 


either of which satisfies the differential equation. On substi- 
dp 
dy 
and is evidently a singular solution. The latter value of y 


reduces dp to the form 0° 


dy 
dp 


To determine the real value or values of d when y = 0, we 


tution in (1), the former of these values of y makes — infinite, 


must obtain from the differential equation, regarded as a cubic 
with respect to p, the three expressions for that quantity in 
ascending powers of y, substitute them in the second member 
of (1), and then after reduction make y = 0. 
It will somewhat simplify the process if we transform the 
expressions by assuming p= 2ty*. We shall have 
dp 2«t— dy? 
dy 30°y? ~ ays 
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while the differential equation will become 
£ — at-by® = 0 cssscuccunstene aed dese 


which, expressed in the form 


tn An 


Substituting in (3), and retaining those terms only which 
contain the lowest power of y, we have 


dp —2t 2 


Such is the value of - corresponding to the value of ¢ which 


is given by Lagrange’s theorem. 


That value of ¢ vanishes with y. Its other values do not 
vanish with y, but approach the limits +x? as y approaches 
to 0; for if in (4) we make y=0, we find 0 and +2* for the 
corresponding values of ¢ Now if in (3) we make y=0, 
t= +./x, we have , 

da ae 
dy | , 

From these results combined we infer that y=0 is a par- 
ticular integral, possessing the geometrical characters of a 
singular solution, It originates in fact from the complete 
primitive y=c (a—c)’, either by making e=0orc=a,. And 
that primitive, like the primitive of Ex. 3, represents a. system 
of parabolas enveloped by one of their own number. . 


Setting out from, the primitive we find 
d dpe eae 
a ly by 1 
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This expression becomes ae when c= 3 corresponding to 


the singular solution y ==5°. It becomes infinite when c= 


- 

D) 
and assumes the value = - when c= 0,—these cases belonging 
to the particular integral y = 0. All these determinations agree 


with those of obtained from the differential equation. 


dy 
The following is an example of a special geometrical pro- 
blem generalized. 
Ex. 6. Determine a curve such, that the area intercepted 
between its tangent and Ne rectangular co-ordinate axes shall 


be constant and equal to 


The supposed area is a right-angled triangle whose base and 
perpendicular, being the intercepts cut off by the tangents from 


the co-ordinate axes, are expressed by a , and y—ap 


respectively, We have therefore 


(y— xp) ( -#) =a! 


Proceeding in the usual way the singular solution will be 
found to be 


2 


xy = 4? 


‘representing an hyperbola, while the complete primitive repre- 
sents the series of tangents by whose successive intersection 
the curve is generated, 


__ To generalize the above problem we might suppose a func- 
tional relation given between the intercepts, The differential 
equation would assume the form 


— xp sie (= 24 , 
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Its complete primitive would always be determinable by the 


Se a 


method of Art.9, Chap. vil. Or, since a— , it is 


easily seen that the equation is reducible to Clairaut’s form 


y— xp = $ (Pp). 


‘The singular solution may then be found either as in 
Chap. vil, or by the direct application of the condition 


Geometrical problems which are of a truly symmetrical 
character frequently admit of this kind of generalization. 


Remarks on the foregoing theory. 


12. As the theory of the tests of singular solutions which 
has been developed in this Chapter differs in many material 
respects from any that have been given before, it is proper to 
shew in what its peculiarity consists. To this end it will be 
necessary briefly to sketch the history of this portion of 
analysis. 


Leibnitz in 1694, Taylor in 1715 (see Ex. 1, Art. 11), and 

Clairaut in 1734, had in special problems, and Euler in 1756 
had in a distinct memoir entitled Exposition de quelques Para- 
_ doxes dw Calcwl Intégral, examined, more or less deeply, 
various questions connected with the singular solutions of 
differential equations. Taylor in particular had first recog- 
nised the distinctive character of such solutions as set forth in 
their definition. The problem of the deduction of the singular 
solution from the differential equation seems however to have — 
been first considered in its general form by Laplace. The 
same problem was subsequently investigated in a different 
manner by Lagrange, and again in a still different way by 
Cauchy. The state of the theory up to the present time will 
be adequately represented by a summary of the results to 
‘which these several investigations have led. 


Ist. Laplace (Mémoires de Académie des Sciences, 1772), ¥ 
employing the method of expansions, arrived at results which _ 
agree, so far as they go, with those of this Chapter. They — 
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apply only to the envelope species of solutions, and the demon- 


strations of them rest essentially on the hypothesis expressed 
in (6), Art. 7. 


Lagrange, with whom originated a more fundamental idea 
of the method of the inquiry, was led to the less exact criteria 


dp _,. We 
dy? Pe 


(Calcul des Fonctions, Legons XIv—XVU.) 


Cauchy, whose method was founded on the study of the 
cases of failure of certain processes for obtaining the complete 
primitive in the form of a series, was led to the conclusion 
that a singular solution must satisfy one of the two following 
conditions, viz. 


dp _0 dp _ 


dy 0’ dy ra 
together with a certain further condition, the application of 


which depends upon a process of integration (Moigno, Calcul, 
Vol. 11. p. 435). 


- Upon these results the following observations may be made, 
1st. Although Laplace recognised the necessity of employ- 

ap, : <e df dp 

ing in certain cases the condition a C = 6, for hy = 00, 


subsequent writers who have employed his method seem to 
have invariably omitted this qualification. 


2Qndly. The supposed criterion @ = 00, introduced by La- 


_ grange, and since very generally adopted, as the proper accom- 
: paniment of oe = «©, is erroneous. If we should apply it to 
Ex, 2, Art. 11, viz. p=a-”, we should be led to the conclusion 
that «=0 is a singular solution whenever m is positive. We 
have seen however, both from the application of the true test, 
j| and by verification from the complete primitive, that #=0 is 
| .a singular solution only when 2 is less than 1, 
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The principle of Lagrange’s method was the same as that 


adopted in the present Chapter, and consisted in expressing e 


and ep as derived from the differential equation, by means of 
differential coefficients derived from the complete primitive 
before the elimination of c.. The fallacy which vitiated his 
results consisted in assuming that these expressions become 
infinite in consequence of the appearance of a vanishing factor 
in their denominators (Calcul des Fonctions, pp. 229, 232). 
Moigno, the expositor of Cauchy’s views, also quotes La- 
grange’s method and results as presented by Caraffa, but 
without involving any essential variation (Calcul, Tom. I1. 
p. 719). Professor De Morgan, in perhaps the latest publi- 
cation on the subject, adopts Lagrange’s results, expressing, 
however, only a qualified confidence in his method (Cam- 
bridge Philosophical Transactions, Vol. 1x. Pt. 1. “On some 
points of the Integral Calculus”). And he illustrates these 
_results by geometrical considerations which are sufficient to 
shew that they contain at least a considerable element of 
‘truth, Nor should this be thought surprising. For it is plain 


that Lagrange’s condition = =oo, and the true condition 
(*) = 00, are equivalent, except when the singular solu- 
OX \p 


tion makes p assume one of the forms 0 and 0. And such 
cases do exist. Perhaps the peculiar difficulty of this subject 
has consisted in the faint and shadowy character of the line 
by which truth and error are separated. 


13. Of Cauchy’s tests the first, viz. 4 = ‘ , may certainly 
d; : : 

be set aside. Whenever a assumes an ambiguous form its 
true value or values must be determined. This is illustrated 
‘in some of the foregoing examples. Professor De Morgan’s 
observations on this subject in the memoir above referred to, 
are deserving of attention. The final criterion, which is peculiar 

. to Cauchy’s theory, seems to be founded upon what we cannot 
but regard as an unauthorized. position as to the meaning of 


- 
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) asingular solution. Thus y=0, the solution deduced by the 
criterion ie «© from the differential equation p = y log y, is 
_ regarded by Cauchy as a particular integral. Now although 
} when z is real the complete primitive log y=ce” reduces to 
} y=0 by the assumption ¢=— 0, it does not necessarily do 
so when 2 is imaginary. Thus, if «=7,./(—1), we must 
6 make c=, in order to give y=0. Cauchy’s rule seems in- 
) deed to have been designed, contrary to the general spirit of 
| his own writings, to exclude the consideration of imaginary 
values. 


Properties of Singular Solutions. 


14. Various properties of singular solutions of the en- 
» velope species have been demonstrated. Of these we shall 
) notice the most important. 


Ist. An exact differential equation does not admit of a 
| singular solution. 


Let the supposed equation be 


dp (x, y) , ab (x, y) dy _ 
dx ane dy da a= 0 seer eeevcccecs (1), 


» and let y=/f(x) be a relation actually satisfying it and 
» assumed to be singular. On this assumption the primitive 
) (a, y) =c must, on substituting for y its value f(x), deter- 
) mine c as a function of and not a constant. Let F(a) be. 
j, the value of c thus determined, then ¢ (a, y) =F’ (w) whence 


dd (x, 9) ri dd (x, y) dy Me dF’ (2) (2) 
E pers ag ee F 
Bat ; . dF (a) 
which contradicts (1), since ve cannot be permanently 


i equal to 0, unless F(a) is constant. 


Qndly. It follows directly from the above that a singular 
solution of a differential equation of the first order and degree, 
makes its integrating factors infinite. 


For let the proposed equation be 
Mdz + Ndy =0...... Uigetenety 5 508<(D) 


B. D. E. ie 


> 


~~ 
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and let be an integrating factor. Then 
pe (Mate +, Nay) = 04 eras ie aga. once (4), 


will be an exact differential equation. Hence, a singular — 
solution of (3), while it makes the first member of that 
equation to vanish, will not make the first member of (4) to 
vanish. Now comparing these members, this can only be — 
through its making ym infinite. 


Ex. The equation x+y ov a V (2? + y’?— a’) has for its 


dix 
singular solution 2*+y’?=a. An integrating factor is. 
2 2 2)—% 
(a +y°—a’)*, 


and this the singular solution evidently makes infinite. Mul-— : 


tiplying the equation by its integrating factor and transposing | 
we have the ewact differential equation 


xu+4 dy 
J de dy _9 
MV (a* + y* — a’) dx > 
eee Re 
& ag VO + yal) — 7 = 0, 


and this is not satisfied by a*+y"= a", the singular solution 
of the unrestricted differential equation. 


3rdly. Even when we are unable to discover its integrating 
factor, a differential equation may be so prepared as to cease to 
admit of a given singular solution of the envelope species, 


This proposition is due to Poisson, and the following a 


demonstration, which is purposely given in order to illustrate — 
the nature of the assumption usually employed in the theory — 
of singular solutions, does not essentially ditfer from his, 


Let us represent the singular solution by w= 0, and trans- 4 
form the differential equation by assuming w and @ as varia- 
bles in place of y and a, Suppose the new equation reduced 
to the form 


p =f (a, w) dociionnnonosots cabnders (5), 


where p stands for oy 


die, 
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This equation is either satisfied or not satisfied by u=0. 


| If it is not satisfied, the preparation i in question has already 

1 been effected. 

| — If it is satisfied, the second member f(a, uw) contains some 

| positive power of w as a factor. Assuming that it can be 

ae in ascending positive powers of wu it becomes 

east p= Aut + Bub + ...4+ &e. 

# where A, B, C, &e. are functions of a, 

Now, for a singular solution a =o, Hence w=0 must 

* render : 
o Aau*-!4 BBufi+ &e= 0. 

_ But this demands that there should exist at least one 

negative power of win the above development; therefore 

+ a—1, which is the lowest index, must be negative; therefore 

| a being already positive must fall between 0 and 1. 

Hence we are permitted to express the differential equa- 

tion in the form 

| p= Qu’, 

i Biscre a is a positive fraction, and Q does not involve » either 

as a factor or as a divisor. 


Dividing by wu*, we have 


ae 
u qe 
PN eT ee 
teal nae dx = 


1 Nowu=0 makes ui-« = 0, since 1—~ is positive. Hence 
) the first member of the above equation vanishes, while the 
second, not containing w as a factor, does not vanish. In its 
) present form then the equation is no longer satisfied by 
u=). 

| We see also that the property of being satisfied by w=0 
| has been lost in consequence of a transformation which, 

: exhibiting the singular solution in the form of a distinct alge- 
| Draic factor of the equation, permitted its rejection. See Art. 1. 


12—2 
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Tt has been shewn in the remarks on Clairaut’s equation how, — 
in the process of ascending by differentiation to an equation 


of a higher order, a somewhat analogous effect is produced, — | 


the singular solution seeming to drop aside under changed 
conditions. 


Athly. Lagrange has noticed that a singular solution will 


generally make the value of ay as deduced from the differen- — ) 


: ; 0 : 
tial equation, assume the ambiguous form 0° His demonstra- 


tion, in the statement of which we shall endeavour to exhibit 
distinctly the assumptions which it really involves, is. sub- 
stantially as follows. Let the differential equation expressed 
in a rational and integral form be 


WMC RG TP 0) Bf Reem eee (1), 
then differentiating 
dk dF 
q d +9 AY ih ele a snyag betes (2) 
dp dF dF 
Hence a ae MRE RE AS Sci: (3) 


Now F being rational and integral, = and om are so also, 
y P 
and therefore the above can only become infinite for finite 


: 
at =0. This reduces (2) | 


values of x, y, and p, by supposing a 


to the form 
dk ak 
aa St ae Wp Orr vaacas eee peveee (4). 


Now, as obtained from the differential equation, 
dy ue dp a dp dy 
dx dx dy dx 
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an expression which the previous results reduce to the form : 


' We may remark that the condition ge = © does not involve 
as a consequence dp = in (2), so as to affect the legitimacy 
of the deduction of (4). For 4 = © expresses a conditional 
proposition, whose antecedent is: If x be constant. ' Now in 
the deduction of (4) w is not supposed to be constant. 


Lagrange’s demonstration is certainly only applicable to 
the envelope species of singular solutions, Of such solutions 
it expresses however an interesting property. For the dif- 
ferential equation being geometrically common both to the 
locus of the singular solution and to the locus of each parti- 


cular primitive, the ambiguity of value of , at the point of 


contact shews that that contact is not gencrally of the second 
order, 


In like manner, J (a, y, p) still being supposed rational and 
integral, the equation. 


dk (a, ¥, Pp) = 

dp 7. 

Eiews by the theory of equations that the existence of a 
singular solution implies in general the existence of a series 


of points for which two values of = , usually different, come 


to agree, viz. the values of oF in any particular primitive, 
dx 


and in the singular solution. 


15. Mr De Morgan has made the very interesting remark, 

d 1 
that when the condition A =00 , Or a (in strictness 7 -) =O, 
does not lead to a solution of the differential equation, what it 
does lead to is the equation of a curve which constitutes the 


locus of points of infinite curvature (most commonly cusps) 
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in the system of curves represented by the complete primitive 


(Transactions of the Cambridge Philosophical Society, Vol. x. 
Part if). Geometrical illustrations will be found in the 
memoir referred to, 


EXERCISES.. 


1. The complete primitive of a differential equation is 
ytc=n(a’+y’—a’), where ¢ is the arbitrary constant. Shew 
that the singular solution is #’+¥?=a’, and that it may be 
connected with the primitive by either of the equivalent rela- 
tions c=— y and c=/(a’ — 2’). 


2. Why is the above singular solution deducible by the 
application of etther of the conditions es 0, 7.3 02 7 
3. Expressing the primitive in Ex. 1 in a rational and 


integral form ¢ (a, y, ¢) = 0, deduce the singular solution by 
the application of the condition o 0, 


4, The complete primitive of a differential equation being 
x—a=(y—c)’, shew that the singular solution is deducible 


dx 
ae el but not by that of 


ata? / : , 
the condition A = 0, and explain the circumstance. 


by the application of the condition 


5. The differential equation, whose complete primitive is 
given in Ex. 1, may be exhibited in the form 


(a? — a”) p* — 2xyp — x’ = 0, 


Hence also deduce its singular solution and thereby verify 
the previous result, 


_ 6. Form the differential equation whose complete primitive 
1s given in Ex. 4, and shew that the singular solution is de- 


ducible by the application of the condition te co but not 


lo 6 a okays ng ei eeuile 
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by that of the condition -- coo, and explain this citcum- 


stance. 
7. Shew that the singular solutions in the last two ex- 
amples are of the envelope species. 


8. The differential equation y = pe +o (Ex. 2, Art. 5) 


has y¥=cax+ = for its complete primitive, and y’ = 4m for its 


singular solution. Verify in this example the fundamental 
lation ap og dy ’ | 
5 dy dx °° de° ) 


9. Deduce both the singular solution and the complete 
primitive of the differential equation y= pa + 4/(l? + ap’), and 
interpret each, as well as the connexion of the two, geometri- 


cally. 


10. The following differential equations admit of singular 
solutions of the envelope species. Deduce them. 


aip’ ~ 2 (ay —2) p+y°=0, 

(y — ap) (mp — n) = mnp, 

y=(z-1)p-p’. | 
11. The equation (1—«’) p+a2y—a=0 is satisfied by the 
equation y=az. Is this a singular solution or a particular 
integral ? 


12. The equation y=~2 is satisfied by y=0, which also 


makes (=) =. Nevertheless y=0 is a particular inte- - 


gral. Shew that this conclusion is in accordance with the: 
general theorem (Art. 11). 


513. The equation” p (x’-1) = 2xylogy has a singular 
solution which is not of the envelope species. Determine it. 
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14. Determine also the complete primitive in the last ex- 


ample, and shew how the singular solution arises. 
15. The equation 
(p—y)— 2a°y (p—y) = daly? — dary’ log y 


is satisfied by y=0. Shew that this is a singular solution 
but not of the envelope species, 


16. Find singular solutions of each of the following equa-_ 


tions, and determine whether or not they are of the envelope 
species. 


1. p?t 2pa* = 42*y, 
2. xp’—2yp+4e=0. 
3. xp=n {a+ (y—2x") log (y—2")}. 


Geometrical Applications. 


In solving the following problems, the differential equation 
being formed, its complete primitive as well as its singular 
solution is to be found and interpreted. 


17. Determine a curve such that the sum of the intercepts 
made by the tangent on the axes of co-ordinates shall be 
constant and equal to a. 


18, Determine a curve such that the portion of its tangent 
intercepted between the axes of a and y shall be constant and 
equal to a. 


19. Find a curve always touched by the same diameter of 
a circle rolling along a straight line. 


20. Find a curve such that the product of the perpendicu- 


lars from two fixed points upon a tangent shall be constant. 


(Kuler. See Lagrange, Calc. des Fonctions, p. 282.) 


3 
5 
x 
J 
| 
- 
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(Representing the product by k’, and the distance between 
the given points by 2m, making the axis of x coincide with 
the straight line joining them “and taking for the origin of 
co-ordinates the middle point, the differential equation is 


{y— (+m) p} fy— (@—m)p} _ 
1l+p° : 
Its singular solution is 


ha? 
2 Bay 4 
Y ap =k) 


21, Deduce also the complete primitive of the above dif- 
ferential equation, 


22. If the primitive of a differential equation be expressed 
) in the form ¢ (2, y, a) =0, the condition = = (0 may be ex- 


pressed in the form PON = Ob eyes = 0, Art, 4, 
Sede dy 
dd (a, y, a) _ 
ety Wat wan 


Hence it has sometimes been laid down that 


will lead to a singular solution. Raabe, in Crelle’s Journal 
(Ueber singuldre integrale, Tom, 48), points out that this rule 


oe 


finite. Can it fail in any other ae 


may fail if at the same time rent become in- 
23. Exemplify Raabe’s observation in the equation 
x+¢—/(6cy — 3c’) =0, 


which is the complete primitive of 3xp’—6yp+2+ 2y=0. 
At the same time shew that the singular solutions are 


y—x=0 and 3y+x2=0. (Crelle, Ib.) 
24, The complete primitive of a differential equation is 


(c—a+y)’—3(@t+y) (c—a+yP+1=0. 


= Las mac =a 
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Representing its first member, which is rational and integral, : 


by ¢, the condition 1 = 0 assumes the form 


3(c—a+y) (¢e—38x-y) = 


Shew that c—a2+y=0 will not lead to a solution of the — 
differential equation at all, while c—3x—y=0 will, and 
explain this circumstance by a reference to Art. 4. — 


Nor. The reader is reminded that in all references to the general con- 


pinot De d f1\\ * Es rg 
ditions noe and oF (5)=2, the © means simply “infinity” irrespec- — 


tively of sign. See General Theorem, Art. 11, ’ 


nese) 


CHAPTER IX. 


Q “ON DIFFERENTIAL EQUATIONS OF AN ORDER HIGHER THAN 
THE FIRST. 


1. Tue typical form of a differential equation of the n™ 
order is given in Chap. 1. Art. 2. We may, by solving it 
algebraically with respect to its highest differential coefficient, 
present it in the form 


d"y _ dy d?* Y d*y 
eat (ay oe 7 Bob goat) Braltielcioleretslerels (1). 


Its genesis from a complete primitive involving n arbitrary 
constants has been explained, Chap. 1. Art. 8. 


Conversely, the existence of a differential equation of the 
above type implies the existence of a primitive involving n 
arbitrary constants and no more; and a primitive possessing 
this character is termed complete. 


The converse proposition above stated, is one to which 
various and distinct modes of consideration point, but con- 
cerning the rigid proof of which opinion has differed. The 
view which appears the simplest is the following. If, as in 
Chap. u. Art, 2, we represent by Ad (x) the increment which 
the function ¢ (x) receives when « receives the fixed incre- 
ment Az, and if we go on to represent by A’¢ (x) the incre- 
ment which the function A¢ (a) receives when # again receives 
the same fixed increment Az, and so on, then it is evident 
that the values of Ad (x), A” $ (ce ), &e., are fully determinable 
if the successive values of the function ¢ (x) in its successive 
states of increase are known. ‘Thus since 


Ad (x) = ¢ (w+ Az) — $ (2), 
we have by definition 
AX (x) = A {p (w+ Ax) — $ (x)} 
= {p(w + 2A) — p(x + Ax)} — (b(@ + Ax) — $(@)} 
= $(x+2Amx) — 26 («+ Ax) + b(a), | 
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and so on. Conversely if 


p(x), Ap(a), Ad (a), &e. 


‘are given, the successive values of the function $(z), viz. the 
values b(x+ Ax), $(x+2Az), &e., are thereby made deter- 
minate. Geometrically we may represent (a) by y, the ordi- 
nate of a curve, or of a series of points in the plane a, y, and 
therefore functionally connected with the abscissa a. 


Now the view to which reference has been made is that 
which, Ist; presents the differential equation (1) as the limit- 
ing form of the relation expressed by the equation 


ne AY a ; 
Az” =f (2, Yy, Re > Nal? Ratt) eae (2), 


Az approaching to 0; 2ndly, constructs the latter equation 
in geometry (the arithmetical or purely quantitative construc- — 
tion being therein implied) by a series of points on a plane, of 
which the first n, viz. those which answer to the co-ordinates 
x, «+ Ag,...2+(n—1) Az, have the corresponding values of 
y arbitrary, while for all the rest the values of y are deter- 
mined; 3rdly, represents the solution of the differential equa- 
tion as the curve which the above series of points in their 
limiting state tend to form. According to this view, the n 
arbitrary points in the constructed solution of the equation of 
differences (2) give rise to one arbitrary point in the limiting 
curve, accompanied by n—1 arbitrary values for the first 
n —1 differential coefficients of its ordinate. And this mode 
of consideration appears the simplest, because it assumes no 
more than the definition itself demands of us when we attempt 
to realize the geometrical meaning of a differential coefficient 
as a limit. We may however add that when by the consi- 
deration of the limit, the mere existence of a primitive has 
been established, other considerations would suffice to shew. 
that in its complete form it will involve n arbitrary constants 
and no more. The fact that each integration introduces a 
single constant is a direct indication of the fact. An indirect 
proof of a more formal character will be found in a memoir 
by Professor De Morgan (Transactions of the 0 Pha- 
losophical Society, Vol. 1x. Pt. II). 
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The above theory may be illustrated by the form in which 
Taylor’s Theorem enables us to present the solution of a 
differential equation of ue n™ order, as will be seen in the 
following Article. 


Solution by development in a series. 


2. Reducing the proposed equation to the form 


CY cei dy G4 ' 
ada” =3 i] (2, Y, dx’ 1 4) cov cerececcrocs (3), 


and differentiating with respect to a, the first member becomes 
ad" y 
dx , 


while the second member will in general involve all 


qd” 
t If for the last we 

dx 

substitute its value given in (3), the equation will assume the 

form” 


a mth * d 1) d n-1 y 
da aired =f, (2, y di’ bs SF) 
qn n 


Yi ad” 
Thus —— ae =e eee ie in the same manner as —* ae sae) : 


terms of x, y, and the first n— 1 differential coefficients of y. 


viz. 1n 


Differentiating (4) and again reducing the second member 

by means of (3) we have a result of the form 
fa dy d™y 

a =(% Lan Aa Gs) 


and in this form and by the same method all succeeding dif- 
ferential coefficients may be expressed. 


Hence reasoning as in Chap. 1. Art. 12, we see that sup- 
posing y to be developed in a series of ascending powers of 
x—x,, where x, is an assumed arbitrary value of a, the co- 
efficients of the higher powers of «— a, beginning with (a — a)” 
will have a determinate connexion, established by means 
of the differential equation, with the coefficients of the inferior 

powers of x—a,. The latter coefficients, n in number, 


= 
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beginning with the constant term which corresponds to the 
ee a" , which is the 
T.2.3...(n—1) da? | 


coefficient of (7—a,)"”, will be perfectly arbitrary in value. 


index 0, and ending with 


To exhibit the actual form of the development let y,, y,,... 
; n-1, . 
Y,_, be the arbitrary values assigned to y, a te ed when 


x=, Also let ff, f,, &c. represent the values which the 
second members of the series of equations (3), (4), (5) assume 
when we make in them #=a,; then 


Ys Yn a. 
Y= Uorey, (a— a) +5 ng (B— By)vee by <r aay (x — x,) 1 


+ ome (a i x.) + TOCA ik (x - eo) a ..&e, ad inf. ee (6). 

In this expression the arbitrary values of y and its‘m—1 
first differential coefficients corresponding to an assumed and 
definite value of a, ViZ. Yy, Yy) +++ %,_, are the n arbitrary con- 


= 


stants of the solution, the values of f,, f,,,, &c. being deter- 


minate functions of these, and therefore not involving any 
arbitrary element. 


Any function of arbitrary constants is itself an arbitrary 
constant, and thus it may be that an equation has effectively a 
smaller number of arbitrary constants than it appears to have 
from the mere enumeration of its symbols. As a general prin- 
ciple we may affirm, that the number of effective arbitrary 
constants in the solution of a differential equation while on the 
one hand equal to the dex of the order of the equation, is on 
the other hand to be measured by the number of conditions 
which they enable us to satisfy. Systems of conditions to be 
thus satisfied will indeed vary in form, but there is one 
system which we may consider as normal and to which all 
other systems are in fact reducible. It is that which is de- 
scribed above, and which demands that to a given value of # 
a given set of simultaneous values of y and of its differential 
coefficients up to an order less by 1 than the order of the 
equation shall correspond. Conversely, the arbitrary constants 


— 
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of a solution may be said to be normal, when they actually 
represent a simultaneous system of values of y and its succes- 
sive differential coefficients up to the number required. 


F Py dye : : 
_ Ex. - Given Se =. +y°, Required an expression for y 


in the form of a series such that when x =0, y and a7 shall 


dz 
assume the respective values of c and c’, 


Differentiating, we have 
dy FY 5 Wy 
de’ da? * *Y dn 

_ dy | oe dy pe . 
dT 2y aa by the given equation, 


ra 


dy -), 9 dy 


; d. dy\* 
assy ss oli, 


by similar reduction, and so on. Hence, corresponding to 2=0, 
we have the series of values, 


UC ena ta ede’ wn 3 
3 
Ty= 244294, 


4 
oh = e+ 2c? + (14+ 4c) c+ 2c”, 
and soon. Hence, 


. 4 : CHG 
y=ctout—, Se 


ai+ &e. 


+ (142c)e' , + 20° + (1+ 4c) c+ 2c! 
a i aire aes 2.3.4 | 
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Finitely Integrable Forms. 


3. As the difficulty of the finite integration of differential 
equations increases as their order is more elevated, it becomes 
important to classify the chief cases in which that difficulty 
has been overcome. 


It will be found that for the most part these cases are 
characterized by some one or more of the following marks, 
viz. 1st, Linearity, the coefficients being at the same time 
either constant or subject to some restriction as to form ; 
2Qndly, Absence of one or more of the variables or their differ- 
ential coefficients; 3rdly, Homogeneity; 4thly, Expressibility 
in the form of an exact differential or in a form easily re- 
ducible thereto by means of a multiplier. 


The subject of linear equations being of primary importance, 
we shall devote the remainder of this Chapter to its discussion. 
But as it will be resumed in another part of this work, and 
in connexion with a higher method, we propose to notice here 
only the more important general properties of linear equations, 
and to illustrate them in the solution of equations with con- 
stant coefficients. 


Linear Equations. 


. 4, The type of a linear differential equation of the n™ 
order, (Chap. 1. Art. 4), 1s 


a”y fe xX ay 
d. ae” 1 d. ipa 


in which the coefficients X,, X,... X,, and the second member 
X are either constant quantities or functions of the independent 
variable a, 


Gan im e 
+X,5 8 t Xy= X eaenieiels (7) 


Considering, first, the case in which the second member is 0, 
the following important proposition may be established. 


_ Prop. Ify,, y,,--.Y, represent n distinct values of y, which 
individually satisfy the linear equation, 


d"y any ape: 
dc” ve ae + Kye ve FM Y = 0 ee (8), 


| ART. 5.] LINEAR EQUATIONS. 193 


YH OY, TF CYg+++F CrYns 


| C,, Ca,---C, being arbitrary constants. In other words the com- 
} plete value of y is the sum of n distinct particular values of y, 
& each containing an arbitrary constant. 


) For on substitution of the assumed general value of y 
In (8), we have a result which may be arranged in the follow- 
| ing form, viz. 


n mat nS, 
8 ee te a xy.) 


dx” da" 2 dar? 


d” Om ape 
+6, ao wee Tet + Xa) 


d ‘a 


Poem ee eee HEHEHE EEE THEE HEE HEE SESE DDE SOSEEED 


/ i” Yn ay, dy, ) 
Fn \ To + Apt te dart + XnYn J 


Now each line in the left-hand member of the above equa- 
tion is, from the hypothesis as to the values of y,, ¥,,.--Yns 
| equal to 0. Hence the equation (9) reduces to an identity, 
| and the theorem is established. 


| The problem of the complete solution of a linear equation 
' of the n™ order whose second member is equal to 0 is, there- 


each involving an arbitrary constant. 


5. Prop. To solve the linear equation with constant 
| coefficients when the second member is 0. 


| Were the proposed equation of the first order and of the 
| form 


“its solution would be 


B, D, E. 13 
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From this result, and from the known constancy of form — 
of the differential coefficients of exponentials, we are led to © 
examine the effect of such a substitution in the equation 


dy dy d"*y 
dic™ +a a, da n—-1 te Q, 7 n=2 dx n-2* 5 aP a,Y = 0 see reeves (10). 
Assuming then y = Ce”, and observing that 
& d = ) =m” Cou 


we have, on rejection of the common factor Ce”’, the equation — 
mn Ha Fa In... Pilg = O om cncensen st (11), 


the different roots of which determine the different values of 
m which make y = Ce” a solution of the equation given, 


When those roots are real and unequal, we have, therefore, 
on representing them by m,, m,,...m,, the system of n par- | 
ticular solutions, 


y = Oe, y = Ce, = Oye vcscicseeees (12), 


from which by the foregoing theorem we may construct the ~ 
general solution, 


y= Ce +. Cre any ae Cie” Sa Sivie Siese eicicioeterver (13). 


The equation (11) by which the values of m are detorming™ | 
is usually called the auxiliary equation. 


d'y _ 5A . 9, — 
Ex. Given 7a — 7, + 2y=0, 


Here, assuming y = Ce™*, we obtain as the au ary equalioam : 


m —3m+2=0. 


Whence the values of m are 1 and 2. The corresponding — 


particular integrals are y = C,e", and if Cie", and the com- — 
plete primitive is | 


y = Of + Cie”. 
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| 6. If among the roots, still supposed unequal, imaginary 
f pairs present themselves, the above solution, though formally 
' correct, needs transformation. Let a+&V—1 represent one 
‘ of these pairs, then will the second member of (13) contain a 
{ corresponding pair of terms of the form 


Oe? V—De C'eeNDe 
| which we may reduce as follows, 
Cette Vv=1 CO! rev 
= Cc (cos ba +V —1sin bx) + Cle” (cos ba —V — I sin bz) 
=(C+ C’) & cos ba +(C — 0") /(—1) e” sin ba, 


| or, replacing C+ C' and (CO— C’)»/(-—1) by new arbitrary 
| constants A and B, 


eAe™ costar ++ De™ sinvrbr".... «2012.0: (14). 
ro ag +, ay al 
os Given Tae dp t ey = 


Assuming y = Ce’, the auxiliary equation is 


m? —4m +13 = 0, 


) whence m=2+3(—1). The complete solution therefore is 


y = Ae” cos 3a + Be” sin 3a. 


/ 7. Lastly, let the auxiliary equation have equal roots 
| whether real or imaginary, e.g. suppose m,=™,. ‘Then in 
) the general solution (13) the terms C,e” + C,e""" reduce to a 
single term (C,+ C,) e™*, and the number of arbitrary con- 
| stants is effectively diminished, since’ C,+ C, is only equiva- 
‘lent to a single one. Here then the form (18) ceases to be 
/ general. 7 
To deduce the general solution when m, =m, let us begin 
by supposing m, to differ from m, by a finite quantity A, and 
13—2 
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examine the limit to which the terms of the solution, then 
really general, approach as A approaches to 0. Now 


C, em” a OF ete Pa eo (C, tt C; é”) 


i? 2 
ar (c+ C+ Che +, 5) 


=e (4 +Ba+Bh + &e.) ; 


on replacing C,+ C, and O,h by A and B, new arbitrary con- 
stants. This change it is permitted to make, however small 
h may be, provided that it is not equal to 0. The limit to 
which the last member of the above equation approaches as 
h approaches to 0 is 

e™* (A + Ba). 


This then is the form which must replace C,<"*+ C,e"** in, 
the general solution. ; 


Suppose next that there exist three equal roots m,, m,, m,. 
Then the terms C,e"* + O,""" + C,e"" being replaced by 
e™” (A + Ba) + Cyc", 
make m,=m,+k. The above expression becomes 

e'" (A+ But Ce) 


; 2 3 
=e lay O,+ (B+ Ck) 2+ if ate C reset ee 


1.2 °1.2.3 
| mia ’ \ ryt C'k 3 ; 
= 6" (4 + Ba+ C'x +3 + &e,) aha (15), 
on making 
t , CF , 
A+O,=A4 B+Op=B, 55 =C. 


Here A’, B’, C' being functions of the arbitrary constants 
A, B, C provided that & is not actually 0, may themselves be 
regarded as arbitrary constants, If we so consider them in 
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(15) and then make & tend to 0, we see that the limiting 
form of the expression is 
e"” (A’+ Ba + C'x’). 
And in precisely the same way, were there 7 roots equal to 


m,, we should have for the corresponding part of the com- 
plete value of y, the expression 


é"" (A+ Ayot Ajo’... + A,v"’) ........... (16). 


Thus the difference which the repetition of a particular root 
m, produces is that the coefficient of the exponential ¢”!” is 
no longer an arbitrary constant, but a polynomial of the form 
A,+A,c+&c., the number of arbitrary constants involved 
being equal to the number of times that the supposed root 
presents itself. 


d*y — d°y _ dy 
dx’ dx dx 


Here, assuming y = Ce’, the auxiliary equation is 


Ex. Given 


+y=0. 


m—m—m+1=0, 


the roots of which are —1,1,1. Thus, corresponding to the 
root —1, we have in y the term Ce™, while to the two roots 1, 
we have the term (4+ Bz) «’, The complete primitive there- 


fore is 
y = Ce" + (A+ Bo) &. 


8. It follows from (16), that if a pair of imaginary roots 
a+b,/—1 present itself r times, the corresponding portion of 
the complete value of y will be 


(ORO wa PONS (0! Ole «.. ECE ens 


which, substituting for &%4 and ¢«”’™ their trigonometrical 
values and finally making 


Ce a A OS /— 1 = Bi, ke, 
assumes the form 
(A, +A... +A,v™) e® cos bx 
+ (B+ Ba... + Bal) e® sin ba, 
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Hence, therefore, the repetition of a pair of imaginary roots 
a+b J—1 changes also the two arbitrary constants of the 
ordinary real solution into polynomials, each of which involves 
a number of constants equal to the number of times that the 
imaginary pair presents itself. 

4 2 

Ex. Given oe) + ony +néy=0. 

dat ie 


Assuming y = Ce’, the auxiliary equation is 
m* + 2n?m? + n* = 0, 
whence m has two pairs of roots of the form + 2 /{— 1). 


For one such pair the form of solution would be 
y =A cosnx + B sin ne. 


For the actual case it therefore is 


y = (A, + Aye) cos na + (B,+ By) SIN nz. 


9. The above, which is the ordinary method of investi- 
gating the form of the complete solution when the auxiliary 
equation involves equal roots, rests on the assumption that a 
law of continuity connects the form of solution when roots are 
equal with the form of solution when the roots are unequal. 
Now, though it is perfectly true that such a law does exist, its 
assumption without proof of that existence must be regarded 
as opposed to the requirements of a strict logic. In all legiti- 
mate applications of the Differential Calculus it is with a 
limit that we are directly concerned. Here it is with some- 
thing which exists, and which admits of being determined in- 
dependently of the notion of a limit. 

: dy 

Thus if we take as an example ae —3 ef +y=0, in which 

the auxiliary equation m’?—2m+1=0 shews that the values 


of m are each equal to 1, we are entitled to assume as a par- 
ticular solution 


y = Ce’. 
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Let us now substitute this'value of y in the given equation 
regarding C as variable, and inquire whether it admits of any 
more general determination than it has received above. On 
substitution we find simply 

ad’C 

ae” 
whence C=A+Br. Thus while the correctness of the 
solution furnished by the assumption of continuity is esta- 
blished, it is made manifest that this assumption is not in- 


dispensable. 


We shall endeavour to establish upon other grounds the 
theory of these cases of failure in a future Chapter. Mean- 
while it may be desirable to shew that the form (16) actually 
satisfies the differential equation when r values of m are 
equal, 


In the given equation assume 


y = C ern, 


d™ (ww) 


d. ac” 


s being an integer less than r. From the theorem for 
it easily follows that the result will be of the form 


s(s—1) a? 


en {F(a at +f’ (m) sat f” (m) = Ror set . +f (n) = 0, 


in which f(m) represents the first member of (11). But that 
equation having by hypothesis r equal roots, we know by the 
theory of equations that 


f(m)=0, f’(m)=0,... f%(m) =, 


are simultaneously true. Thus the differential equation is 
satisfied. And being satisfied for the particular value of y in 
question it is satisfied by (16), which is the sum of all such 
values. 


10. The resuits of the previous investigation may be 
summed up in the following rule. 
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Ruiz. The coefficients being constant and the second mem- 
ber 0, form an auxiliary equation by assuming y=Ce™, and 
determine the values of m. Then the complete value of y will 
be expressed by a serves of terms characterized as follows, viz. 
For each real distinct value of m there will exist a term Ce”; 
for each pair of imaginary values a + br/(—1), a term 


Ae” cos ba + Be sin bx ; 


each of the coefficients A, B, C being an arbitrary constant if 
the corresponding root occur only once, but a polynomial of the 
(r —1)" degree with arbitrary constant coefficients, of the root 
occur 7 tumes. 


: d’y dy d’y dy _ 
Ex. Given Fa eR 2 72 + 27. a} 


Here the auxiliary equation is 
m —m>— 2m? + 2m = 0, 
whence it will be found that the values of m are 
0,1, 1, -l+/7(-1). 
The complete primitive therefore is 


y = C+ (C,4+ Ox) & + C,e* cos a + Ce* sin x. 


11. To solve the linear equation with constant coefficients 
when its second member is not equal to 0. 


The usual mode of solution is 1st to determine the com- 
plete value of y on the hypothesis that the second member 
is 0; 2ndly, to substitute its expression in the given equation 
regarding the arbitrary constants as variable parameters ; 
3rdly, to determine those parameters so as to satisfy the 
equation given. 

Supposing the given equation to be of the n™ degree, n 
parameters will be employed. These may evidently be sub- 
jected to any n—1 arbitrary conditions. Now that system of 
conditions which renders the discovery of the remaining re- 
lation (involved in the condition that the given differential 
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equation shall be satisfied) the most easy, is that which 
demands that the formal expression of the n —1 differential 
coefficients 

dy dy dy 

ger dx * dz" 


shall, like the formal expression of y, be the same in the sys- 
tem in which ¢,, ¢,,...c, represent variable parameters, as in 
the system in which they represent arbitrary constants. 


The above method is commonly called the method of the 
variation of parameters. It is, as we shall hereafter see, far 
from being the easiest mode of solving the class of equations 
under consideration; but it 1s interesting as being probably 
the first general method discovered, and still more so from 
its containing an application of a principle successfully em- 


_ ployed in higher problems. 


; FY. « 
Ex. Given Tat VY = 08 ae. 


d. 
Were the second member 0, the solution would be 
4f = C, COS NH AC, BIN NH ......sceececereee (a). 
Assume this then to be the form of the solution of the equa- 
tion given, ¢,, c, being variable parameters, but such that a 


shall also retain the same form as if they were constant, viz. 


fe satel SID NG + C,10 COS NH .o..oceeeeeee (b). 
Now the unconditional value of 2 derived from (q) is 
dy ; de, 2 de, 
er nae ee sin 2x + Cn COS nx + COS Te ae sin i 

which reduces to the foregoing form if we assume 
os a de, 
24 ayer we peenoreantateee: ; 
COS nar T+ sin nae (c) 


This then is the condition which must accompany (a). 
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Now differentiating (>) and regarding ¢,, ¢, as variable, we 

have { 

d’y : oe gO, 

Tam Out Cos nex — Cn’ sin ne —n sin ne + N COS naw 
e 


ae 
dx da” 
dy ; 
Substituting the above values of y and da in the given 


equation, we have 


de dc, 
— nsin na +n cos nx? = COS A .eveverceees (d), 
da dx 
and this equation, in combination with (c), gives 
de, il : deta 
=—— cosawsin na, F?=— COs ax cos nx, 
da: n dx 


Raith 9h Am 1 ee (n+ a) x 4, 008 — a) “| Sih 


2n n+a n—a 
_ 1 (sin(n+a)a | sin (n—a) a} 
a= 3.4 n+a 3 n—a (to 


Lastly, substituting these values in (a) and reducing, we 
have . 


cos aa 
6 peg C, cos nv FE, SiN NX ....00ss0000(e)e 


~ A 
This solution fails if n=a. But giving to (e) the form 


COS AX — COS NX 


; : 
mae ar aga CO,’ cos nz + C, sin na, 


and regarding the first term as a vanishing fraction when n =a, 
we find 


w@ sin na 
Ye + CO! cos nx + C, sin nx. 


Or we might proceed thus. Differentiating twice the equation 


d’y 
ae —, + n'y = Cos na, 
dy ay 
“we get — ie vn —n’? cos na. 


dz dat 
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Hence eliminating cos nx 


an equation whose Sais 0 solution is. 
y= (A+ Ba) cos nx + (C+ De) sin nz. 
Substituting this in the given equation we find B= 0, 


iD a , whence 
2n 


y=Acosne + (C42) sin na, 


which agrees with the previous solution. 


The latter method, which is general, consists in forming a 
new equation of a higher order, but with its second member 
free from that term which is the cause of failure. As by the 
elevation of the order of the equation superfluous constants 
are introduced, the relations which connect them must be 
found by substitution of the result in the given equation. 


12. To the class of linear equations with constant coeffi- 
cients all equations of the form 


“Yy n-2, 
¥ 


Ys Blat bx)" oe + Lly=X, 


d 
(atta s4 EES (te ays 


A, B,...L being constant and X a function of w, may be 


reduced. It suffices to change the independent variable by 
assuming a+ ba = é. 


Ex. Given (a+ bay SY +b (a+ bax) oy + n'y =0. 


Assuming a + bx =, we find 
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Hence, by substitution in the given equation, we have 


d*y 
b? aa t ty = 0, 


the solution of which is 


y= Coos tO’ sin ™ - 


in which it only remains to substitute for ¢ its value log(a+bz), 


13. Beside the properties upon which the above methods 
are founded, linear equations possess many others, of which 
we shall notice the most important. We suppose, as before, y 
to be the dependent, w the independent variable. 


Ist, The complete value of y when the linear equation has 
a second member X will be found by adding to any particular 
value of y that complementary function which would express 
its complete value were the second member 0. 


Representing the linear equation in the form (7), let y, be 
the particular value of y which satisfies it, Y the complete 
value which would satisfy it were the second member 0; and 
assume y=y,+ Y. The equation then becomes 


dq” : d” 1 

ie +X, ue Fi Xan | . 

su aaa Xtc oe (17), 
tight oltre 


and this becomes an identity, the first line of its left-hand 


member being by hypothesis equal to X, and the second line 


equal to 0. 


Ex, Thus a particular integral of the equation 
2, 


aan vy =a 


being y= -" , its complete integral is . 
ey 1 
y = Oc® + Clee 2 F : 


a 
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The above property, which relates to the generalizing of a 
particular solution, is important, because, as we shall hereafter 
‘see, a particular solution of a linear equation may often be 
obtained by a symbolical process which does not involve even 
the labour of an integration. 


2ndly. The order of a linear differential equation may 
always be depressed by unity if we know a particular value 
of y which would satisfy the equation were its second member 
equal to 0. 

It will suffice to demonstrate this property for the equation 
of the second order 


a’ ad 
qat Xi + Ky aX Recenter ct (18). 


Let y, be a particular. value of y when X=0, and assume 
y=y,y. Substituting, we have 


é Y; reget +Xy,)0 


dac® d: 
dy dv d’v_ 
a (2 ae Xn) +953 a x, 


the first line of which is by hypothesis 0. In the reduced 


equation let & =u, then we have 


d. 


du dy 
E+ “hs Xy,)u=X . (19), 
a linear equation of the first order for determining wu. And 
this being found, we have - 


v= fudx+e. 


In the particular case in which X = 0, we find from (19) 
Cc SxXide 
ae ee >, 


A 
ee —fX,de 
whence y=n(Ofss dx + O\erere ee (20). 
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3rdly. Linear equations are connected by remarkable ana- 
logies with ordinary algebraic equations. 


This subject has been investigated chiefly by Libri and 
Liouville, who have shewn that most of the characteristic 
properties of algebraic equations have their analogues in linear 
differential equations. 


Thus an algebraic equation can be deprived oft its 2nd, 
3rd,...7" term ‘by the solution of an algebraic equation of the 
Ist, Qnd,.. -(r—1)™ degree. A linear differential equation can 
be deprived of its 2nd, 3rd,...r" term by the solution of 
another linear differential equation of the Ist, 2nd,...(r7 — 1)™ 
order. 


This may be proved by assuming y= vy,, and proper de- 
termining v so as to make in the resulting equation y, assume 
the required form. 


Again, as from two simultaneous algebraic equations, we. 
can by the process for greatest common measure obtain a de- 
pressed equation satisfied only by their common roots, so from 
two simultaneous linear differential equations we can by a 
formally equivalent process deduce a new equation of a de- 
pressed order satisfied only by their common integrals. 


This is best illustrated by example. 


Ex. Required the common integrals, if any, of the 
equations 


ty fy. dy cy, 
io dance ae a 
dy dy 2 

dat t ° dz °Y = 9 


Differentiating the second equation and then eliminating 
a d’y 
oe ody nd —4 de L we find the depressed equation . 


If we differentiate this we shall find that the result is 
merely an algebraic consequence of the two equations last 
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written, not an algebraically new equation. Thus the‘process 
of reduction cannot be repeated. We have therefore 

y = Ce” 
as the only common integral. 


[See the Supplementary Volume, Chapter xx11.] 


EXERCISES, 
1 C47 Wh 4 12y =, 
3. oo 79 4 1dy = ee fe 
ee Pes AY a 

3. Integrate 4 — age ge As +y=0. 

diy dy 
4, aa tte y= 0. 

dy 


On 


ad’ Da ; ‘ 
qe? ae +4y=0, it being given that one of the 


roots of the auxiliary equation, m*— 3m’ + 4=0, is — 1, 


ks) a ORRIN 8 aa 
a ea aah 2a ae +y= ie 


ay ie ae 
Bs Tat — 2k + kh’y =. 


8. What eee poe the solution of the above equation 
assume when k = 


a, ae woh = By, 
10, (+a —4 (e+ a) ot Y= 0, 


11. Integrate ‘ - 2a ae Da’y = 0. 
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12. A particular ie of (1 — 2”) 7 eer ay=0 


is y = Ce", find the complete integral by the method of 
Art. 13. 
13. The form of the general integral might in the above 


case be inferred from that of the particular one without em- 
ploying the method of Art. 13. Prove this. 


14. It being given that 
y= A (sine +O" 82) 4 B (cose — 22) 


is the complete integral of the equation + (1 — 4) ¥ =0, 
find the general integral of at (e -) yaa. 


15. Explain on what grounds it is asserted that the com- 
plete integral of a differ ential equation of the n™ order contains 
0 arbitrary constants and no more. 


16. Mention any circumstances under which it may be 
advantageous to form, from a proposed differential equation, 
one of a higher order. In deducing from the solution of the 
latter that of the former, what kind of limitation must be 
introduced ? 


CHAPTER X. 


EQUATIONS OF AN ORDER HIGHER THAN THE FIRST, 
CONTINUED. 


1. WE have next to consider certain forms of non-linear 
equations. 

Of the following principle frequent use will be made, viz. 
When either of the primitwe variables 1s wanting, the order of 
the equation may be depressed by assuming as a dependent 
variable the lowest differential coefficient which presents itself 
in the equation. 


Thus if the equation be of the form 


dy a 
F( -s 2) a ORE tines (1), 
and we assume 
d 
- = Becovecccrvvceccccccccovecevers (2), 


we have, on substitution, the differential equation of the first 
order, 


dz 
F(a, Zz, =) = (Ue nsnandetne Ccvcccsccecce (3). 


If, by the integration of this equation, z can be determined 
as a function of « involving an arbitrary constant c, {suppose 
2= (2, c)}, we have from (2) 


o = 6 (a, 0, 


whence integrating 
y= |$( c) de +c, 
B.D, E. 14 
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If the lowest differential coefficient of y which presents 
itself be of the second order, the order of the equation can be 
depressed by 2, and so on. 


A similar reduction may be effected when a is wanting. 
Thus, if in the equation of the second order 


dy AS BE 
F( De ete Onsen naceweesea eee (4), 
Cay 7 a eee 
we assume 7 =p, we have 


dy dp _dpdy _ dp 
da® dea dyd«x " dy’ 


by means of which (4) becomes 


Should we succeed by the integration of this equation of 
the first order in determining p as a function of y and c, sup- 


dy 


pose p= ¢(y, c), the equation ae will give 
dy 
de =——*—, 
ian PY ¢) 
whence 
dy : 
x= MRO ho 6). 
$Y ¢) © 


ser Wee dy\* ay _ 
Ex. Suppose 1 + (2) + y dx? => 0. 


GE ink 
Put Ap? thus 


d 
ae a’ 
d d. 
therefore 7 + £ se = 0, 


therefore log y + log /(1 +p’) = constant, 
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therefore yV (1+ p’) = constant = 6, 
b? 
therefore l+p°=-, 
dx y 
therefore ae ees 
dy V(G—y’) 
therefore x=—1/(P—y’)+a 


where a@ is a constant ; 
thus finally, y + (w@—a)? =o". 


2. In close connexion with, the above proposition, stand 
the three following important cases, 


Case I. When but one differential coefficient as well as 
but one of the primitive variables presents itself in the given 
equation. 


Ist. Let the equation be of the form Bes we have 


by successive integrations 


oe ae = [Xae +6, 
i - =| Xdx’? + ce+c, 
and finally 
y= [Xda oye + og". WEE Cra hanes (7). 


We shall hereafter shew that the first. term in the second 
member may be replaced by a series of » single integrals. 


Qdly, If the equation be of the form od Y, it is not 


generally integrable, but it is so in the case of n=2,' Thus 
there being given ty 
= Y, 

dat. *# 


14—2 


212: EQUATIONS OF AN ORDER HIGHER jCHrad 


we have pipe 2 
of 24 = 2y 
z da da* ae é 
and integrating 
(54) = 2/ Yd VG 
da fates 
Hence 
dy 2 (2 | Yay +0), 
=) ee ees 
(2fYdy + C)?” 
dy : 
= | HO eee eee c seen 8). 
eigen ®) 
As a particular example, let fy =07y. 
d 
Here a= | __ Ce 
(2fa ai i 
alee (a* are o)s 
= * log {ay + V(a'y? C)}+C". 


Case II. When the given equation merely expresses a 
relation between two consecutive differential coefficients. 


Suppose the equation reduced to the form 


d” dt 
ae f(a) RL es. (9), 
then, assuming ae =z, we have 
dz 
as (2), 
dz 
whence dx=—~, 
AC) 


_{ 
= [ig testes ake E(t 0s 
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If, after effecting the integration, we can express z in terms 
of x and c, suppose z = d(x, c) we have finally to integrate 
GBP: 
apr b(@, A. eae eee (11), 
which belongs to Case I. 


But if, after effecting the integration in (10), we cannot 


algebraically express 2 In terms of « and c, we may proceed 
thus. 


nL 
From dei = % we have 
x 
me 
ee = | zdxz 
ef ele 
T° 


et [eel 
ai Fel Fe" 


da zdz 


the right-hand member indicating the performance of n—1 
successive integrations, each of which introduces an arbitrary 
constant. If between this equation and (10) we, after integra- 
tion, eliminate z, we shall obtain a final relation between y, a, 
and m arbitrary constants, which will be the integral sought. 


: Ey Pye a 
Ex. Given O78 dao vat ; 


and finally, 


Making oi = =z, we have ans en (1 + 2’), whence 


Sines Reger toe se ss.ss (a). 
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According to the first of the above methods, we should now 
solve this with respect to z, and thus obtaining 


BoC 
find hence 
y= [[ (SE = “)—1} me da* + 6:0 4n0 sect eee), : 


in which it only remains:to effect the integrations. According 
to the second method, we should proceed thus. Since 
azdz 
ge ee 
da ya+e) we have 
2*dz 
eo Se ae 
ian | eS JV +e) 


Poe 
ae 2 


— Slog f2+V+2)} +2, 


whence multiplying the second member by os 
and again integrating, 
Ce we é ee 
y="— —~gV(l+2/)logietVLte)}+5 2 
tac /(1+ 27) +e".5... (c). 

The complete primitive now results from the elimination 
of z between (a) and (c). 

Cask III. When the given equation terely connects two 
differential coefficients whose orders differ by 2. 


Reducing the equation to the form 


d"y oh ney" 
=f ( P| pene (18). 


Wty 
Let ee then 


d’z 
dat 7 @): 


This form has been considered under Case 1. 
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It gives 
: | dz 
x= | ——_______ 
{2 ff (2) dz+ CO} 
If from this equation 2 can be determined as « function of 
x, C, and C',—suppose z = ¢ (a, C, C’),—then 
ay 


da"? Ras 


+O. 


o (a, C, C’), 


the integration of which by Case I. will lead to the required 
integral. Ifz cannot be thus determined, we must proceed as 
under the same circumstances in Case II. 
: a Uno a 
Ex. G cel | 
K liven @ are pe 


Proceeding as above, the final integral will be found to be 


y= Ce" + ce" +6, + Cy. 


Homogeneous Equations. 


3. There exist certain classes of homogeneous equations 
which admit of having their order depressed by unity. 


Class I. Equations which, on supposing « and y to be each 


: d d’y . 
of the degree 1, aa of the degree 0, dt of the degree —1, &c., 


become homogeneous in the ordinary sense. 


Adopting the notion and the language of infinitesimals, the 
earlier analysts described the above class of equations some- 
what more simply as homogeneous with respect to the 
primitive variables and their differentials, ie. with respect 
to x, y, dx, dy, ay, &e. 


All equations of the above class admit of having their 
order depressed by unity. 
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For if we assume x=’, y= *z, we shall find by the usual : 


method for the change of variables, 


dy dz 

| ae | a (14), 

dy _ _,(d°z 4 

cane & Figg erase eee (15), 
and soon. Here y is presented as of the first degree with 
respect to ¢® which takes the place of x, while oy is of the 

2 

degree 0, and ay of the degree —1, with respect to e& And 


the law of continuation is obvious. Hence, from the supposed 
constitution of the given equation, it follows that on substitu- 
tion of these values the resulting equation will be homogeneous 
with respect to e®, which will therefore divide out and leave 


an equation involving only z, = : a , &. That equation 
will therefore have its order depressed by unity on assuming 
dz 
do Be (EGS (Art. DY 


Let us examine the general form of the result for equations 
of the second order. 


Representing the given equations under the form 


we have, on substitution, 


dz 2 (a"s de 
6 Gb, & | ot x 
Fie ? Sel @anis te ; ae ah = sats 


and from this equation, from what has been above said, ¢? will 
disappear on division by some power of that quantity, e.g, 
But the effect of simply removing a factor is the same as that of 
simply replacing such factor by unity. Now to replace e by 
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unity is the same as to replace e’ by unity, and if we do this 
2 


simply, i.e. without changing = and oe (17) will become 


dz Goo dg\ . 
F(t, 2 Spt, Fat +G)= ie ere (18). 
dz az du. du 
Assuming then da whence de = do as’ We have 
FC, 2, ut2, oe +n) =0 DRYER RE renee (19), 
an equation of the first order, which by integration gives 
u=o (2, Chins dens ene saeee ee (20) 
dz 
Then since U= 7H, we have 
dz 
dé = _—_., 
$ (2 ¢) 
dz 
= Bet, Soe pee rer cots 21): 
$4 ne 


in which, after effecting the integration, it is only necessary 
to write 


O=logx, eat utc aan. (22). 


The solution of the proposed equation is therefore involved 
n (20), (21), (22). 
ga d 
Ex. Given nx a= (y- AS oe he 


Substituting as above w=*, y=, we find, as the trans- 
formed equation, 
by (SF £ ef) ‘A, (55) 
de” dé de] ’ 


dz 
whence, making Jo We have 
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which resolves itself into the two equations, 


du 
wi Ge +1) =uU~ w=. 


The former gives on integration 


u=n+ Ce, 
N ae hence . 
ow U= FA, W 
do = dz xs 
n+ Ce 
therefore =— log (ne + C) + C’, 


and now replacing 6 by log a, and z by Z we have on re- 


duction, 


A and B being arbitrary constants. This is the complete 
primitive. 
tee : dz ; 
The remaining equation «=0, or Ta 0, gives 2=¢, or 


y=cza, and this is the singular solution. 


The equation (a) might have been directly deduced from 
the given equation by the general theorem (19), which indi- 
cates that for such deduction it is only necessary to change 


dy d*y du 
x tol, y to 2, dn °° Uu+ 2, and "3 to ua, tu 


Cuass IT. Equations which on regarding x as of the first 
degree, y as of the n"™ degree, ef of the (n—1)™ degree, 
of the (n — 2) degree, &c., are homogeneous, " 

To effect the proposed reduction assume a =9, y = ez, 


The transformed equation will be free from 6, and, on assum- 
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ing a= =u, will degenerate into an equation of a degree 
lower by unity between w and z. 
It is easy to establish that, if the given differential equa- 
tion be 
dy dy 
F(a, Y, ie “) =i inne sac USE OOTE DORE (23), 
the reduced equation for determining w will be 


F{l, 2, w+nz, le + (2n—1) u+n(n—1) z}=0.... (24). 


dz 
Suppose that by the solution, of this we find 
a CANS Reni Moe Sort oy Beer (25), 
then si ee h, 
since u= ao» we have 
dz 
do = P 
p (2, ¢) 

dz ; 

0 lisa aan omvoerecvowcreeees (26), 


in which it only remains to substitute log # for 0, and - for z. 


a dey _ dy 
Ex. Given #*—4 ie = (x° + Qay) oe T _ ha? 

This equation proves homogeneous on assuming « to be of 
the degree 1, y of the degree 2, ay of the degree 1, and 
Be of the degree 0. 


Changing then, according to the formula (24), x into 1, 


dy d*y du 
y into 2, oe J into ut 22, and da / into u a + 3u+2z, we have 


ore 2z = (1 + 22) (w+ 22) — 427......0.. (a), 
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which is reducible to 


u (T+ 2-22) =0. 


dz 
This is resolvable into two equations, viz. 
du 
—+4+2-27= a teen sconreran eee b). 
Int 2—22=0, w=0 (b) 


The first gives on integration 
u=(z—1? +c. 


. dz 
Hence, since do We have 


dz 
dO (¢-1)?+e¢’ 
dee a2 At i aoe : 
0 =~ tan aes or slog (F= +c. 


Hence, replacing @ by log x, and z by 4 we have 


1 es 
log « = — tan 
= Cc cx" 


the rational forms of the integral required. 


The factor w=0 in (0) giving o = 0, or z=c, leads to the 
singular solution y = ca’. 


Cuiass III. Equations which are homogeneous with re- 
spect to 4 dy pl 
P D da? da? 

Properly speaking, this class constitutes a limit to the class 
just considered. For when n becomes large, the quantities 


n, n—1, n—2, the supposed measures of the degrees of y, oe 
2 
oe approach a ratio of equality. 
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If we assume y= e*, we have 


d lt 

AE oS: eee: eee (27), 
d’y ~,(d¥2  (dz\\ | 
eee él +(Z)| Re era (28). 


All these being of the first degree with respect to ¢’, it fol- 
lows that after substitution in the proposed equation, that 
function will disappear on division. Thus, if the given equa- 
tion be 


dy d’y 
F(a, Y) ge =) = (0) ee cas (29), 
the transformed equation will be 
dz dz (de 
Pe, 1 &, St ( =) So ee (30), 
dz 
or, on assuming aa 
ht, ee 
F(a, 1, 4, oi + ut) =0 Peer (31). 
Integrating this equation of the first degree, we have 
u= d(x, ¢) 5 
therefore a= | Gites C):daichs Oi-thzamcesonanene at (32), 


in which it only remains to substitute for z its value log y. 


Or we may assume at once y= fe . The transformed 
equation between w and & will be of an order lower by unity 
than the equation given. 


’ 


yi 
Ex. Given ay S24 3 (at) -ao: 


Jue 


Assuming y=e° , we find 


a (a+) = pay 
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as would directly result from (29) and (30). Expressed in 


the form : 

du u if 4 

Ee a ee ue 
this equation is seen to belong to the class discussed in 
Chap. 1. Art. 11. 


On comparing the above classes of homogeneous equations 
we see that Class 11. is the most general. It includes Class I. 
as a subordinate species, and Class II. as a limit. 


It is proper to observe that Classes I. and I. are usually 
treated by a different method from that above employed. 
Thus, in Class I., it is customary to make the assumptions 
cy. v dy. —@ 
y= xt, =U, dx’ 2a’ dx x’ 

On substitution w divides out, and there remains an equa- 
tion involving y and the new variables ¢, wu, v, w, &c., which 
may be reduced by successive eliminations to a differential 
equation between two variables, and of an order lower by 
unity than the equation given. But this method is far more 
complicated than the one which we have preferred to employ. 


&e. 


Exact Differential Equations. 
4, A differential equation of the form 


dy dy ay _ 
$ («, ne She a) 2p vee (33), 
is said to be exact if, representing its first member by V, the 
expression Vda is the exact differential of a function U, which 


is therefore necessarily of the form (2, JP a ah le} : 


2 
Thus S ay — ae —ay’=0 is an exact differential 


equation, its first member multiplied by da being the differ- 
2 

ential of the function ; (2 — ay"! , and the first member 

itself the differential coefficient of that function, 
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Hence then a first integral of the above equation will be 


The method of integrating an exact differential equation 
which we shall illustrate, and which contains an implicit 
solution of the question whether a proposed equation is exact 
or not, appears to be primarily due to M. Sarrus (Liouville, 
Tom. xiv. p. 131, note). 


dy dy\* | (24 9,2 dy\ Vy 
ty (ae) +(2 fone as reine 

Supposing the above an exact differential, we are by defi- 
nition permitted to write 

ot dy dy\° 2 ged d*y 

dU = jy + 30g) + 2y . xi (2 4.24 DY) SA dee... (84). 

Now a first and obvious condition is that the highest differ- 
ential coefficient in an exact differential equation, being the 
one introduced by differentiation, can only present itself in 
the first degree. This condition is seen to be satisfied. 


Ex. Given +32 


Representing the highest differential coefficient but one by 
p, We can express (34) in the form 


dU =(y + Bap + 2yp*) da + (x + 2y*p) dp. 
Now let U, represent what the integral of the term con- 
taining dp would be were p the only variable. Then 
U,=a'p + yp’. | 
Assume, then, removing all restriction, 


=a ey 
ie ARE: ie ¢ 


whence ae 
ig ee pay (BY (3 ae 
dU, = {22 Ie t OY (2) + (« + 2y ci =| da. 
Subtracting this from (34) 


dy : 
dU—dU, = (v ao oo) CPEs atuepnets : Op 
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: ‘ we) hea 

We remark that the highest differential coefficient oa has 
now disappeared. We observe too that the next, viz. e is 
involved only in the first degree. This is a consequence of the 
fact that the proposed differential equation was really exact. 
For the first member of (35) being the difference of two exact 
differentials, and therefore itself exact, the second member is 
so, and its. highest differential coefficient is therefore of the 
first degree. The integration of an exact differential involving 


2 
= has, in fact, been reduced to that of an exact differential 
involving only Tn 8 its highest differential coefficient. And 


a similar reduction may be effected whatever may be the 
order of the highest differential coefficient. 


The integration of (385) gives 
U—U,=2y, 
whence 


: 2 
U=U,+ ayaa Vy (Y) + ay. 


A first integral of the given equation is, therefore, 


2 dy dy\" 
aaty (2) oh 00 = Cerne (36). 


The general rule for the integration of an exact differential 
; : d al 
dU, involving 2, y, a Met ee , 1s then as follows. Integrate 


Tey enone rea Ns LO a ae 
e term which involves —, in the jirst degree, as if da®i were 


; d” alee . 
the only variable, and dx its differential. Representing the 


result by U,, and removing the restriction, 1U—dU, will be an 


n-l 


exact differential involving only a, y, 2 ex ei Repeat 


the process as often as necessary. Then U will be expressed 
Oy tte sum of its successively determined portions U,, U,, 
c 


3? 
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For the solution of an exact differential equation, it is there- 
fore only needful to equate to ¢ the integral of the correspond- 
ing exact differential as found by the above process. 

The failure of that process, through the occurrence of a 
form in which the highest differential coefficient is not of 
the first degree, indicates that the proposed function or equa- 
tion is not ‘ exact.’ 


5. There is another mode of proceeding of which it is 
proper that a brief account should be given. 


2 2 
Representing a ae at atts DY Yi» Yore+s Yn» It is easily 


shewn by the Calculus of Variations, that if Vdx be an exact 
differential, V being a function of,x, y, y,,... Ym, then identically 


dV d\dV DNV ee aN dV: 
dy (x) dy, + E ) dy, es + (=) eee ice aleten (37), 
where (+) indicates that we differentiate with respect to x 


regarding y, YyreeYn 2S functions of w This condition was 
discovered by Euler. 


The researches of Sarrus and De Morgan, not based upon 
the employment of the Calculus of Variations, have shewn, 
1st, that the above condition is not only necessary but suffici- 
ent. 2ndly, that it constitutes the last of a series of theorems 
which enable us, when the above condition is satisfied, to 
reduce Vdz to an exact differential in form, i.e. to express 
it in the form 

dU dU dU dU 
oP dx + dy dy + i. dy... + ie Wey sesncoses (38), 
where &, ¥, Y,, ++» Yn are regarded as independent. The inte- 
gration of Vdx=0 in the form U=c is thus reduced to the 
integration of an exact differential of a function of n +1 inde- 
endent variables,—a subject to be discussed in Chapter XII, 
(Cambridge Transactions, Vol. 1X.) 

The condition (37) is singly equivalent to the system of 
conditions implied in the process of Sarrus. The proof of this 
equivalence a posteriort would, as Bertrand has observed, be, 
complicated. (Liouville, Tom. XIv.) 


B.D. E. 15 
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The solution of the differential equations of orders higher | 


than the first is sometimes effected by means of an integrating 
factor pw, to discover which we might substitute wV for V in 
(37), and endeavour to solve the resulting partial differential 
equation. Even here, however, the process of Sarrus would 


be preferable. 


Miscellaneous Methods and Examples. 


6. Many forms of equations, besides those above noted, can 
be integrated by special methods, e.g. by transformations, 
variation of parameters, reduction to exact differentials, &e. 
Equations of the classes already considered can also sometimes 
be integrated by processes more convenient than those above 


explained. 
2 


d 
Ex. 1. Given Tam ae + by. 


Let ax+by=t. We find as the result, - 2 = bt a linear 
equation with constant coefficients. 
: ay _ dy 
Ex. 2. Given (1 — 2’) qt %qn + 2 Pa =O, 
Changing the independent variable by assuming sina =4, 
2 
we find ie +q°y=0, whence the final solution is 


y =, cos (¢ sin “w) + ¢, sin (q sina) ......... (39). 


2, 
Tet ow ght y= 0, is re- 


ducible to the form am + q’y=9, by the assumption 


So too the equation (1+ aa’) 


fan 
V(1+aax*) ~~ 

Equations involving the are s, whether explicitly or im- 
plicitly, may be freed from it by differentiation or by sheaes 
of independent variable. _ 
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Ex. 3. Given s =a + by. 
Differentiating, we have vf {1 = (34) f= ae: dy | 


da dn? 
dy abks/(a°+b°—1) - 
tore ig 1B , 
; abt J/(a@ nes he 
rp 1-0 


Ex. 4. Given oe = 


Assuming a as independent variable, we have 
Pate d te (2d (dey 
ds* dsdxds \dx) dx \dx 
ds\* d?s 
== oo pele 


We might here put for 2 its value ./(1 + °), and so form 


a differential equation for determining p. Direct integration, 
however, gives 
(S) = 2az+c¢ 
dx ; 
Whence we find 
dy _(_1 1) 
dx se Hrgtenceyee 


i 1)°¢ ; 
y=|(sar5- ) ne 


which indicates a cycloid. 


aM. apt me shewn how to integrate the general’ 


equation 52 3+ I (a) Fy) (4)- 0 Journal de Mathéma- 


di 
tuques, Ist ee Tom. vil. p. 134). 


Suppressing the last term, the resulting equation » 
ay dy _ 
15—2 
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j d: : 
has for a first integral fF _ OeS/% Now assume this to be 


da 


a first integral of the given equation regarding C' as an un- 
known function of y, then 


ay = liae dC a 
sn elon TS - Of) 
1 dy (dC o 
= meta ie ofa) 
1 d€ /dy f 
~ 6 dy (4) TEA res 


Thus, the given equation becomes 


1 dC 
Gay bE) HO errr (40), 


whence C= Aclru, 


Therefore a — Aclrow y Sra a 
dx 


therefore | PROS dy = A [eto de + Boece (41), 
the complete primitive sought. 

8. Jacobi has established that when one of the first inte- 
erals of a differential equation of the form oY = FT (a, y) is 


known, the complete primitive may be found. “The follomifle 
demonstration of this proposition is due to Liouville (Jowrnal 
de Mathématiques, Ist Series, Tom. Xty. p. 225). 


Let the given first integral be wy ¢$ (x, y, c).. Differenti- 
ating, we have. 
dy _adb , db dy =e dp 
dx? da” dy dx re dy’ 
standing for (@, y, c). . Hence, iinpacne with the given 
equation, } 
df 


hb 


athe =f (x, Yd» 
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bo 
bo 
No} 


and differentiating with respect to ¢, 
dp db db a’ 
dade ay ayddee 
Now this is precisely the condition which must be satisfied 


in order that the expression 2 (dy — pdx) may be an exact 


differential. Hence, the first integral expressed in the form 
dy —¢dx =0, is made an exact differential by means of the 


factor ae The complete primitive therefore is 


[Ply be) =O oeeececneecleve OD, 


Some equations of great difficulty connected with the theory 
of the elliptic functions are reduced to the above case in the 
memoir referred to. 


Singular Integrals. 


9. Equations of the higher orders, like those of the first 
order, sometimes admit of singular integrals, i.e. of integrals 
not derivable from the ordinary ones without making one or 
more of their constants variable. 

We shall term such integrals singular solutions when they 
connect only the primitive variables, but singular integrals 
when they present themselves in the form of differential 
equations inferior in order to the equation given. 

And as the entire theory is involved in the theory of 
singular first integrals, we shall speak chiefiy of these, but. 
with less detail than in the corresponding inquiries of 
Chap. VIII. 

[Additions to the present Chapter are given in the Sup- 
plementary Volume, Chapter Xxu1.] 


Prov. Given a first integral with arbitrary constant of a 
differential equation of the n™ order, required the correspond- 
ing singular integral. 

Let the given equation be 


DADO Dsante, ee Oss tceecree ties a. (43), 
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where y, stands for os 47, tor - &c. Suppose the integral 
given to be expressed in the form 


Yo. =F {Gs Yo Yq +* Yaa Qs veneccoveesee (44), 


c being an arbitrary constant. Differentiating as if ¢ were 
an unknown function of a, 


_&¢ of, df, df de 
a= Gat dy dy Ye * dy, + de dx’ 


Now this reduces to the same form, i.e. gives the same 
expression for y, in terms of 2, Y,...Yn4) ¢ a8 it would do if 
c were constant, provided that we have . = 0; and therefore, 


this condition satisfied, the elimination of ¢ will still lead to 
the given differential equation (43). 


An integral of the given equation will therefore be found 
by attributing to c in the complete first integral (44), such 
value as will satisfy the condition ot 0, or, as we may ex- 


press it, 


And unless the value of c thus found is constant, the 
integral will be singular. The above process amounts to 
eliminating c between (44) and (45), so that we have the 
following rule. Ni 


Given a first integral of a differential equation of the n™ 
order, to deduce the corresponding singular integral, we must 
eliminate c between the first integral in question and the equa- 


: d a 3 nl i 
tion — Fie where y,_, ts the value of eo expressed in 


n—-2 


d : 
terms of x,y... wae &c. by means of the given first integral. 


If the proposed first integral is rational and integral in 
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form, then representing it by ¢=0, it suffices to eliminate c 
between the equations, 


dd 
gb = 0, a Onset Bis is (46). 
It is unnecessary to dwell on the particular cases of excep- 
tion after what has been said on this subject in Chap. VII. 


Ex. 1. The differential equation 
2 


x 2 2 
y— xy, + gt x (% — xy,) rate =a 
has for a first integral 
x b—y,) 
—$ b+y)-—" v0; 
required the corresponding singular integral. 


Differentiating the first integral with respect to b, we find 


226-9) 926 
2 x 
Ay, = a 


whence J = , and this value substituted in the given 


3 4 (142°) 
integral, leads to 
Gus Ty (4y,- 2) 
152 Fo 16 ag) “ 
or, on reduction, 
16 (1+ 2°) y — 8x*y, — 16zy, + x* —16y,’ = 0. 


In connexion with this subject, Lagrange has established 
the following propositions : 


1st. Either of the first two integrals of a differential equa- 
tion of the second order leads to the same singular integral 
of that equation. 


2nd. The complete primitive of a singular integral of a 
differential equation of the second order will itself be a sin- 
gular solution of that equation, but a singular solution of a 
singular integral wili in general not be a solution at all of 
that equation. 
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The proof of these propositions will afford an exercise for 
the student. 


[See Lagrange’s Legons sur le Calcul des Fonctions, Legon 
14° of the edition of 1806, or Legon 15™° of the edition of 
1808. A note by Poisson on page 239 of the edition of 1808 
should be consulted; it relates to the second of the above 
two propositions. See also Lacroix, Traité du Calcul Diffé- 
rentiel..., Tome Il. pp. 382 and 390.] 


10. We proceed to inquire how singular integrals may be 
determined from the differential equation. 


Expressing as before the first integral involving an arbi- 
trary constant in the form 


Yur =f (OS Ys Ve Oe ee (47), 


we have as the derived equation 


Jn dx 


the brackets in the second member indicating that in effect- 
ing the differentiation y, ¥,,...Y%p_,, are to be regarded as 
functions of a The differential equation of the n™ order is 
found from (48) by substituting therein, after the differentia- 
tion, for ¢ its value in terms of a, ¥, ¥,,-.- Yn4, given by (47). 
The result assumes the form 


ag PD (CL YB on Yala tcatecney eeeeee (49). 


Hence, we have 


AY, ene. de. Sean 
“a in (49) = de 2 (48) x ee in (47), 


or, representing f(a, ¥, Y, +++ Yn» ¢), by f, 


Peta Sap a ~af 
dY ny age se ke (ae ~ de 


n-1 


Hence, 


provided that the first member be obtained from the dif- 
ferential equation, and the second member from one of its 
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first integrals involving ¢ as arbitrary constant. It is to be 
borne in mind that in effecting the differentiation with oe 
to x in the second member, we must regard y, ¥,,...Yn_. 
functions of x. 

Now reasoning as in Chap. VIII. since a singular solution 


makes a =0, it makes its logarithm, and in general the 


differential of its logarithm, infinite. Thus we arrive at the 
following conclusion. 

A singular integral of a differential equation of the n™ order 
will in general satisfy the condition eR =o, and a relation 


which satisfies both this condition and the differential equation 
will be a singular integral. 


Ex. 2. Applying this method to the ‘equation, 


x 
y — ty, + 5 Yo— (Yr — 22)’ — x’ = 9, 


we find, on differentiating with respect to y, and y, only, 


—{a+2(y,—axy,)} dy.+ + 2x (y,—xY,) -2y,} dy,=0, 


whence 
dy, _ 2 (y, — xY,) + & 


2 
© 420 (y,—2y,) — 2, 


Equating the denominator of this expression to 0, we find 
Renee 
t= 4 (a? +1)’ 

and substituting this value in the given differential equation, 


clearing of fractions, and dividing by x +1, which will present 
itself as a common factor, 


16a°y + 16y — 82°%y, — l6xy, — 16y,’+ x =0, 


a singular integral. The equation given and the result agree 
with those of Ex. 1. 
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EXERCISES. 

dy 
1 dee + sine 
9 ay —4 
ik ee 5 

dic (2aa— a:*)® 
ee eet 
dx’ s/(ay)” 

dy 1 dy 
4. de de® 
= ay _ ay 
dec! 

ey w= 

2 Oe tee 0. 
is ad di 
i. y5i+(2) = iL. 


The two following are reducible to Clairaut’s form. 


8. tee ee ky = 7(52). 
2 (iY abt deel ya, 


10. Describe the different kinds of homogeneity i in differ- 
ential equations, and explain their connexion. 


The two following homogeneous equations are intended to 
be solved by the method developed in Art. 3. 


ay sah 


(oe TY. pee ie (ee) Ay). 


da? ” de 
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13. Shew that the linear equation os le pY “+ Qy= 0, 
belongs to one of the homogeneous classes, and is ene to 
an equation of the first order by-assuming y = e/*, 


14. Solve the linear equation gh Be yg a ork us y = 0. 


15. Mainardi has remarked (Tortolini, Vol. 1. p. 7 76), that 
Liouville’s equation Art. 7, becomes integrable if multiplied 


—t 
by the factor (2) Applying this method, deduce the com- 


plete primitive. 


16. Liouville’s equation may also be solved by suppressing 
the second term and regarding the arbitrary constant in the 
first integral of the result as an unknown function of z, 


. by, pdy dy” 9 
17. Shew that the equation gat ger Q ( =0 is 


integrable in the following cases, viz. 1st, when P and Q are 
both functions of x, 2ndly, when they are both functions of y, 


3rdly, when P is a function of x, and @ a function of y. 
: dy dx dx 
18. Given G Jaa a, ds’ 


19. Given s=,/(x’+4 y’). (Transform to polar co-ordinates.) 


; d; : : 
20. Given seat . Determine the relation between y 


d. 
and x, so that when 2 =0, we may have y = 0, and <e = 0. 


21. Equations homogeneous with respect to x, y, and s can 
be integrated by the assumption w= e°, y = eu. 


22, Given —+3y a ;= 0, required the complete primitive 


ds 
dy 
relation between a and y. 
98. 8 = n/ (a + 2czx). 


24, s=A/(y? + ma’). 
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25. Examine the solution of Ex. 24, when m=1 and 
when m= 0, 


CONS Sy Tie ol 5 al 
26. apt t ae at) 


2 


27. Shew that x a is an exact differential coefficient. 


d. d° d* ; 
28. Shew that y’°+ xy —1) a + 20 a+ xt 78, = 0 is an 


exact differential equation, and deduce a first integral. 


Node! a 
29. The equation - = Ci Gain 0 becomes integrable 
by means of the factor 22° a day, (Moigno, Tom. Ir. 


p. 672.) Deduce hence a first integral. 
30. Deduce also the complete primitive. 


31. Find a singular integral of the equation 


(4) - 2 dy dy her 
da ae: 


xv dx oes 


32. Hence deduce a singular solution of the given differ- 
ential equation. 


33. The complete primitive of the differential equation of 
the second order in Ex. 31 is required. 


34. A first Baie of the differential equation of the 
second order y — ay, +5 Yo — (Y, — LY)" — ¥, = 9 is 


y+ 6 _ a’) a — (1 — 2a) xy, — a’ — 9,7 =0, where y, stands for 
ae . Hence deduce the singular integral. Shew that it agrees, 


and ought to agree, with the result obtained in Art. 10. 


35. Shew that the complete primitive of the above differ- 


ential equation is y= so + be + a? + 0°, 
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36. The singular integral of the differential equation of 
the second order, above referred to, has been found to be 


16 (14+ 2°) y — 8a°y, —16ay, + 2*—16y,°=0. Ex. 2, Art. 10. 
Shew that this singular integral has for its complete primitive 
(16y + 40° + o)* = (1 4+2*)* — log {(1 + 2°)*-a} +h, 


h being an arbitrary constant—and that this is a singular 
solution of the proposed differential equation of the second 
order. 


37. The same singular integral has for its singular solution 
16y + 42° + a*=0, Prove this. Have we a right to expect 
that this will satisfy the differential equation of the second 
order ? 


38. By reasoning similar to that of Chap. vi. Art. 14, 
shew that a singular integral of a differential equation of the 
form ¥, +f (&, Ys Y, +++ Yn,) =9 will render the integrating 
factor of that equation infinite. 


39. Differential equations of the form ae = (4) can be 
integrated by obtaining two first integrals of the respective 
forms «=f (p, c), y=J,(p, ¢), and equating the values of p. 


40. Prove the assertion in Art. 9, that a singular solution 
of a singular integral of a differential equation of the second 
order is in general no solution at all of the equation given. 


>~ 
tF 
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CHAPTER XI. 
GEOMETRICAL APPLICATIONS. 


1. IN what manner differential equations afford the appro- 
priate expressions of those properties of curves which involve 
the ideas of direction, tangency or curvature, has been explained 
in Chap. 1. Art. 11. | 

Of the suggested problem in which from the expression of 
a property involving some one or more of the above ele- 
ments it is required to determine, by the solution of a dif- 
ferential equation, the family of curves to which that property 
belongs, some illustrations have also been given in the fore- 
going Chapters. 

Here we propose to consider that problem somewhat more 
generally. 

The following expressions furnished by the Differential 
Calculus are convenient for reference. 


For a plane curve referred to rectangular co-ordinates x and 


2 
y, representing also e by p, ss by q, 


2$ 
y(l+p')” t Subtan. me 
p 
Normal = y (1 +p”). Subnormal = yp. 


Intercept on axis w= # — a 


Tangent = 


Intercept on axis y = y — xp. 

Dist. from origin to foot of normal = x + yp. 
y—b—-(e—-a)p 
(1+ p*)* 
a—ax+(b—y) p 

C4205 te 


Perpendicular from (a, b) on tangent = 


Perpendicular from (a, 6) on normal = 
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Radius of curvature = = Gap} 
q 


Co-ordinates (a, 8) of centre of curvature 


2\ 2 
ae o 2 ae L Cee ‘ 
Y re’ 

To these may be added the well-known formule for the dif- 
ferentials of arcs, areas, &c. 

It is evident from the above forms that problems which 
relate only to direction or tangency, give rise to differential 
equations of the first order—problems which involve the con- 
ception of curvature to equations of the second order. 

When the conditions of a geometrical problem have been 
expressed by a differential equation, and that equation has 
been solved, it will still be necessary to determine the species 
of the solution—general, particular, or singular, as also its 
geometrical significance. 


2. The class of problems which first presents itself, is that 
in which it is required to determine a family of curves by 
the condition that some one of the elements whose expressions 
are given above shall be constant. 


Ex. 1. Required to determine the curves whose subnormal 
is constant. 


Here y a =a, and integrating, 


y = (2aa + 20)3. 


The property is seen to belong to the parabola whose para- 
meter is double of the constant distance in question, and whose 
axis coincides with the axis of a, while the position of the 
vertex on that axis is arbitrary. 


Ex. 2. Required a curve in which the perpendicular from 
the origin upon the tangent is constant and equal to a. 


Here we have ‘ 
y—ip= alt+p), 
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an equation of Clairaut’s form, of which the complete primi- 
tive 1s 
y=ca+ (1 +0°)2a, 
and the singular solution 
e+ y = Gin 

The former denotes a family of straight lines whose distance 
from the origin is equal to a, the latter a circle whose centre is 
at the origin, and whose radius is equal to a. And here, as 
was noted generally by Lagrange, the singular solution seems 
to be, in relation to geometry, the more important of the two. 

3. A more general class of problems is that in which it is 
required to determine the curves in which some one of the 
foregoing elements, Art. 1, is equal to a given function of the 
abscissa a. 

Ex. 1. Required the class of curves in which the subtan- 
gent is equal to / («). 

Here we have 


d 
y=f (a) a3 
dy dx 
whence mee 
y fle)’ 
y= Ce re, 


Thus if the proposed function were 2”, we should have 


a2 
y= Ce", 
as the equation required, 


Ex. 2. Required the family of curves in which the radius 
of curvature is equal to f (a). 


Here we have 
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whence, multiplying by dx and integrating, 


dy 
da _5 2 
ay 7° 
adi] 
=F(X¥+ 0), 
Z “.. Hence we find by alge- 
ea Fe) 
braic solution 
dy = X+C 
Geb Oe 
» (X+ C) da _ ci 


T-(x+ ory 


in which it only remains to substitute for X its value, and 
effect the remaining integration. 


If bag i) is constant and equal to a, we find 


one, C=~ Fae 
(a +aC) dx 
Ure sla a ean Os 
=~ {a?-— (#+a0)}?+ 0, 
whence (y—C,)’+ (+a) =e," 


and this represents a circle whose centre is arbitrary in posi- 
tion, and whose radius is a. 

_ A yet more general class of problems is that in which it is 
required that one of the elements expressed in Art. 1 should be 
expressed by a given function of a and y. 


An example of this class is given in Chap. vir. Art. 10, 


4. We proceed in the next place to consider certain pro- 
blems in which more than one of the elements expressed in 
Art. 1, are involved. 


B.D. EL | 16 
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Ex. 1. To determine the curves in which the radius of 
curvature is equal to the normal. 


Tf the radius of curvature have the same direction as the 
normal we shall have " 


ry de «cccveceverceevace (1), 
da® 
whence 
dy d 
y gat (Z) +1=0 PO A (2) 


_The first side multiplied by dw is an exact differential and 
gives 


dy 
y An +x=6, 
whence again integrating 
af + Bm LON +O. dy acnosecstanagnenereetene (3), 


the equation of a circle whose centre is on the axis of a. 


If the direction of the radius of curvature be opposite to that 
of the normal, it will be necessary to change the sign of the 
first member of (1). Instead of (2) we shall have 


and this equation not containing 2, we may depress it to the 


ord 
first order by assuming = =p. The transformed equation is 


° 
ye —p-1=0, 
whence, BS! ips 
pr Say 
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Substituting for p its value dy , we find on algebraic solu- 


dx 
tion 
“ d: 
daz = hi eS 
v(y?—¢')’ 
- whence, a=el + clog fy + (y?—C%)*} ciscescccsscsssens (5). 
This equation, reduced to the exponential form 
af 2 
y=5(¢ --e ip Geli Mees ss wares cae (6), 


is seen to represent a catenary. 


The solution therefore indicates a circle when the direction 
of the radius of curvature and of the normal are the same, but 
a catenary when they are opposed. The latter curve has, 
however, many properties analogous to those of the circle. 
(Lacroix, Tom. IL p. 459.) 


Ex. 2. To find a curve in which the area, as expressed 
by the formula fydx, is in a constant ratio to the correspond- 
ing arc. 

We have y= O(1+p’), 
which, agreeing in form with the last differential equation of 
the preceding problem, shews that (5) represents the curve 
required, and connects together the properties noticed in the 
last two examples. 

Ex. 3. Required the class of curves in which the length of 
the normal is a given function of the distance of its foot from 
the origin. 

The differential equation is 


BL tp =f (Ot yp) cccesrsisiecsred (1); 


and it belongs to the remarkable class discussed in Chap. VII 
Art. 9, where the complete primitive is given, viz. 


afb (i — a)? = [f G) Peceserorrcrnsvsloats (2). 


This represents « circle whose centre is situated on the axis of 
x at a distance a from the origin, and whose radius is equal to 


16—2 
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f(a). It is evident that this circle satisfies. the geometrical 
conditions of the problem. Die 


But there is also a singular solution, found by eliminating 
the constant a between (2) and the equation derived from (2) 
by differentiation with respect to a, viz. 


Wn OE FG) fF Olas te aie crete 


. : US at 2 ~s 
For instance, if f (a) =n? a? we have to eliminate a between 
the equations 


y +(e a)? =na, 
2(#-a)+n=0, 
from which we find 


2 


= we 
y=nti+—, 


the equation of a parabola. While in this example the com= 
plete primitive represents circles only, the singular solution 
represents an infinite variety of distinct curves, each originat- 
ing in a distinct form of the function f(a). Other illustrations 
of this remark will be met with. 


The above problem was first discussed by Leibnitz, who did 
not, however, regard its solution as dependent upon that of a 
differential equation, but, establishing by independent con- 
siderations the equation (2), which constitutes in the above 
mode of treatment the complete primitive of a differential 
equation, arrived at a result equivalent to its singular solu- 
tion by that kind of reasoning which is employed in the geo- 
metrical theory of envelopes. Indeed it was in the discussion 
of this problem that the foundations of that theory were laid 
(Lagrange, Calcul des Fonctions, p. 268). - 


5. A certain historic interest belongs also to the two fol- 
lowing problems, famous in the earlier days of the Calculus, viz.. 
the problem of ‘Trajectories’ and the problem of ‘Curves of 
pursuit.’ These we shall consider next. They will serve to 
illustrate in some degree the modes of consideration by which 
the differential equations of a problem are formed when a mere: 
table of analytical expressions suffices no longer, 


% 
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Trajectories, 


Supposing a system of curves to be described, the different 
members differing only through the different values given to 
an arbitrary constant in their common equation—a curve 
which intersects them all at a constant angle is called a tia- 
Jectory, and when the angle is right, an orthogonal trajectory. 


To determine the orthogonal trajectory of a system of 
curves represented by the equation 


Dees CV OF a bani Pas see ea cts (1). 


Representing for brevity $ (z, y, ¢) by $, we have on dif- 
ferentiating 


dd i ee , 
Hence, for the intersected curves, 

dy__dd , dd 

ns dae Oy 


Now representing this value by m, and the corresponding 


value of dy for the trajectory by m’, we have, by the condition 
a 


d 
of perpendicularity, mM = see Hence for the trajectory 
dy _dp , dp 
dc dy ae" 
dy, 1 gy ; 
e Typ Om dig BY = Oeste ett (2), 


which must be true for all values of c. Hence the differential 
equation of the orthogonal trajectory will be found by enn- 
nating ¢ between (1) and (2). 
Were the equation of the system of intersected curves pre- 
sented in the form 
$ (a, y, a 4) =0, 


a and b being connected by a condition 


abr (a, b) =0, 
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we should have to eliminate a and 6 between the above two 
equations, and the equation 


db (x, y, a, b) 1 | db(a,y a,b), _ 
earn dt a dy 


We shall exemplify both forms of the problem, 


Ex. 1. Required the orthogonal trajectory of the ieee 
of curves represented by the equation Yy = cx”, 


Here ¢=y— cx", whence by (2) 

dx + nea" dy =0. 
Eliminating ce, 

adx+nydy =0; 
therefore e+ny=c, 
the equation required. We see that the trajectory will be an 
ellipse for all positive values of n except n = 1,—an ellipse, 
therefore, when the intersected curves are a system of common 
parabolas. The trajectory is a circle if n =1, the intersected 


system then being one of straight lines passing through the 
origin, The trajectory is an hyperbola if n is negative. 


Ex. 2. Required the orthogonal trajectory of a system of 
confocal ellipses, 


The general equation of such a system is 


vee et poh : 
a and b being connected by the condition 
a—=h’, 


where h is the semi-distance of the foci, and does not vary 
from curve to curve. Hence we have to eliminate a and 6 
from the above equations, and the equation 


on — — dy =0; 
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i the result is 
| dy? da 

oy (P) + @t—y 19) Lay =0, 


1 the solution of which may be deduced from that of Ex. 3, 
u a vu. Art. 10, by assuming therein A=1, B=h?, We 
t fn 


he 
See AIRY se 
y Cx Ce de Th ? 
and this may be reduced to the form 
oe y . 
eas 


a, and b, being connected by the condition 

a7 +bZ=h’. 
Thus the trajectory is an hyperbola confocal with the given 
system of ellipses. 


6. When the trajectory is oblique, then 6 being the angle 
which it makes with each curve of the system, and m and m’ 
having the same significations as before, 

m + tan 0 


m=T—m tan 0’ 


or, substituting for m its former value gee + ae , and for m’ 
= dx ° dy 
its value - as referred to the trajectory, we have on reduc- 
tion 
ae tan 6 — ae 
dy _ dy dx (3) 
5 gs si b 71, cS (NED OCR SOL OOOUE ; 


an equation from which it only remains to eliminate ¢ by 
means of the given equation in order to obtain the differential 
equation of the trajectory. 


Ex. Required the general equation of the trajectories of 
the system of straight les y = aa. 
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Here ¢ =y-— az, whence by (3) 


dy _ tanOd+a 
dx 1l—atané@ 
_«tand+y 
~ #—y tan 0’ 
or (y+ a tan) dx + (y tan 6 — x) dy=0, 


a homogeneous equation, an integrating factor of which being 
1 
—,—,, we have 
“+y 
yda — ady 


ory + tan 0 — 


whence integrating 
tan™ - + tan 6 log (a? + 47)3 =e. 


If we change the co-ordinates by assuming 2=~r cos ¢, 
y=r sin d, we get 
On 
r= Cees A 
the equation of a logarithmic spiral. 


The following example, which is taken from a Memoir by 
Mainardi (Tortolini’s Annali dev Scienze Matematiche e Fisiche, 
Tom. I. 251), is chiefly interesting from the mode in which 
the integration is effected. : : 


Required the oblique trajectory of a system of confocal 
ellipses. 


Representing the tangent of the angle of intersection by n, 
we have to eliminate a and 6 between the equations 
2 


a 2 
Pret, fiver, 


y 2 
me: a 
Pra rhe 


ern 
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The result may be expressed in the form 


ina + y + (ny — x) p} tw—ny + (na + y) p} =H’ (n—p) (1+ mp). 
To integrate this equation let us assume 
a —ny + (na + y) p= M (1+ np), 
M {na t+y + (ny—2) ph=i? (n—p). 
As these on multiplication reproduce the given equation 
the assumption is legitimate. 


Eliminating p from the last two equations, and dividing 
by 14+’, we have 


(a+ y+) Maa (MPR) eeseeene (a). 


Differentiating this equation and eliminating y and p from the 
result by the aid of any two of the last three equations (it 
is evident that two only are independent), we obtain a 
differential equation between MZ and a, which is capable of 
expression in the form 


PaO EM ited Be BO i yy (b). 
{h? (aM) — (aM )”}* = (1 a) 
x 


[For (a) may be written thus: 
| Mop = (CMV aM ) apevepessseeuas (a) 
differentiating we have 


dM 


da 


oy May 


=(1- on) (#—aM)—(a—M)(M+« 


d —M) (?—2M) dM 
therefore 2y Bs M+ Cadi aee er 
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g/t x (h?~xM) dM 
therefore Y as M +S a 
= 12 Leelee M)(M+05"); 
dy 4, 2(h?—M*)dM _,, | Z 
therefore 2y fetta M1 a =h?—22M+ lM’, 
dy M+ny-« 
Bub dx n(a—M)+y’ 
therefore 2My (M — x) + 2nMy’ 
| dM 
= 91h? — 20M + M?— = (ee — Me) 
v4 conte nu Mt”) a 
—M) 1-2 eae Spee 
+ n(e ){ oM+ M2 uy; 


therefore 


2 2 ® ir9 AS dM 
9 MPR) +2n (@— M) (= 2M) +E - 4) 


=n(x—M) Ii %eM + - % _ yn ™). 
) M+ Mt eye), 


d 
therefore (M*— 7) (y i ~n(e—M) (M22) 
: ous 
n (ae — M) 5 (Mi? = Be) 
_ ye aM é aw dM 
therefore 9 ae —n(*x—-M)=n(2— *M) Ge 
therefore n(a@— -) (M+eF) +4 (0% Lea M)=0 


therefore io M) ——. he + yx? Me ra =0. 
Lx 


ae 
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Hence by the aid of (c) we obtain (8).] 


Hence, by integration 


1-,/ ees 
2 fe) one C,; 


in which it is only necessary to substitute for M its value in 
terms of x and y deduced from (a). 


Curves of Pursutt. 


7. The term curve of pursuit is given to the path which 
a point describes when moving with uniform velocity towards 
another point which moves with uniform velocity in a given 
curve, 

Let x, y be the co-ordinates of the pursuing point, a’, y' the 
simultaneous co-ordinates of the point pursued. Also let the 
equation of the given path of the latter be 


Now the point pursued being always in the tangent to the 
path of the point which pursues, its co-ordinates must satisfy 
the equation of that tangent. Hence, 


Lastly, the velocities of the two points being uniform, the 
corresponding elementary arcs will be in the constant ratio of 
the velocities with which they are described. Hence, if the 
velocity of the pursuing point be to that of the point pursued 
as n : 1, we have 


n (da? + dy’) =n (dax* + dy’), 
or, taking x as independent variable, 


eM eV ment 


252 CURVES OF PURSUIT. {or xt 


the sign to be given to each radical being positive or negative, 
according as the motion tends to increase or to diminish the 
corresponding are. 


From (4) and (5), when the form of the function f(z’, y') is 
determined, z’ and 7’ may be found in terms of a, y, and oe ; 
and these values enable us to reduce (6) to an equation be- 
tween x ee ee) 

7D Gan? da” 
ential equation of the second order. If the signs of the 
radicals are both changed, the motion in each curve is simply 
reversed, and the curve of pursuit becomes a curve of flight. 


But the differential equation remaining unchanged, the forms 
of the curves are unchanged, and only their relation inverted. 


It only remains to solve this differ- 


Ex. A particle which sets off from a point in the axis of a, 
situated at a distance a from the origin, and moves uniformly 
in a vertical direction parallel to the axis of y, is pursued by 
a particle which sets off at the same moment from the origin 
and travels with a velocity which is to that of the former as 
m:1. Required the path of the latter. 


The equation of the path of the first particle being 2 =a, 
(5) becomes 


whence 


Thus we have 


daz 9% dg = —*) caps 


’ 


and the differential equation, both radicals being positive, is 


cee waaa/ fl + (3) ae snd 


ART. 8.] CURVES OF PURSUIT. 253 


- Hence, ° 


a by dx and integrating 
dy dy “a 
taf {+ ( \ =0(a—2) 


2 Ee 
therefore —“=<={ce(a—a) ”— a (a—«)"}. 


we 


Hence, if n be not equal to 1, 


i-1 1 
_lf{e@—2)-* , 1l@—2z) * j 
45 Parscar rae eyes Sr a Oc ate (0). 
Nn n 


But if 2 be equal to 1, we have 


dy_1l(z-a_ _e¢ } 
dz 2\'¢ z—a)’ 


whence 


8. The class of problems which we shall next consider is 
introduced chiefly on account of the instructive light which 
it throws upon the singular solutions of ee “equations 
of the second order, 


Inverse Problems in Geometry and Opties. 


The problems we are about to discuss are the following: 
Ist, To determine the involute of a plane curve. 2ndly, To 
determine the form of the reflecting curve which will produce 
a given caustic, the incident rays beg supposed parallel. 
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In both these problems we shall have occasion ina parti- 
cular part of the process to solve a differential equation of the 
first order of the form 


y — 2b (p) =f (p) — $ (p) fA (p)eesereeee(), 


in which ¢ and f are functional symbols of given interpreta- 
tion, and f’” is a functional symbol whose interpretation is 
inverse to that of the symbol f’. Thus, if f(#) = sin a, then 


f (@) =cosa, f(x) =costa. — 


It will somewhat less interrupt the theoretical observa- 
tions for the sake of which the above problems are chiefly 
valuable, if we solve the equation (7) under its general form 
first. 


Referring to Chap. vir. Art. 7, we see that (7) will become 
linear if we transform it so as to make either of the primitive 
variables the dependent variable, and either p or any function 

of the independent variable. 


Let us then assume 
i) (p) =v; 


and transform the differential equation so as to make @ and v 
the new variables. 


Substituting v for ¢ (p) in (7), we have 
yt = ff (0): wf T) eiepedos saver (8). 
Differentiating, and regarding v as independent variable, 
da dx d t=] I- d I= 
oa ra = = 07 FO) -f0) — 05 f'7(0) 
=-f'(). 


dir On bat hoe 
don Vlei () a 


But 
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($7 (0) -o} @ a =f"), 


Ee oat SE LO 
dv v— $7 (0) 0-67 (0) 


Hence, if for brevity we write 


dv 
| er SIC TRA eee (9, 
we have 
w= eH (+ [eH'(o) f° (0) dy) 
= HO (C4 ho f(y) — | eH df’ (»)}, 
whence 


maf t= ow (2 | HO df! (»)} see, (10), 


between which and (8), v must be eliminated. 


If in those equations we make f’*(v) = #, they assume the 
somnewhat more convenient form, 


y— af (t=fO-7'O, 
a—taew' {O— i ef dt}, 


and these may yet further be reduced to the form 


oe a) 
afl) [erat 
FE pe ect 


L—-t= 


From these equations it only remains to eliminate ¢, the 
forms of f and ¢ being specified, and that of sf given by (9); 
and this 1s apparently the simplest form of the solution. 


: : = 
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9. We shall now proceed to the special problems under 
consideration. - 


To determine the involute of a plane curve. 


It is evident from the equations which present themselves 
in the investigation of the radius of curvature, that if x, y be 
the co-ordinates of any point in a plane curve, and a’, y’ those 
of the corresponding point in the evolute, then 


, a P ' 1 : 
wm g-PS EP), f aytt, 


dy dy 1 De . 
where p= [ard = as (Todhunter’s Differential Calculus, 


Art. 320). Hence, if the equation of the evolute be 


 eaeh BC 9 per hee en Gas (12), 
we shall have on substituting therein for y’ and a’ the values 
above given, 

L+p ef t+P) 
fe ef ha A eect events 13), 
saplings q oe 


a differential equation of the second order connecting a and y, 
and therefore true for each point of the curve whose evolute 
is given, Of that evolute the curve in question is an ¢nvolute. 
Hence, if y'=f(x') be the equation of a given curve, the 
equation of its involute will satisfy the. differential equa- 
tion (13). ; 


Now suppose that nothing was known of the genesis of the 
above equation, and that it-was required to deduce its complete 
primitive, and its singular solution, should such exist. 


Upon examination the equation (13) will prove to be of a 
kind analogous to that of Chap. vir. Art. 9. If we assume 
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a and 6 being arbitrary constants, we shall find that each of. 
| these leads by differentiation to. the same differential equation 
of the third order, viz. 


SPEMMEL +P") =O. vecetececncedes (16), 
_ where r ponds for ae It follows hence, that a first integral 


of (13) will be found by eliminating g between (14) and (15), 
me connecting the arbitrary constants b and a by the relation 
b=f(a). Eliminating g, we find 


= Ga (ay — bp 0 5226s cesesseerenns (17), 
wherein making b=/(a), we have 
x—at{y—Ff(a)} p=... ccesseeee. (18), 


for the first integral in question. Again, Ee ae we have 


(= a) £6F —f (@)P a Pvcccsssescscsenes. (19), 


in which «4 and ¢ are arbitrary constants. This is the complete 
primitive of (13). It is manifest from its form that it repre- 
sents, not the involute of the given curve, but the circles of 
curvature of that involute. Indeed, that the complete primi- 
tive cannot represent the involute might have been affirmed 

_ a priort. The equation of the involute of a given curve cannot 
involve in its expression more than one arbitrary constant ; 
for the only element left arbitrary in the mechanical genesis 
of the involute is the length of a string. 


It remains to examine the singular solution of (13), This 
is most easily deduced by eliminating a between the first 
integral (18) and its derived equation with respect to a, viz. 
between the equations 


x—at fy—f (a)} p=O ....ceseeee (20), 
Pe (cp = 0 ae (21). 


From the second of these we have 


"(a) «mt 
ef (1) = Pp > 


a=fo(=). 


| 
| 
i 
B.D. E. ce 
| 
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Hence eliminating a from (20) 


2—f> (=) 4 {y-a" (F)}p=o. 


—1 —1 
L+yp=f" (=) + ptf = ae shee ors (ee 
or amet Melle ye 
which is the singular solution of (13), and the differential 
equation of the first order of the involute sought. 
This equation is a particular case of (7). If we express it 
in the form 
=o (Reyes 
Talent me pl? Vp? 


we see that it is what (7) would become on making 


—1 
PU Sea e 
Hence comparing with the general solution (11) we have 
aad “tie 
® (0) = — NO ag rea 
¥ (0) =} T= log (08 +1)! 
v -- ra 


Thus the system (11) becomes 


rien = {L+f' (Q*}de 


F = Tyo aes (23). 


The final solution is therefore expressed in the following 
theorem. 


Given the equation of a curve in the form y' = f(a’), that 
of tts involute rs found by eliminating t from the system (28). 


* 
_ 10. Parallel rays incident, in a given direction, on a reflect- 
ing plane curve produce after reflection a caustic whose equa- 
tion 1s given, The equation of the reflecting curve is required. 
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Let /P be a ray incident parallel to the axis of on a point 
P in the reflecting curve SPM, Fig. 1, PP'Q the reflected ray 
cutting the axis of x in Q and touching the caustic 8’P’M’ in 
P', Let x, y be the co-ordinates of P, x’, y' those of P’. Let 
the equation of the caustic be y’= f(z’). 


It is an easy consequence of the law of reflection that the 
angle P@X which the reflected ray makes with the axis of a 
is double of the angle P7_X made by the tangent at P with 
the axis of z. This at once gives us the equation 


Ye ap 
2 — 2! 1~ p*’ 
where way Hence 
P~ an" 
ym yng AO lnin (24) 


As, however, (a, y') is a point at which consecutive re- 
flected rays intersect, we are permitted to differentiate the 
above equation regarding a and 7’ as constant while # and y 


vary. We thus obtain, representing ee by ¢@, 


ee eBay 29 (lie) ct hitg 
Pp 1 oy (@ x’) (i — p*)* 0, 
~ a ee (3 Aw 
or a — (x@— 2’) Ne +9) 0, 
1~p se 
Rosen: 
whence eee PE ZS 
2q 
2 
and =a Toe Sey rete &. (25) 


whence y =y tis xb Thea ae oui techie pcs 26): 
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Were the equation of the reflecting curve given and that of 
the caustic required, it would only be necessary to substitute 


in (25) and (26) the values of p and q in terms of x and y derived » 


from the former, and then by eliminating 2 and y from the 
three, to deduce the relation between a’ and y’. 


Conversely, to determine the reflecting curve we must elimi- 
nate # and y' from (25), (26) and the equation of the caustic, 
viz. y =f(«), The result which is obtained by mere substi- 
tution is 


oo p(l—p’) - 
yt afin POE sete veeseececce (27), 


a differential equation of the second order, the solution of 
which will determine in the fullest manner the possible rela- 
tions between # and y which are consistent with the conditions 
of the problem. 


Were this equation given and nothing known respecting its 
origin, we might at once infer that it is of a class analogous to 
those of Chap. vit. Art. 9. For writing 


we find that each of these leads by differentiation to the same 
differential equation of the third order. For the first gives 


2a, 
3p -. a 0, 


while the second gives 


and these lead to the same value of the differential coefficient 
of the third order, 7, viz. 
_ 37 


MP 


0 


this constituting the essential criterion of agreement between 
differential equations of the third order. 
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Accordingly, eliminating g from (28) and afterwards making 
b =f (a) by virtue of (27), we find 


a A p' 
S@-y 2(a-2)’ 
2p 
or — f(G) ee (FE — GF) ooo cessecess 29), 
y—f(@)= 7 ea) (29) 


which is a complete first integral of (27). We see that it agrees, 
and necessarily so, with (24), a only taking the place of x’ and 


J (a) that of y’. 
The complete integral of (29) will be found to be 


fy —f (a) }? = 4am (@ — a) + 4M... cece eens (30), 


m being an arbitrary constant. And this is the complete 
primitive of (27). If we substitute a for a, which we may 
without loss of generality do, then f(a) =/f(a')=y', so that 
the above equation gives 


(yp) haa I) goes see scence (31) ; 


and this is evidently the equation of a parabola whose axis is 
parallel to the axis of «, whose focus is upon the caustic curve, ’ 
but which is in no other way limited. The complete primitive 
of (27) represents then a system of such parabolas. 


It is plain that any such system does constitute a true solu- 
tion of the problem, rays falling upon the interior are of a 
parabola, and parallel to its axis, being accurately reflected to 
the focus. 


It remains to deduce the singular solution of (27). Differ- 
entiating its first integral (29) with respect to a, we have 


a 


oes 
) 
; PBN 
whence a= (i et a , 


and substituting this in (29) 


1-07 (er) 
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Pan if"(; ar i ft GS) hes (32). 


This is a differential equation of the involute. Its com- 
plete integral may be acs from the general solution in 


or aat 


Art. 8, by making ¢ (p) = ioe whence we have 
Shee a 
7 (ple te teqerarem 


dv v 
¥@) Sere (v) Ales +(14+0)8 
= log {/(1 + 0”) +1}. 
Hence the system (11) becomes 
meee fd) _ O-fflitvf{l +f dt ea) 
fl Ve Alef} 


from which, after the integration has been effected, t must be 
eliminated. 


If, as before, we replace ¢ by a’, and f(é) by y’ and there- 


Li 


fore f'(t) by oe then, since we have 
V{1 +f" (6)"} dt = ds’, 


where s’ represents the are of the caustic, the above system 
assumes the following form, 


, y-y  C-a—-s' 
aa! = th = eee eeeccccccces (34), 
oF 1+, 
dx dc 


from which, when s’ is determined, 2’ and y’ must be elimi- 
nated by means of the equation of the given curve. 


From the above it appears that, the incident rays being 
parallel, the reflecting curve can always be determined when 
the caustic can be rectified, 


We see also from the nature of the connexion between the 
singular solutions and the ordimary primitives of differential 
equations, that the veflecting curve is in reality the envelope of 


. 
| 
) 
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a system of parabolas whose axes are paralle] to the direc- 
tion of incident rays, whose foci are on the caustic, and 
whose parameters are subject to such a relation as makes that 
envelope to have contact of the second order with the curves 
out of whose differential elements it is formed. It is not 
merely an envelope, but an osculating envelope. 


Analogy makes it evident that when the rays instead of 
being parallel issue from a given point, the reflecting curve is 
the osculating envelope of a system of ellipses, each of which 
has one focus at the radiant point, and the other on the arc of 
the caustic, the elliptic elements being further so conditioned 
as to render such osculations possible. 

Lastly, it is plain that the problem of caustics in its direct 
and in its inverse form, as stated above, is in strict analogy 
with the direct and the inverse form of the problem of curva- 
ture, osculating parabolas and ellipses occupying the place and 
relation of osculating circles. 

The above examples might also be treated by a remarkable 
method, the consideration of which will fitly close this Chapter. 


Intrinsic Equation of a Curve. 


11. There are certain problems, the solution of which is 
much facilitated by the employment of what Dr Whewell has 
happily termed, the intrinsic equation of a curve, viz. the 
equation which expresses the relation between the length of an 
are and the angle through which it bends, the latter being in 
more precise language the angle of deviation of the tangent 
from the tangent at the origin. These elements are called 
intrinsic because they are independent of any external lines of 
reference, and it will be noted that they form a system dif- 
fering essentially from all systems of co-ordinates which begin 
by the defining of the position of a point, and in the applica- 
tion of which a curve is contemplated as a collection of points. 


The conceptions of length and deviation upon which the 
above system is founded, might be replaced by the not less fun- 
damental conceptions of length and curvature, the equation of 
the curve being then expressed in terms of its radius of curva- 
ture at the extremity of an arc and the length of that arc. Or, 
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in place of either of these systems, we might employ that which 
detines a curve by the relation which connects the curvature at 
any point with the deviation of the tangent. Of the three 
elements, length, curvature, and deviation, any two indeed 
will togetlter constitute an equivalent system. Huler, in a 
particular class of problems, employed the combination last 
deseribed. Here we shall select the one first mentioned, 
and shall borrow our chief illustrations of its use from the 
memoir of Dr Whewell (Cambridge Philosophical Trans- 
actions, Vol, VIL. p. 659, and Vol. Ix. p. 150). 


Representing by s the variable length of an arc the begin- 
ning of which is assumed as origin, and by ¢ the correspond- 
ing angle of deviation, the intrinsic equation is of the form 


Samp) He. c ieee ee (35). 

Thus in fig. 2, Sp=s and ATS=¢. 

From this equation the ordinary equation in rectangular co- 
ordinates may be found in the following manner. Still taking 
the beginning of the are as origin, let the tangent at that point 
be taken as the axis of x, then will the element of the curve 
ds be inclined at an angle ¢ to the axis a. Its projection on 
the axis of x will therefore be cos ¢ds, and this being the dif- 
ferential element of the co-ordinate a, we have 


dx = cos dds = cos $f" (fb) db, by (35). 
Hence x = [eos DF ADAGE On oer (36), 
and by symmetry 


i | sin bf” (6) db wll ale (37). 


Between these equations after integration ¢@ must be elimi- 
nated; the result involving a, y and two arbitrary constants 
will be the equation required. 


It is worth while to notice that the above result may be 
obtamed independently of the consideration of a projection, 


*) 3 
For since s = | 1+ (¢ ) | dx, we have 
dx J 


[+ (GB Pae=76), 
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whence. 4 hs (2 ae ‘dio HEMEL Ve aN Re (38). 


But, since ay 


daz 


= tan ¢, the above becomes 
soc oda = f’(d) dd, 
dex = cos $f"(d) dg, 
a= | cos of"(d) a, 


and in like manner employing for s the equivalent formula 


s= {1+ (3 i dy, we find 
y = | sin gf) 
which agree with the previous expressions. 


Another consequence ane also be noted. From (38) we 


have {1+ (GH) | =/'() 2 


Therefore Py =f"(>). 


Now the first member being the expression for the radius of 
curvature p of the given curve, we have 


ARKO iad lunge. (39). 


Thus the radius of curvature is determined, 
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12. Given the ordinary, to deduce the intrinsic equation 
of a curve, ’ 

The values of s and ¢ having been first expressed in terms 
of the co-ordinates, it only remains to eliminate those co- 


ordinates between the two equations thus formed and the 
equation given. 


Ex. ‘To determine the intrinsic equation of the equi- 
angular spiral. 


The polar equation of the curve being r= Ce™, the arc s 
beginning from @=0 is, by ordinary integration, found to be 


2 ae 
m* +1)” 
s= g m+)" 


ay ae 
ra (€ i, 


Again, as the curve cuts all its radii at the same angles the 
deflection of the are between two radii vectores is equal to the 
angle between the radii themselves. Hence the deflection of 
the are beginning with 6=0 is measured by @. Therefore 
= 0, and the intrinsic equation becomes 


s= g (m+ 1)" (em a 1} 
ne 


From this it appears that any intrinsic equation of the form 


sd, 1) a ee (40) 


will represent an equiangular spiral. 


Given the intrinsic equation of a curve, to deduce that of its 
evolute. 


Considering the given curve as formed by the unwinding 
of a string from its evolute, any are of the former may be said 
to correspond to that are of the latter by the unwinding of 
the string from which it is formed. Thus if s’, ¢' represent 
elements of the evolute corresponding to s, @ in the given 
curve, then the origin of s’ is that point of the evolute whose 
tangent forms the radius of curvature at the origin of s, 


This premised, it is evident that we shall have 


$ = ¢. 
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For the extreme differential elements of the are of the evolute 
are respectively perpendicular to the corresponding extreme 
differential elements of an arc of the given curve. Hence the 
inclination of the former being equal to that of the latter, the 
value of ¢ is the same ior both. 

Secondly, any are of the evolute is by a known property 
equal to the difference of the radii of curvature of the ex- 
tremities of the corresponding arc of the given curve. Hence 
if p, represent the radius of curvature at the origin of the 
given curve, we shall have 


s=p—p,=f'(¢)—f'(0), by (39), 
and, substituting ¢’ for ¢, 
s=f'($) —f'(0). 
Dropping the accents, we may therefore affirm that if the 
intrinsic equation of a curve is s=/f(¢), that of its evolute 


will be s=f'(¢) —f'(0). 
Ex. The intrinsic equation of the logarithmic spiral is 
s=a(e™—1). Hence that of its evolute is 
s=mae™ — ma 
= ma (em? — 1), 
which also denotes a logarithmic spiral, 
Given the intrinsic equation of a curve in the form s=/ (¢) 


wherein f(f) vanishing with ¢ is supposed capable of expan- 
sion in the form 


Sf ($) =A,P +A? + AP? + KO. ..cceeeee (41), 
required the general intrinsic equation of the involute. 


As to any curve there belong an infinite number of invo- 
lutes depending on the different values given to that initial 
tangent to the curve which forms the initial radius of curva- 
ture of the involute, we shall represent the arbitrary value of 
that initial tangent by C. 


Now if s = /'(¢) be the intrinsic equation of the involute, 
we have by the last proposition 


Fg) -F'(0) =f). 
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But F’(0), being the initial radius of the curvature of the in- 
volute, is equal to C. Hence the above equation may be 
expressed in the form 


dF '(d) 
dd =f (¢) i C,; 
whence F(¢) =/7@) do+Cp+ C' 


ae + Ch+C'. 


Hence F(¢) vanishing with ¢, we must have C’=0. Thus 
the intrinsic equation of the involute, under the condition 
that its initial radius of curvature is a, will be 


If, for distinction’s sake, we represent the are of the invo- 
lute by s’, the equation may be expressed in the form 


It is to be remembered that the lower limit of the integral 
is 0. 


The following proposition from the memoir of Dr Whewell 
referred to, will illustrate the application of the above theo- 
rems. 


Let any curve be evolved, and the involute evolved, and 
the involute of that evolved, beginning each evolution from 
the commencement of the curve last formed, and with a “rec- 
tilineal tail” which is of constant length for all. The curves 
tend continually to the form of the equiangular spiral. 


Let s, s,s", &c. be the successive curves, @ the angle which 
is the same for all, and let the tails represented in fig. 3, by 
AA’, A'A", A" A’, &e. be each equal to a. 
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Then representing the equation of the given curve by 
s=/f ($), we have for the first involute the equation 


s = [(ats) dp=ag+ (71) as, 


a = [(a+s) dp = ap + +{[F@) d¢?, 


sta [lars dpa ap +18 + 755+ ||[ fae 
and in general 
n tom a ip” i. i 
sm apt 4 OP SP 4 | (9) ap... 


Now giving to f() the form (41), we have 


iS - A n+1 le nt2 
[ro dg =a aa treat 


We see then that the first » terms of the expression for s in 
terms of ¢ are unaffected by the form of the function /(), 
while those which remain are affected with coefficients which 
tend to 0. Thus the limiting form of (44) becomes 


n) a ap® 
gi = ap + 9h 4 OP + he, 
ACE ee eee ee (45) 


Now this is the equation of an equiangular spiral. 


EXERCISES. 
1. Determine the curve whose subtangent varies as the 
abscissa. 
9. Determine the curve whose normal varies as the square 
of the ordinate. 


8 Shew that the curve in which the radius of curvature 
varies as the cube of the normal is a conie section. 
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4. Find a curve in which the length of the are is in a 
constant ratio to the intercept cut off by the tangent from the 
axis of x. 


5. Shew that the above is a particular case of curves of 
pursuit. 


6. Find the orthogonal trajectory of a system of circles 
touching a given straight line in a given point. 

7. Find the orthogonal a of the system of ellipses 
defined by the equation _ +4, i =1, 6 being the variable 
parameter. 

8. Find the equation referred to polar co-ordinates of the 
curve in which the radius vector is equal to n times the 
length of the portion of the tangent intercepted between the 


point of contact and a straight line drawn from the pole to 
meet the tangent at a given angle. 


9. Required the form of a pendant in Gothic architecture 
supposed to be a solid of revolution, such that the weight to 
be supported by each horizontal section shall be proportional 
to the area of that section. 


10. Required the curve in which s = aa”. 


11. A curve is defined by this property; vz. that the 
radius of curvature at any point is a given multiple (n) of the 
portion of the normal intercepted between the point and the 
axis of abscisse ; prove that the length of any portion of the 
curve may be finitely expressed in terms of the ordinates of 
its extremities. (Cambridge Problems, 1849.) 


12. Find a differential equation of the first order of the 
curve whose radius of curvature is equal to n times the nor- 
mal, and shew that this is always integrable in finite terms if 
m be an integer. 


13. Shew that if n=2 the curve is a cycloid, ifn=la 
circle, if n= —1 a catenary. 


14. The curve whose polar equation is 7” cos m6 = a™ rolls 
on a fixed straight line. Assuming that straight line as the 
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axis of a, shew that the locus of the curve described by the 
pole of the rolling curve will have for its equation 


(Frenet, Recueil d’ E-ercices sur le Calcul Infinitésimal.) 


Norz. To solve preblems like the above, we observe that if RT'S, Fig. 4, 
represent the given curve rolling on the given line OX, and APC the curve 
described by the pole P, then taking OX for the axis of x, and putting OM=z, 
MP=y, the straight line PT joining that pole with the point of contact will be 
a radius vector of the given curve, but a normal of the described curve. Hence 


ray/ 1 + ey sont ebor Soot (a). 


Again, PM is the perpendicular let fall from the pole upon the tangent of 
the given curve, but the ordinate y of the required curve. Hence 


rdé 
ar do 0) Maso s sais asnopiset (0). 


By means of (a), (b), and the equation of the given curve, eliminating r 
and 6, we obtain the differential equation of the curve sought. 


15. In the particular case of m=4 the rolling curve will 
be a parabola, the pole its focus, and the described curve a 
catenary. 


16. If m=2, the rolling curve is an equilateral hyperbola, 
the pole its centre, and the described curve an elastica. 
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ORDINARY DIFFERENTIAL EQUATIONS WITH MORE THAN 
TWO VARIABLES. 


1. THE class of equations which we shall first consider in 
this Chapter, is represented by the typical form, 


Pda + Qdy'+ Rdz = 0.2. ...01i eee eans (1), 


P, Qand & being functions of the variables a, y, 2; and it 
is usually termed a total differential equation of the first order 
with three variables. 


Possibly the first observation suggested by the examination 
of this form will be, that it does not answer to the definition 
of a differential equation, as the expression of a relation in- 
volving. differential coefficients, Chap. 1. And certainly it 
does not exhibit their notation. If, however, we attempt to 
attach a meaning to the general form (1), we shall perceive 
that the idea of a limit is involved essentially. And if we 
study its origin, we shall see that this idea may be expressed, 
here as elsewhere, in the language of differential coefficients. 

For (1) is not understood as implying simply that the 
expression, 

PAa -'QAY AAS syahes. tea eee (2), 


approaches to the value 0 when the increments Aw, Ay, Az 
approach that value, true though it be that the vanishing 
of the increments causes that expression to vanish with them. 
But what (1) is always understood to express is, that in the 
approach to the limiting state, (2) tends to vanish in conse- 
quence of the ratios which the increments Aw, Ay, Az tend 
to assume; it is, that’ if we represent (2) in any of the 
equivalent forms 

P&a+ QAy+ RAz re PAx+ QAy + RAz 

Ax : Ay 

the limit of the ratio expressed by the first factor of each is 0. 
Andthe problem of the integration of (1), is that of the discovery 


Ay, &e, 
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of the possible relation or relations among the primitive vari- 
ables which will secure this result, supposing Ax, Ay, Az to 
be so restricted as to preserve such relations unviolated. 


Now whether the primitive variables are connected by one 
equation or by two simultaneous equations (we cannot sup- 
pose them connected by three equations without making them 
cease to be variable), the relation (1) is fully expressible in the 
language of differential coefficients. If there exist one primi- 
tive relation which, as we shall hereafter see, can only happen 
under particular circumstances, then | 

dz dz 


while (1) is presentable in the form 


P 
dz =—*, da — © dy, 


Hence, since dx and dy are independent, we have 


dz Um. 


den BR dy 7 Re (3), 


a system which in the supposed case is equivalent to (1). On 
the other hand if, as will usually happen, two simultaneous 
equations connect the primitive variables, e.g. 


(ey, 2) = 0) An (@, 4,2) 0... edene (4), 


then, since we have 


db dd AD. 

is dx + er dy + as dz=0, 
dw dw dy, 
res, dy + 7 dz=0, 


the elimination of dx, dy, dz between these and the original 
equation gives 


p (Ab oe SoSb) 49 (eae) 


) dydz dz dy dz dx dx dz 
db dap av) ; 
+h be dy = dy ae Oe are ae eos (5), F 


| : B.D.E, 18 
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a result which is equivalent to (1), but is expressed in the 
language of partial differential coefficients. As it constitutes 
but a single relation between two unknown functions ¢ and f, 
one of the two may be considered arbitrary, and a particular 
form being given to it, we should have a partial differential 
equation for determining the other. 


We propose indeed to discuss the equation (1) under its 
actual form, but it is not unimportant to shew that it con- 
stitutes no real exception to the definition of a differential 
equation. Treated by the methods proper to partial differ- 
ential equations, the forms (3) and (5) lead to the same 
solutions as those investigated in this Chapter. 


2. The foregoing remarks admit of geometrical illustrations. 


If x, y,z and w«+Az, y+Ay, 2+ Az are the co-ordinates of 
two points, the value of the expression PAx + QAy+ RAz, 
where P, Q, £& are given functions of a, y, z, will depend 
solely upon the positions of the points. 


If we suppose the second point to approach the first along 
any path, the value of the above expression will approach to 0, 
in consequence of the quantities Aw, Ay, Az approaching to 0, 
and independently of the ratios which they assume in vanish- 
ing. But this is not in accordance with the understood 
meaning of the equation (1). 


The increments therefore not being independent, either they 
are connected by one relation, in which case one point being 
given the other must lie on the surface which that relation 
determines, and its approach to the first must be made along 
that surface, but is in no other way restricted ; or the incre-= 
ments are connected by two relations, and then, the first point 
being given, the second must be on the line determined by 
those relations, and its approach to the first must be made 
along that line, and therefore in a definite path, 


3. These considerations suggest to us the following ques- 
tions for analysis, viz. : 
_ Ast. Under what circumstances is the solution of the equa+ 
tion Pdx + Qdy + Rdz = 0 .expressed by a single relation be- 
tween the primitive variables—a relation which with the 
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arbitrary constant of integration will represent a family of 
surfaces ;—and how is such a relation to be determined ? 


2ndly. How is the solution to be pptaged when the above 
condition is not satisfied 2. 


These questions we shall next consider. 


The equation Pdx + Qdy + Redz = 0, derivable from a single 
primitive. 
From the given equation, we have 


D 
rege ae Fee eee (6). 


But the existence of a single primitive involves the sup- 
position that z is a function of « and y, and therefore that 
we have 


a OR Go oR ets Sa RUS feien 338 (7) 
Hence, if Hs and a do not contain oe we have, by the 
property of differential coefficients, y 
adP_dQ 
dy Rh dn BY 


Should however - and © both or either of them contain z, 


then, because we can still regard them as ultimately functions 
of x and y, for zis such by hypothesis, we must change the 
above into 

dP .dz 4. P dQ. dzd-@ 

dy k* dydzR ~ da R” da dz R” 
dz den eas : 
Fe and aE their values given 
in (7), effecting the differentiations, and reducing, we have 

dQ_ aR), g(dR_aP) , p (4P_40), 
P(t: -F)+ O(a ae) BG ze) 79 
an equation of condition which, when identically satisfied, 
18—2 


Lastly, substituting here for 
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indicates, that the proposed equation admits of a single pri- 
mitive. 


4. To deduce the complete primitive of the differential 
equation Pdx + Qdy + Rdz=0 when the equation of condition 
(8) ts satesfied. 


The supposed primitive involving all the variables z, 
y, %, it is evident that if we differentiate it on the hypothesis 
that z is constant, we shall arrive at a result equivalent to 
Pdx + Qdy=90. It is also evident that if the primitive con- 
tained a function of z for one of its terms, that term, whatever 
the form of the function might be, would disappear in the dif- 
ferentiation. 


Conversely then if we integrate the equation 
Lae Qdly 20 «ans se-a0t ee (9), 


regarding z as constant, and adding in the place of an arbitrary 
constant an arbitrary function of 2, we shall arrive at a result 
which will necessarily include the complete primitive, and in 
which it will only remain necessary to determine what form 
must be given to the arbitrary function of z. 

Thus, if the integrating factor of (9) be pw, and if, assuming 
z constant, we write 


<0 hy dV 
pw (Pdx + Qdy) = ae de + —— a dy, 
then will the complete primitive be of the form 
Ve G@) cnn eee eee (10), 


in which it only remains to determine ¢ (¢). And this will be 
done by differentiating with respect to all the variables and 
comparing with the given equation. 


Differentiating (10) then with respect to x, y, 2, and trans- 
posing, we have 


dV dV dV dd (z) 
Pier as le ae Nt de=0, 
whence 


(Pie + Oy) + FO} ae =o 
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| Now by the given equation, Pdx + Qdy=—Rdz. Substi- 
|  tuting, and rejecting the common factor dz, we have 


dV dd(z) 


3 = EBs de 
whence 
dp (z) _ dV 
ap = Ete emer rcccrese gregeeee Gl); 


the second member of which must, on the hypothesis that a 
single primitive exists, be reducible to a function of z by 
means of (10). The solution of the equation thus reduced 
will determine ¢ (z), the value of which substituted in (10) 
will give the complete primitive. 


Although we are fully entitled to affirm that the equation 
determining ¢(z) must, whenever a single primitive exists, 
be reducible to a form not involving x and y; it may be 
proper to verify this conclusion a posteriort. 


Let us then inquire under what condition the function 
o pw can be freed from both # and y by means of the 
equation V=¢(z). Evidently this can only be the case when 
aS wR and V are so related that, considered with respect to 


x and y alone, the one is a function of the other. Thus we 
have by the equation of condition (Prop. 1. Chap. £1.) 


Aes a aS )- 5 5 (- R) =0 
da iy (de dy da \ dz ee a 
or 
aV.@V: dV &@V aR dV. ates) 
dat dzdy dy deda* (a dy dy dx 
dVdu dV dp 
+R( pean 7a) 0......(12). 


Now since c= (es a7 #Q, we have 
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Heady as wea d 
de dey: dy dedio Pode Ce aeeae 


i POS SGP 
Be (po a es) een (18). 
Thus also 
dRdV dRdV at nak | 
Sc ee ee —— — PP } vevess 14). 
er dy dy sa (2 dx Pay ue 
Lastly, 
» (AV du aT du an) 
See See oy (oc; ay) (15). 


But since p is the integrating factor of Pda + Qdy we have, 
by Chap. 'v. Art. 1, 


dp ap dP -) 
| preter Heel ra 
which reduces (15) to the form | 

(aVdy adV ap 1 /aP oo) 

(ay ae Tae age ME ga ae ee ccccce (16). 


Substituting these values in (12) and rejecting the common 
factor »’, there results 


ped d dk &P .\7,4Q 


PR dR 
Ea: gr de idly tp eet 
or 
dQ aR MEG He dP ae) = : 
PT ay) (ae as) TB Gy ae) Os 


and this is identical with the equation of condition (8). The 
conclusion is therefore established. 


It follows also that it is not necessary in any proposed case 
to apply directly the above equation of condition. It is im- 
plicitly involved in the very process of solution. 


5. The results of the above investigation are contained in 
the following Rule. . 
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Rute. Integrate the proposed equation on the hypothesis 
that one of the variables is constant and its differential there- 
Sore equal to 0, adding an arbitrary function of that variable 
mm the place of an arbitrary constant. Then differentiating 
with respect to all the varvables, determine the arbitrary func- 
tion by the condition that the result of such differentiation shall 
be equivalent to the equation given. The equation expressing 
such condition will, if a single primitive earst, be reducible b 
previous results to a form in which no other variable than the 
one involved in the arbitrary function will remain. 


Ex. 1. Given (y+a)’*dx+zdy —(y+a) dz=0. 


Here P=(y+a)’, Q=z, R=—y-—a, values which identi- 
cally satisfy the condition (8). The equation therefore admits 
of a single complete primitive. 


Regarding z as constant we have first to integrate the 
equation 
(y + a)? dx + zdy =0. 


Dividing by (y +a)’, we have 


zdy 
dx a (y +a) => 0, 
the solution of which is 
z 
as oer ae ¢ (2), 


¢ (2) being an arbitrary function of 2 introduced in the place 
of an arbitrary constant. 


Now, differentiating with respect to all the variables, we 


have fe) 
z 1 dd (z zx 
dea tog is | =O, 


or tal de + edy— {ya yap FO} de=0, 


which agrees with the equation given, if we have 


—yto)=— {year ya FO}, 


Ap lz) _ 
a 0. 


or ; 
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Here then ¢(z) =c and the complete primitive is 


“Ze 
sf 


If we commence by regarding y as constant we obtain by 
a first integration 


z—(y+a)x= oly), 


whence, differentiating and comparing with the given equa- 


tion, 
dp(y)__2 
dy  yta™ 
This equation involves both « and y, but it is reducible by 
the previous one to the form 


dp (y) _ d(y) 


dy yt+a’ 
—doty)_ a 
= $y) yta’ 


of which the integral may be expressed in the form 
$(y) =b(y +a), 
b being an arbitrary constant. Hence, finally, 
z= (y+a)a+b(y+a) 
= (y+a) (w+), 

and this is equivalent to the former result (a). 

Ex. 2. Given zdz + (« — a) da = {h?— 2 — (x — a)*}4 dy. 

Integrating as if y were constant we have 


oe & a) = GY) CRN seocnec ae (a). 
Differentiating and comparing with the given equation, 
1 dd (a ac 
3 = {h? — 2? — (a — a)*}3 
= {— p(y}, by @. 
— dg (y) 


eT 
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Therefore integrating 


4 (y= —y +8, 
6 being an arbitrary constant. Hence determining ¢ (y), and 
substituting in (a), we have finally 
2+ («—a)’?+(y—byP=h’, 
where 6 is arbitrary. 


Homogeneous Equutions. 


6. When the equation Pdx + Qdy + Rdz =0 is homoge- 
neous with respect to 2, y, z, its solution will be facilitated by 
a transformation similar to that employed for homogeneous 
equations with two variables. 


Assuming x = uz, y = vz, we obtain by substitution a result 
of the form . 


DE Mut Nav ecescsssieceee (18). 


If LZ be equal to 0 this simply gives 
Mdu + Ndv = 0, 


which can always be made integrable by a factor. If Z be 
not equal to 0 we have 


dz M N 
Sy ety; 


and here the first member being an exact differential the 
second will be such also if a complete primitive exist. After 


g 


integration, w and v must be replaced by their values = eS 


Ex. 3. Given (ay — bz) da + (cz — ax) dy + (ba — cy) dz=0. 
This equation satisfies the equation of condition (8), 
Assuming x= uz, y = vz, it becomes simply 
(av — b) du — (au—c) dv= 0, 
du dy 


43 au—c av—b’ 
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the solution of which is 
au—c¢ 
av —b 

whence the complete primitive sought will be 


mg! 


Ex. 4. Given 
(y+ ya +2) de +(x" + a2 +2") dy + (a +ay+y’) dz=0. 
Assuming «= uz, y = vz, we have on reduction 


dz (+41) dut+(wt+utl) dv 


2 (&#+vtl)(mwtutr ?’ 
es dz du+dv _ (v+1) dut+ (ut+1) dv 
2 wu+vaed UtuUuty z 
whence integrating 
utv+1 
log # =dog sara C. 


Finally we have 
xy + x2z+ yz = 
L+yte 
for the complete primitive. 


> 


The last two equations might have been integrated without 
preliminary transformation. (Lacroix, Tom. I. pp. 507—510.) 


Integrating factors. 


7. The equation Pdx+Qdy+Rdz=0 can also, when ~ 
there exists a single complete primitive, be integrated by 
means of a factor. 


If » be that factor, then, since the expression 
pPdx + wQdy + pRdz 
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must be an exact differential, we must have 
d(uQ)_d(uR) d(uR)_d(uP) 


dz: qe de ee 
d(uP) _ d(xQ) 
dy de” 


equations to which we may give the forms 


off Rf + 4(i2- 2) ~0 
a re, “(G-z) no 
Pe Qty a(S a) =° 


Multiplying these equations by P, Q, and R, respectively, 
adding, and dividing by p, we have 


dQ Be dR dP dP 40) _o 
Blea ye O Fe ae) Bae gs --(19), 
the same equation of condition which was before obtained. 
When this equation is satisfied a particular form of the 
factor » will frequently suggest itself. 
1 1 1 
(ay — bz)? (cz —ac)*’ (ba — cy)” 
are integrating factors, In Ex. 4 the functions Gavel 
1 


(ay + a2 + yey 


In Ex. 3 the functions 


and. are integrating factors. 


Equations not derivable from a single primitive. 


8. To solve the equation Pdx+ Qdy + dz =0, when the 
equation of condition (8) is not satisfied, 
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In this case the solution consists of two simultaneous equa- 
tions between a, y, 2, one of which is perfectly arbitrary in 
form. ‘ 


For representing an assumed arbitrary equation in the form 


F (ey ay 2) = U as teeeneee Wis saeesdneen (20), 
and differentiating, we have 


ax 


; Yy Z 


Now these two equations enabling us, when the form of 
S (a, y, #) is specified, to eliminate one of the variables and 
its differential, e.g. z and dz, from the equation given, permit 
us to reduce it to the form 


Mdx + Ndy =0, 


M and N being functions of z and y. Solving this, we obtain 
an equation involving an arbitrary constant, and this equation 
together with (20) will constitute a solution. By giving dif- 
ferent forms to f(x, y, 2) every possible solution may be ob- 
tained. What asolution thus found represents in geometrical 
construction is the drawing, on a particular surface, of a 
family of lines, each of which satisfies at every point the con- 
dition Pda + Qdy+Rdz=0. Now dx, dy, dz are propor- 
tional to the directing cosines of the tangent line. Hence the 
geometrical problem may be represented as that of drawing on 
a given surface a°family of lines, in each of which the direct- 
ing cosines: cos ¢, cosy, cos y at any point shall satisfy the 
condition 


Pos 6 + Q cos e+ B cosy =O. eceeeceeeee (21). 


Ex. Required the most general solution of the equation 
a i 5 
xdx + ydy +e (1 seats? y,) a= 0 yoases tale 


which is consistent with the assumption that it shall represent 
a series of lines traced upon the ellipsoid whose equation is 
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Tt will be found that (a) does not satisfy the equation of 
‘condition (8). 


Differentiating (b), we have 


Seer ay de | 9 
a b Cc 
2 
whence ae S + vy) 
z\a b 
a b 


2 


(1 a } 
and this reduces (a) to 


xdx + ydy —C (= + yd. ) V2 a Se (er 


a" b 2 


the integral of which is 


indicating that the projections of the proposed family of lines 
will be a certain series of central conic sections, 


If a=b=c=1 the proposed equation admits of a single 
primitive, viz. 2*+y?+2?=1. And any line traced on the 
surface of which this is the equation will satisfy the differen- 
tial. equation ; for the equation (c) by which the lines are 
ordinarily determined is now reduced to an identity. 


The above method of solution is due to Newton. Monge 
has however remarked that the general solution may be ex- 
pressed by the equations (10) and (11) of Art. 4, viz. by the 
‘simultaneous system 


EH 6 ls. adhcauas (23), 


where isthe integrating factor, and V the corresponding 
integral of the,expression Pda + Qdy. It is indeed shewn in 
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that Article that (22) does satisfy the differential equation 
provided that the condition (28) is satisfied. But there is no 
practical advantage in the employment of Monge’s form. 
Applied to the problem of drawing on a given surface lines 
satisfying the condition expressed by the differential equation, 
it makes the determination of the arbitrary function ¢ (4) 
itself dependent on the solution of a differential equation. 

Thus in the example last considered we have, on giving to 
p the value 2, 


J x 2\ 1 
Vaa't+y, R=e( J ant) t 
so that the general solution assumes the form 
a+ y= $ (2) 
oe a Ae 
—20(1- 5-5 = (2). 


To apply this to the problem of drawing lines satisfying the 
conditions of the problem on the ellipsoid 


it is necessary from the above three equations to eliminate 
z and y. From the second and third which here suffice, 


we have 
— 22 = ¢'(z), 
whence f(z) =—- 240. 
Therefore aft Bax C inchs ssvnaaecnaeene een (f). 


The particular solution sought is therefore expressed by the 
equations (e) and (/), which are together equivalent to the 
previous solution expressed by (0) and (d). 


Total differential equations containing more than three 
variables. 


Ve) It will suffice to make a few observations on the equa- 
tion with four variables 


Pdx + Qdy + Rdz + Tdt =0 ..ccsssevvee (24), 
and to direct attention to the general analogy, 


le tn is ng onder rah A dah 


(Tetons 


one eee oe ee 
ee tht Ete IG, ua me 7 
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Writing the above equation in the form 


P R : 
dt = Fla 8 by Fda cs sssssess (25), 


it is evident that, in order that it should be derivable from a 
single primitive, we must have 


(a) 2° (iG) » (@)2- Ge) (@)a-@) 


where i refers to # not only as appearing independently, 


C 


but also as implicitly involved in ¢; and so on for the rest. 


: ; ae paythiy dt dt 
Effecting the differentiations, and substituting for dé rh ; 
a their values implied in (25), we have 
dQ dP dT d ] dP a u 
a sath gasteae + (Fz -—) =0 
dk dQ MEM dQ A h 
Bay alt ae a) t Pla a) =o p29 


dP dk al ar ak. aT 
tT, aa) lear a ek) =0| 

which are the equations of condition of existence of a single 
complete primitive. 


It is evident from the symmetry of the problem that the 
equation 


dQ dR aoe) dP a) 
Ba) Ge a) BG neo 
must also hold here. But this is not a new condition. It 
may be deduced from (26), by multiplying the respective 
equations of that system by £, P, and Q, and adding the 
results, 


ee ee ee ee ee 
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It is obvious that when there exist n variables, the num- 
(n — 1) (n—2) 
9, , 
being the number of ways of equating two partial differential 
coefficients in a system in which 2 — 1 are contained. 


ber of independent equations of condition is 


The solution of any such equation may be effected by an 
extension of the method adopted for equations with three 
variables. We must integrate as if all but two of the varia- 
bles were constant, adding, in the place of an arbitrary con- 
stant, an arbitrary function of the variables which remain. 
This function we must determine by differentiating with re- 
spect to all the variables, and comparing with the equation 
given. Ifa single primitive exist, such determination will be 
possible. Ifa single primitive do not exist, we must, follow- 
ing the analogy of the corresponding case for three variables, 
endeavour to express the solution by a system of simultaneous 
equations. And such is indeed its general form. Pfaff, in 
a memoir published by the Berlin Academy 1814—15, has 
shewn that, according as the number of variables is 2n or 
2n+1, the number of integral equations is m or »+1 at most. 
His method, which is remarkable, consists of alternate inte- 
grations and transformations. For important commentaries 
and additions see Jacobi (Werke, Tom. 1. p. 140), and Raabe | 
(Crelle, Tom. X1v. p. 128). 


Ex. Given (27+7°+ 2ay,—y,)da+ 2aydy—ady,+2x°dy, = 


If we suppose the variables y,, y, constant, we have to in- 
tegrate 


(Qe+y*+ 2xy,—y,) du + Saydy = 0, 


rittelt on substituting an arbitrary function of y,, y, repre- 
sented by ¢, for an arbitrar y constant, gives 


x" + xy” + a"y, — xy, = >. 
Differentiating with respect to all the variables, we have 
(2x +y' + 2ay,— y,) dx + 2xydy —ady, + a*dy, 


_ db db 
magi dy Tay, dy,. 


ART. 10.] EQUATIONS WITH MORE THAN THREE VARIABLES. 289 


Comparing this with the given equation, we have 


dd dp, _ 
ye pee 
j whence ¢=c and the solution is 
2 ny? + ale, — DY Osa Hees ences (a). 


Had we begun by making wand y constant, we should have 
had as the result of the first integration, 


¢ denoting a function of wand y. Differentiating with respect 


to all the variables and comparing with the given equation, 
we should find 


dp =— (2x+ y") dx — 2xy dy, 
whence p=—x—ay’+¢, 


| the substitution of which in (b) reproduces the former solu- 
tion (a). 


Liquations of an order higher than the first. 


10. When an equation of the form 
Ada*® + Bdy? + Odz+ 2Ddydz + 2Hdxdz + 2hdady =0...(28) 
| is resolvable into two equations each of the form 
Pdxz + Qdy + Rdz = 0, 


the solution of either of these obtained by previous methods, 
wili be a particular solution of (28), and the two solutions 
\ taken disjunctively will constitute the complete solution, which 
| is therefore expressed by the product of the equations of 
| these solutions, each reduced to the form V=0, 


The condition under which (28) is resolvable as above, is 
| expressed by the equation 

ABC+2DEF— AD — BE’ — CF’=0......... (29). 
B,D. E. ; 19 
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This is shewn by solving (28) with respect to da, and 
assuming the quantity under the radical to be a complete 
square. 


Thus, the equation a°dx’ + y’dy’ — edz’ + 2aydady = 0, 
which will be found to satisfy the above condition, is resolv- 
able into the two equations 


xda + ydy + edz = 0, axdx + ydy — zdz =0, 
whence 2’+y'+2=c... (a), v+y—v=c (0). 


Geometrically the solution is expressed by lines drawn in 
any manner on the surface, either of the sphere (a), or of the 


hyperboloid (0). 


When the condition (29) is not satisfied, the proposed 
equation does not admit of a single primitive, or of any dis- 
junctive system of primitives. But it does in general admit. 
of a solution expressed by a system of simultaneous equations. 
Thus, if we integrate the equation dz* =m’ (da*+ dy’), sup- 
posing # constant, we find z=my-+ C, or, replacing C by a 
function of a, 


On substitution and integration, we find that this will 
satisfy the proposed equation if we have 


2y =m [ars — 5 $e) te Bh: ake 


the system (c) (d) will therefore constitute a solution of the. 
equation given. We enter not into the question whether it is 
the most general solution or not, proposing merely to exem- 
plify the kind of solution of which the equation admits. 


' To this we may add that all equations which do not satisfy 
the conditions of integrability, though they may present 
themselves in the form of ordinary, have a far more intimate 
connexion with partial differential equations; and that this 


connexion affords the best clue to the solution of their theo- 
retical difficulties, 
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EXERCISES. 


da dy dz 


ereg ea =0. 
2-a y—-b zg-c¢ 


(* — 3y — z) dx + (2y — 32) dy + (2-—a) dz=0. 
(y+2)de+(e+2) dy+ (x+y) dz=0. 

yedx+ zxdy + axydz=0. 

(y +2) dx + dy+dz=0. 

arypa'da + bzady + cx*y*dz = 0, . 
(a?y—y—y'2) dx + (ay — x2 —x°) dy+ (ay +a°y) dz= 0. 
(2a? + Qay + 2x2? +1) dx + dy + 2zdz = 0. 


aa a CA a 


(22 + y° + 2x2) dx + 2xydy —dw+ a’ dz =0. 


10. Is the equation (1 +2m) adx+y(1—«) dy+z2dz=0 
derivable from a single primitive of the form ¢ (a, y, z) =c? 


11. Shew that any system of lines described on the surface 
of the sphere 2°+7°+2?=7", and satisfying the above equa- 
tion, would be projected on the plane xy in parabolas. 


12. Shew that Monge’s method would, if we integrate 
first with respect to « and z, present the solution of the equa- 
tion of Ex. 10, in the form 


(L+2m)a?+2=(y), 2y(1—«)=—¢ (y). 


13. Applying this form to the problem of Ex. 11, form 
and solve the differential equation for the determination of 
¢(y), and shew that it leads to the result stated in that Ex- 


ample. 


14. Find the equation of the projections of the same. 


system of curves on the plane yz, 
19—2 
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CHAPTER XIII. 


SIMULTANEOUS DIFFERENTIAL EQUATIONS. 


1. WE have hitherto considered only single differential 
equations. We have now to treat of systems of differential 
equations, 

Of such by far the most important class is that in which 
one of the variables is independent and the others are depend- 
ent upon it, the number of equations in the system being 
equal to the number of dependent variables. Thus in the 
chief problem of physical astronomy—the problem of the 
motion of a system of material bodies abandoned to their 
mutual attractions—there is but one independent variable, the 
time; the dependent variables are the co-ordinates, which, 
varying with the time, determine the varying positions of the 
several members of the material system; while, lastly, the 
number of equations being equal to the number of co-ordinates 
involved, the dependence of the latter upon the time is made 
determinate. 


Such a system of equations may properly be called a deter- 
minate system. 


We propose in this Chapter to treat only of systems of 
equations of the above class. And in the first instance we 
shall speak of simultaneous differential equations of the first 
order and degree, beginning with particular examples, and 
proceeding to the consideration of their general theory. 


Particular Illustrations. 


2. The simplest class of examples is that in which the 
equations of the given system are separately integrable. ~ - 


Ex. 1. Given ldx+mdy+ndz=0, adx+ ydy + 2dz=0. 
Integrating separately, we have 


lic + my + nz=e, e+ Pre=ac; 


and these equations expressing the complete solution of the 
given system may be said to’constitute the primitive system. 
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Another class of examples is that in which, while the equa- 
tions of the given system are not all separately integrable, 
they admit of being so combined as to produce an equivalent 
system of equations which are separately integrable. 

: CED vy dy 
oe +—=1,-2 

Ex. 2. Given ape st ‘r 

Here the first equation alone is separately integrable, and 
gives 


2x 


t ¢ 


al ta (a). 
Also by addition of the given equations, we have 
da + dy _ 
ime ee? 
therefore ae ody 0, 
x+y 
OD EU med te Cee sepals epadedi, tao elig sien (b). 


The primitive system is therefore expressed by (a) and (8). 


In both the above examples we see that the number of 
equations of the solution is equal to that of the equations of 
the system given, and that each equation of the solution in- 
volves a distinct arbitrary constant. And it is evident that 
this must be the case whenever we can combine the given 
equations into an equivalent system of integrable equations of 
the first order. But as we have not proved that such combi- 
nation is possible, the following question becomes important, 
viz. what is the nature of the solution of a system of simulta- 
neous equations of the first order and degree ? 


This question will be considered in the next section. 


General theory of simultaneous equations of the first order 
and degree. 


3. We shall seek first to establish the general theory of a 
system composed of two equations between three variables, 
and therefore of the form 

Pdx + Qdy + Rdz = 0, ) (1) 
P'de+ Qdy+R'dz=0,) ose er reereees ) 
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the coefficients P, P’, &c. being functions of the variables, 
or constants. 


We design to consider the above system first, and with the 
greater care, because there is scarcely any part of the general 
theory which it does not serve to exemplify. 


Prop. The solution of the system (1) can always be made to 
depend upon that of an ordinary differential equation of the 
second order between two of the primitive variables, and %t 
always consists of two equations tnvolving two arbitrary constants. 


By algebraic solution of the system (1) we have 
RP’ — PR PQ — QP’ 

= es oats 49 d SS he Wau Tee re . 

dy On RG “= epg (2) 


As the coefficients of dx in the second members of these 
equations are functions of #, y, 2 we may express the reduced 
system in the form 


dy=¢ (x, y, 2) dx, dz=~W(a, y, 2) dz, 


whence, regarding w as independent variable, 


dy 

aye MKC AN ps EE Dy rte eS (3), 

dz 

ohias (ey Oe) Hawes gis bad Reet (4). 
Thus the given system enables us to ae a and = by 


known functions of a, y, 2. 


Now differentiating (3), still on the assumption that # is the 
independent variable and representing for brevity ¢ (a, y, 2) 


by ¢, (a, y, 2) by a, we have 
d’y dd as dp dy , dd dz 
da dx dy du” dz da? 


Metco dz. ; 
or substituting for a its value given by (4), 


d’y dd us dd dy 
dnt dx dy dx 
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2 ‘ 
This equation involves a and a together with the quan- 


d. 

I tities 4 se, - and »f, which are known functions of @, y, 
) andz. Hence eliminating z by means of (3) we have a final 
| ae wo dy ay re 

equation involving dn? dg ® and y. The complete primi- 
tive of this differential equation of the second order will enable 
us to express y as a function of x and two arbitrary constants. 
Suppose the value thus obtained for y to be 


Af = NES Cey. C2). sock asics ven nets Serdes (6). 
Then we have by virtue of (3) 
(ee 2) hE he Gh race ila (7). 
These two equations involving two arbitrary constants con- 
tain the complete solution of the system given. 
4, It is important to observe that the system (2) may be 
expressed in the symmetrical form 
; dx = dy dees 
QR-RY RP —PR PQY-QP" 
If we represent the denominators of the above reduced 
system by xX, Y, Z, it becomes 


This, then, may be regarded as the symmetrical form of a 
system composed of two differential equations of the first 
order. 

Again, the complete solution of such a system, as is expressed 
by (6) and (7), consists of two equations connecting the varia- 
bles x, y, 2 with two. arbitrary constants. If we solve these 
equations with respect to the constants, the solution assumes 
the form ; ? 

f,(@, Y, 2) =O, Py (A, Ys Z) HCgerveveeevensees (Oo): 
_ Thus a system of two differential equations of the first 
order may, without loss of generality, be presented in the 
symmetrical form (8), and its complete solution in the sym- 
metrical form (9). = 


7) 
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- 4. 
Ex. 1. Given 


(5y +92) da+dy+dz=0, (4y+3z) dx+2dy—dz=0. 
Here we find by algebraic solution 


ap eye PALE St (a), 
dz 
Fee DY — OB avankcserpbeceaeeutee (6), 
OY. on OY dz 
whence fe eames ay 
=-3% +8y +202, by (0). 
Eliminating z by (a), we have on reduction 


a, linear equation ae pia coefficients whose complete 
primitive is 


Equating the value of - hence determined with that given 
in (a) we have 
By +42 = Cer + TOE esc. (d). 
The complete solution is therefore expressed by (c) and (d). 
Theoretically it is of no consequence which of the primitive 
variables we assume as independent. But practically the 
question is of some importance as affecting the character of 
the final differential equation, 
Ex, 2. Given  —804y=0, @ gy =0. 
Differentiating the first equation we have 
Cn du Pa ign ine 


on ae ant a 


from which eliminating e by the second equation we have 
dx dix 
ae —3 di +e+y= 0. 


ART. 4.] PARTICULAR ILLUSTRATIONS. 297 


4, 
Hence eliminating y by the first equation 
Cn ee 
Integrating 


x =(C+ C't) & 
and this value of « substituted in the first equation gives 
| = (C— O'4+ C't) & 
The last two equations constitute the primitive system. 


We choose next an example in which the given system in- 
volves functions of the independent variable in the second 
members. 

dy 
6 = 
dt ee 
Here, differentiating the first equation, we have 


a Par tO 9 Y 


Ex. 3. Given ge +5xa—-—2y=¢, 


dt’ dt dt 
Eliminating 4 by the second equation of the given system, 
we have 
ahee dx 
ss a Dy = et Ot 
apt? di 2xe + 12y =e’ + 2e 


And, eliminating y by means of the first equation of the 
system, 
2p 
ae +117 i 7 + 28a = Tet + Qe, 
a linear differential eects of the second order whose solu- 
tion is 
if 1 
= —4t an a ZeSy (2) 
| a= Oe"+ Of iy ia + a7 © 
Hence, by the first of the rae equations, 
2 
a7 © 


The last two equations are the complete primitives of the 
system given, 


2y — 5a +e = —40, 70,4 Tet oe 
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5. Theabove theory may be extended to all systems which — 
are composed of n differential equations of the first order and 
degree connecting n + 1 variables. 

Assume a (independent) and @,, x, ...%, (dependent) as the — 
variables of the system. Then there exist n differential 
equations of the form 


Pd + Pde, + Prdaty ... + Pylltty =Qeeceereee (10), 


P, P., &. being functions of the variables. These equations 
exactly suffice to determine the ratios of the differentials dz, 
dz,,...dx,, and thus assume the symmetrical form 

dx dx, da. " dx 

way Sera! SE ras os Me ngs annem 11 

X WA ge TE (11), 


ea &e. being determinate functions of the variables. 


This premised, the solution of the system (11) depends upon 
the solution of a single differential equation of the n™ order 
connecting two of the’ variables. 


Let us select for the two x and a,. 
Now (11) gives 
des ke Oak ik eS 


dn Xt tdze XO? Ni ee 


Differentiate the first of these » — 1 times in succession, re- 
garding « as independent variable and continually substitut- 
. dx. AL, ‘ : 
ing for rN pee their values as given by the n—1 last — 


equations of the above system. We thus obtain, including 
the equation operated upon, n equations connecting 
de® “da dt 


with the primitive variables and therefore enabling us, Ist, to 
express the above n differential coefficients in terms of those 
variables, 2ndly, by elimination of the n —1 variables, x,, x,, 
+++ %n, to deduce a single equation of the form 


P(e, bs dr, da, da 2) 


dx? dat” dat ) = 


Os. eee 
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Now this being a differential equation of the n™ order, there 
exist, Chap. 1x. Art. 1, first mtegrals involving n distinct 
arbitrary constants and capable of expression in the form 


Loe Like Seer 
CEI: ep Te | 
E, (2, 5 ie a T=) aC L re aN (14). 


Cpe are, de = | 
(2, x, ae > de wes ae ae =) = C; J 


Waite. : pe ee AD, 
If in this system we substitute for 8 dt * a their 


values in terms of the primitive variables above referred to, 
we shall obtain a system of n equations of the form 


b, (L, Ly, Ly +++ Ly) = Cy | pas AY sets (15). 


ee 


This is the primitive system sought. 


And thus the following Propositions are established, viz. 
Ist, that a system of differential equations of the first order 
connecting n+ 1 variables is expressible in the symmetrical 
form (11). 2ndly, that its complete solution depends on that 
of an ordinary differential equation’ of the n order (13). 
3rdly, that that solution consists of n equations connecting the 
| primitive variables with » arbitrary constants and theoreti- 
cally expressible in the form (15). 

_ These very important propositions were first established by 
‘Lagrange, but the above demonstration of them is taken from 
a memoir by Jacobi*, 

It is not necessary, as is evident from the examples already 
given, actually to determine the n first integrals of the differen- 
tial equation (13). The complete primitive and the successive 
equations obtained from it by differentiation enable us to ac- 


* Ueber. die Integration der Ree Differential-Gleichungen erster 
ordnung. Orelle, Tom. u. p. 317, 
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complish the same object. Neither is it always necessary to 
proceed to differential equations of an order higher than the 
first. This point will be illustrated in the following sections, 


Linear equations of the first order with constant coefficrents. 


6. The characters here mentioned have reference only to 
the dependent variables which are the true unknown quanti- 
ties of the system. Thus the equation - 


d: d 
aT +b +on+ ey =$ (H) 


would be described as linear and with constant coefficients. 


The solution of any system of n such equations is by the 
foregoing general method reducible to that of an ordinary 
linear differential equation of the n™ order with constant co- 
efficients. And this method is in the two following respects 
the best of all, viz. 1st, because of its fundamental character, — 
2ndly, because it leads directly to the expression of the values 
of the dependent variables. 


The solution of such a system may however also be effected | 


by the method of indeterminate multipliers, and this we 
propose here to exemplify. Its advantage is that it generally 
presents the equations of the solution under a common type, 
so that their discovery is made to depend upon the discovery 
of a single general form, 


* 


’ dae dy _ , ' ' 
Ex. Given Ett by +6, poet by te. 


Multiplying the second equation by an indeterminate quan- | 


tity m, and adding to the first, we have 


Ce MEY = (a+ mal) a+ (b+ mb!) y +04 me 


Grad) (or tg 


a+ma' Y at+tma 


= (a+ma’)(a-+my +0) on ka a 
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4 provided that we determine m so as to satisfy the condition 


b+ mb’ 
m= eck 
a+ma 
hor One EG Vn Vl Ores. cscs: (3). 


Now (a) gives 


dx + mdy 
C+ mec 
a+ma’ 


>= (a+ma) dt, 
z+ my + 


) whence on integration 


c+m 
atm 


log (2 + my + =) =(a+ma’)t+C...... (ays 

In this equation it only remains to substitute in succession 
_ the two values of m furnished by (b). The two resulting 
equations, in which the arbitrary constants must of course be 
' supposed different, will express the complete solution of the 
| problem. 


When the values of m are equal, the form (c) furnishes 
directly only a single equation of the complete solution. We 
may deduce the other equation, either by the method of limits 
(assuming the law of continuity), or by eliminating a from 
the given system by means of (c), and then forming a new 
differential equation between y and ¢. It seems preferable 
however to employ the general method of Art. 5, by which ~ 
all difficulties connected with the presence of equal or imagi- 
nary roots are referred to the corresponding cases of ordinary 
differential equations. 


7. Simultaneous equations are so often presented under the 
symmetrical form (11) that the appropriate mode of treatment 
deserves to be carefully studied, especially as it possesses the 
superiority, always in point of elegance, and frequently in 
point of convenience, over other processes. 


It is known that each member of a system of equal frac- 
tions is equal to the. fraction which would be formed by 


eg 
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dividing any limear homogeneous function of their _nume- 
rators by the same function of their denominators. Hence if 
we have a system of equations of the form 


dx, da, _ de, dt 
on oe 5 aint ee (16), 


in which we suppose ¢ the independent variable, and 7 a 
function of ¢ only, then we shall have : 


Wess dx, + mda, see +rdx, 
T A+ mx, ae) ae 


Hence, should the first member be an exact differential, the 

inquiry is suggested whether the multipliers m,...7 cannot 

be so determined, whether as functions of the variables or as 

constants, as to render the second member such also. Now 

when the system of equations is linear and with constant co-. 
efficients this can always be effected. It may be observed 

that the character of the system is as manifest from inspec- 

tion of the symmetrical form (16) as of the ordinary form, 

If the system be linear and with constant coefficients the de- - 
nominators X,, X,,..-X, will, when considered with respect 

to the dependent variables «,, x,,...2,, be linear and with 

constant coefficients. 


In the employment of this method it is often of great ad- 
vantage to introduce a new independent variable, and to 
consider all the variables of the given system as dependent 
upon it. We are thus enabled to secure the condition above 
adverted to, of having one member of the symmetrical system 
an exact differential, 


Ex. 1, Given as =5 dy si 
ax+by+e adax+by+e 


Let us introduce a new variable ¢ so as to give to the system. 
the form 
dx aie dt 


catly te” dat byee7 go 
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Here the third member being an exact differential, we shall 
write 


at _ d+ mdy 
t axt+by+c+m(aut+byt+c) 
dx + mdy 
~ (a+ ma) 2+ (b+ mb’) y+o4+me 
lL. (@+ma’) dx + (a+ ma’) mdy 


~ @-+ ma’ (a+ ma’) a+ (b+mb') y+oe+me’ 


The second member of this equation will be an exact differ- 
ential if we have 


the integral corresponding to each value of m thus deter- 
mined being of the form 


al ’! if if 
log ¢+ C= Fmal 8 lat ma’) & + b+ mb’) y¥ ++ me}, 
1 


or Oti= {ax + by + c+m (vat b'y + c')}e+ma’, 


| If the roots of the quadratic (b) are m, and m,, we thus find 


1 
Cit = {ax + by +e+m, (dat vy + o)|atme (0) 


seeeeee 


Ct = {ax + by +o+m, (a'a+d'y + c)atme 


for the primitive equations of the system (a). Those of the 
given system will be obtained by eliminating ¢ The result 
assumes the remarkable form 
1 
{aa + by +¢+m, (a'a + by +.c)arme 


: HO ress (A). 
{ax + by +¢+m, (a'ax+ b'y + ¢/)}atmee 
da dy dz 
Ex, 2. Given vp zy where 
X=axn+bytoet+d) — 
Yeaa+byt+cz+d ietiys (8) 
Z=a'atb'ytc'etd’ 
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Introducing a new variable ¢, so as to give to the system the 
more complete form 
dt _dx _dy _dz (b) 
Fie Goes a 4 Sie Misiete-sisiesesejetmssoiesee Scie > 
dt Idx +mdy+ndz 
t (X+mY+nZ 
_ Lda + mdy + ndz ) 
> (aii se ; 
Provided that we assume 


we have 


alt+am+a'n=M 
bl + b'm + b"n = 5 (d) 
fee TO A Ses egieseda's eos cee : 
dl+dm+d’'n=2r J 
The first three of these may be written in the form 
(a—Nl+am+a'n=0 
bL+ (BD —A) M+ H"N=O I ...ccceeveceeeoees (e), 
cl + c'm+ (c’—A)n=0 
whence eliminating J, m, n we have the well-known cubic 
(a—2) (B' — 2) (ec — 2X) —b"c' (4-2) 
— ca," (b'—2) — ba' (ce —A) + a'b"c + a"bc' =0... (f). 
Now let the values of X hence found be A,, A,, A,, and the 


corresponding values of J, m,n, r be 1, m,, 2,57, 4, m,, &e., 
then integrating (¢) we shall have the system 


me 


ct = (lat my +7,2+7,)%, 
1 


ot = (letmy + ng +7,)%, 
1 
cst = (1a + my + 0,2 +7,)™. 


Hence eliminating ¢ by equating its values, we find as the 
general solution of the original system of equations 


| 
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3 Ns 
(1,2 : my = Ne ay Ly C (2 ss my se n2 + re 
* ul 
oe C (7,2 ai MY ae Ne oP #,)o8 rie (9). 
In the same way we may integrate the general system 
— dx, = det, 
XG wa XG pea ot > 


1 2 


where X,, X,,...X, are any linear functions of the variables, 


8. From the above results the solutions of various sym- 
metrical systems in which the denominators are not linear 
may be deduced. The most remanicable of such deductions is 
the following. 

Suppose that in the system 

da dy ee dz (a) 
aa +by'+cz2 aatby+c2 date y +o 
the solution of which is known from what precedes, we sub- 
stitute 
e=az', yY =yd, 

ae and y being new variables introduced in the place of a’ and 
4, The result is 

gdx+adz zdyt+ydz _ dz 

ax+by+e wau+t+byt+e¢ a’x+b"y4+c"’ 
to which we may obviously give the form 


2'da Z z'dy 
aa + by +o—x (aa +b'y+e’) — @at+b'yt+e—y(a"e+b"y+c’) 
* dz’ 
Dividing the first equation of this system by 2’, we have 
dx dy (0). 


ax+by+c—x(a"a+b"y+c") ~ aa+b yt+e—y(a'a+b"y+e") 


Now this on clearing of fractions will be found to be of the same 
form as Jacobi’s equation (Crelle, Tom. XXIv. p. 1), whose 
solution on other g crounds has been explained, Chap. y. Art. 8. 


B.D. E, 20 
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We see that the solution of (b) is deducible from that of q 
the system (a) by changing «’ into az’, y' into yz’, and elimi- 
nating 2’. : 


And just in this way the solution of any symmetrical 
non-linear system of the form 


da aa, dx, 


1 


X,-@ i Kak (eG eeecee (18), 


in which X, X,, X,,...X, are linear functions of the variables 
,, Lys... 2, may be made to flow from that of a symmetrical 
system of the form 

da, dv, _ dn, 


nL 
Tg Se eerste (19), 


1 


in which X,, X,,...X,,, are linear homogeneous functions of 
the variables x,, x,,...@,,;. The general solution of the sys- 
tem (18) seems to have been first obtained by Hesse (Crelie, 
Tom. xxv. p. 171). 


9. Lastly, certain systems of linear equations which have 
not constant. coefficients may be solved by the above method. 


Thus the solution of the equations 
dix 
ai + F (ax+-by) = ae 

d yee 

H+ T(de+Vy)= 7, | 


where 7, 7,, T, are functions of the independent variable, 
may be reduced to that ofan ordinary linear differential equa- 
tion of the first order. 


For proceeding as before, we find 


d 
“eoew) +02 (w+ my) = T+ MT, voces (b), 


provided that and m be determined by the conditions 


N=a+ma, Am = b+ MD! servers AE. (c). 
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‘Hence eliminating X, we have 
m (G+ Ma) = DEIMD .onsssscceescrsees (d), 


which gives two values for m. Integrating (b) regarded as 
a linear equation of the first order between «+ my and ¢, and 
substituting for » its value in terms of m given by the first 
equation of the system (c), we have 


a+ my = g7 (a+ma [Tat (O+ fearmerfrae (T,+mT,) dt}...(e), 


in which it remains to substitute for m its values given by (d). 


53 Ege: ~ dy 1 a 
Ex, Given Bee ees at get oy) Ht 


The solution is 
1 la A laa 
aty=5 (+945): et dy=a(G+5 +3): 
If in the system (a) we make 7’=1, it becomes a system of 
equations with constant coefficients but possessed of second 
members. 


The general system analogous to (a) when the number of 
variables is increased, may be solved by the same method. 
It may be well to notice that the equivalent symmetrical 
form is 

dn. On, i Uli s  aOe (20) 
STEM pS tO Wasco NS ama ; 
where X,, X,,... X,, are linear homogeneous functions of the 
dependent variables, and 7, 7),... 7, are functions of ¢. 
Treated under this form, it is obvious that its solution will 
be made to depend upon that of a linear differential equation 
of the first order, and an auxiliary algebraic equation of the 
n'® degree. 


Equations of an order higher than the first. 


10. Any system of simultaneous equations of an order 
higher than the first is reducible to a system of the first 
20—2 
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order. And this reduction though not always necessary for — 
the purpose of solution is theoretically important, because it — 
enables us to predicate what kind of solution is possible. 


To effect this reduction it is only necessary to regard as a 
new variable and to express as such by a new symbol, each 
differential coefficient, except the highest, of each dependent 
variable in the given equations. The transformed equations 
will thus be of the first order, and the connecting relations of 
the first order also; and the two together will constitute a 
system of simultaneous equations of the first order, 


Ex. Given the dynamical system 
ad’ax d*y d’z 
DE a = 9 ema 
where X, Y, Z are functions of the variables. 
Here if we assume 


Cs as eee 

dic. & usin ee 
the given system assumes the form 

dx’ dy’ dz 

ot ae ee 
Thus we have in the whole six equations of the first order 
between the six dependent variables a, y, z, x’, y’, z', and the 
independent variable ¢. 


The complete solution of the latter system will therefore 
consist of six equations connecting the above system of varia- 
bles with six arbitrary constants. 


If from these six equations we eliminate the three new 
variables 2’, y’, 2’, we obtain three equations connecting the 
original variables x, y, z, ¢ with the above-mentioned six 
arbitrary constants, 


And thus it might be shewn that the complete solution of 
any system of three differential equations of the second order 
between four variables will be expressed by three primitive 
equations connecting these variables with six arbitrary con- 
stants. : ; : 
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- And still more generally, the complete solution of a system of 

n differential equations containing n +1 variables of which one 
us independent will consist of n equations connecting those 
varrables with a number of constants equal to the sum of the 
andices of order of the several highest differential coefficients. 


' For let t be the independent and # one of the dependent 
variables, and let the highest differential coefficient of « 


n 


which presents itself be se Then in the reduction of the 


system of given equations to a system of equations of the first 
order it is necessary to introduce x—1 new variables con- 
nected with x by the relations 


dx. ax, _ dx, . 
aos 


Thus the number of variables in the transformed system cor- 
responding to x and its differential coefficients will be n, and 
as a similar remark applies to all the other variables, it ap- 
pears that the total number of variables of the transformed 
system will be equal to the sum of the indices of the orders 
of the highest ditferential coefficients of the several dependent 
variables in the system. given. Such then will be the number 
of equations of the transformed system, and such the number 
of constants introduced by their complete integration. Art. 5. 


It is also evident that if from the equations by which 
the complete solution is expressed we eliminate all the new 
variables there will remain a number of equations equal in 
number to the original equations, and connecting the primi- 
tive variables with the constants above mentioned. Thus the 
proposition is established. 


The transformation above employed is further important, 
because in the highest class of researches on theoretical dy- 
namics it is always supposed that the differential equations 
of motion are reduced to a system of simultaneous equations 
of the first order. 


At the same time it is not necessary for ordinary purposes 
to effect this reduction. Differentiation and elimination al- 
ways enable us to arrive at a differential equation, higher in 
order, betwéen two of the variables. The method of indeter- 
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minate multipliers may also be sometimes used with advan- — 
tage. No general rule can however be given. ~ 


[The statement respecting the number of arbitrary constants 
is not universally true. Suppose, for example, that there are 
two simultaneous differential equations which connect # and y 
with the independent variable ¢ Let one equation contain 


me "y 


differential coefficients up to oe and - inclusive; and let 


the other equation contain differential coefficients up to —> 


and ae inclusive: then it can be shewn that the number of 
arbitrary constants involved in the solution is the greater of 
the two numbers m+s and n+vr. See Cournot, Traité Elé- 
mentaire de la Théorie des Fonctions...1841. Vol. 1. p. 318.] 

' dx d’y ; 
Ex.1. Given aa ax + by, Fs aa + b'y. 


Ist method. Differentiating the first equation twice with _ 
respect to ¢, we have 
Ls. Uae ae 
dé ~° ae tO ae 
a 
Eliminating y and —> 4 from the above three equations, we 


have 
d‘z , ax 
dt® ) de 
The complete mtegral of this linear equation with constant 
coefficients will determine x, whence y is given by the formula 


+ A fare ) 
y=; (qe-@ “ 


—(a+8 + (ab’—a'b) 2%=0..,...... (a). 


oo ge = (a+ ma’) x + (b+ mb’) y 
b+ mb’ 


a+ ma’ 


dt 


= (a+ ma’) (2+ 
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Let x+ my =v, then provided that we determine m by the 
condition 


H  we shall have 


au : 
ger (a+ ma’) u, 


whence . U= COjelarmayit 4 Che (atmaiye, 


Let m,, m, be the values of m given by (6), then the complete 
primitive system is 


ctmy=C, g(t emna’)*e 4 C,e7 (amat, 
LEM, y = Carma 't 4. Cen (arman')*t, 


and this is really equivalent to the previous solution, though 
more symmetrical. 


Ex. 2. The approximate equations for the horizontal mo- 
tion of a pendulum when the influence of the earth’s rotation 
is taken into account* are 


aa dy gt _ 
eee ie 7 
#Y >, Ee yy ee ne fy, ee ; 
dt ie Vs 


I representing the length of the pendulum, g the force of 
gravity, and —7r being equal to the product of the earth’s 
angular velocity into the sine of the latitude of the place. 


As the equations have constant coefficients they admit of 
complete integration. If we differentiate so as to enable us 


to eliminate y, 4 and ey , we find as the result 
4 d’ yes 
Be 2 (20* +4) “at GBH Ovcsreresenee (8), 


* Jullien, Probiémes de Mécanique Rationnelle, Tom. 11. p. 233. 


. . 
Se. * 
2 
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the complete solution of which is of the form 
x =A cos (m,t + a) + B cos (m,t + B)...cecee (c), 


where A, a, B, 8 are arbitrary constants, and m,’, m,’ are the 
two roots, with signs changed, of the equation 


y-2 (2849) w 4G cst: 


From the above value of # that of y may be obtained by 
means of the formula 


Ome g\ de 
copay Caen Ge Cece ceeeves (d), 


which is readily deduced from the given equations. 
The above system may also be solved by assuming 


x= cosrt+ y' sin rt a ) 
y=—a’ sin rt + y/ dost: | a ae oe i 


The transformed equations are 
da! 2 d°y' 2. cp ae 

“dé +A =0, aceN Go 

where Mer coe 

whence we find 


av'= A cos rt+ B sin Xt 
ics Acon RIA SB ste ee a armed C7’). 


11. In problems connected with central forces particular 
forms of the following system of equations present them-— 
selves, viz. 

d’x dk d*y_ dk d*z_dk (a) 
GF an), “den Ge a ee a), 


where & is a given function of the quantity /(x*+ 9" + 2’) 
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orr. Multiplying the above equations by dz, dy, dz respec- 
tively, and integrating, we have 


5{(&) + (4) 4 (Fe) aR A Beeseseen (0), 


| B being an arbitrary constant. 


dk ddr «dk 
diz, dr dx rar’ 
of equations may be expressed in the form 

dae «dh dy ydk dz z2dk 


dé rdr’ dé r dr’ dtr dr’ 


Again, since &c. the given system 


Now if from each pair of equations we eliminate we 


obtain 
Cy ~ Wx te ay dade 
ee ye) Sap ger ae ae 


of which it is evident that two only are independent. Inte- 
grating these, we have 


De dz 
Tu Sua Ta 
C,, C,, C, being constants. 


_ Squaring the last three equations and adding, we obtain 
- aresult which may be expressed in the form 


» ((da\? . (dy\? (dz? dx dy da 
Gy +2)\(G) +(H) +Gt-( de 4 de>” ae 
— CF als CO? We Of = A*, 


or, by virtue of (6) and of the known value of 7, 


da-« dz 


Cae ae 


d: 
—2F=0, 


2? (B+ B) — ( -) Ate ee (0), 
rdr 
whence dt = Woah Bias lane ae (d), 
rdr 


ioe e ngage Pe Cee (e). 
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- Again, it is evident that by means of (¢) we can eliminate Ry 


from each equation of the system (a). For (¢) gives 
1(A’ , (dr\) 
<6 B=- B45) 5+ (a): 


Substituting which in the first of the given equations, we 
have ‘ 


au © -4+5 59) 
ae 7 dt.dr dt 
ng A oe 
ail — a tae ; 
Vax ir Ax - = - 
Hence rae 2a + =O, * 
d ,.d2 Ae _¢. 
i di aera ‘ 
ad ,d f/x x 
‘ on Us oe Cha ao 
therefore ron a2) Ar. ae 
Adt . 


If we now assume 


ss dd, the above becomes 


y [& 4. Sa 
«(F) x . ae _ 


<i gar val 
wienee ~=4, COs. Prt Dagin dk. .ckadsae oe eeee Ear. 
In like manner, we find 
Ye 0,008. + B,8I0 G vnvserereserenvssce (5) 
~ =a, cos $ + b, sin g ences bie 


in which we must substitute for ¢ its value, viz. 


‘Adt Adr . : 
) o=[o= ra UR+ Byo ay we Os 


a 


ART. 12.] HIGHER THAN THE FIRST, 315 


_ To this expression it would be superfluous to annex an arbi- 
trary constant before that substitution. For each of the 
second members of (/), (g), (A) is expressible in the form 
C cos (6 + C’), in which ¢ is already provided with an arbi- 

_ trary constant. 


The solution is therefore expressed by means of (e) and (1), 
which determine r and the auxiliary ¢ as functions of ¢ and 
by (f), (g), (h), which then enable us to express a, y, 2 as 
functions of ¢ As we have however made no attempt to 
preserve independence in the series of results, the constants 
will not be independent. . If we add the squares of (f), (g), 
(h), we shall have 


1=(a2+a2+4;) cos’ p+ 2 (a,b, + a,b, + 4,b,) sin p cos p 

. + (b,' + b,' + b,') sin® ¢, 
which involves the relations among the constants 
a, +a,+aZ=1, 67+6%+0,2=1, a,b,+4,5,+0,5,=0...(k). 


The six constants in (f), (g), (2), thus limited, supply the 
place of only three arbitrary constants, and there being three 
also involved in (e), the total number is six, as it ought to be. 


In the same way we may integrate the more general system 


da, dle dx ah d*2, adh 


i = es 
ae dae Mie dae! dit -dg,’ 

where # is a function of /(x,’+a,"...4,°). The results, 
which have no application m our astronomy, are of the form 
which the above analysis would suggest. Binet, to whom 
the method is due, has applied it to the problem of elliptic 
motion. (Liouville, Tom. m1. p. 457.) For all practical ends 
the employment of polar co-ordinates, as explained in treatises 
on dynamics, is to be preferred. 


12. The following example presents itself in a discussion 
by M. Liouville*, of a very interesting case of the problem of 
three bodies. 


* Sur un cas particulier du Probléme des trois corps. Journal de Mathé- 
matiques, Tom, 1, 2nd series, p, 248, 


j 


16° -s BXERCISES, 
& % F . - 5s * Sug 
Ex. Given a ; #2 
Pa sp fu — 30 (war! + vy')} = 
>> t 
‘ Pv 
a ete {v—3y' Re + ry} =05 
a where, for brevity, x’ is put for cos (de +), y' for sin tt 2. i). 


“ If we transform the above equatiae by assuming ~ 


us’ + vy’ = U, uy —od =, 
we find, iter all reductions are effected, i. 


aus 
dt 


a 2a 20, ao —a’)V= 


— (a? + 21g) U=0, 
: Saas 


And these equations being linear and with stant co- 
efficients, may be integrated by the ‘proceay.g e previ- 
ous section. o 
“e- $ = 

“" “gle * , bth v 

PXERCTSES é =. ‘» *. ‘ | 


Be ine ae 


dx y dy 7 i 
Vy én '* 
* 
2 wt teny=0, + 22+ 5y=0 : 
dx dy * a 
3 4a to gy t Ate t y= i, a7 J 4 3424 88y=e', 


dx St dy ot 
4. OF 4 baby =e det oY C=O 


5. dx dy 


ty bate wo byee 
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6. = dom pom . 

%, oa B2—4y +3=0, OY 40 =8y +5 =0. 
3 oo 3a —4y43=0, SY +aty45=0. 

9 eat of — mie =0 

10, — Sore Ver- Zen? where 


X=axu+ by +cz, - 
Y=aut+l'y+cz, 
WE ax a vy ath o"2, 
« 
_and 7, 7, T,, T, are functions of ¢, 
11. What is the general form of the solution of a system 


of simultaneous equations of the first order between n+ 1 
variables ? 


12. What number of constants will be involved in the 
solution of a system of three simultaneous equations of the 
first, second and fourth order respectively between four 
variables ? 


13. Of the system of dynamical equations, 
dz ez 


Pn po, ty wy i 
page Oman es ap! gm 


where r= (a? +y? +2’) + seven first integrals are obtained of 
which it is subsequently found that five only are independent. 
How many final integrals can hence be deduced without pro- 
ceeding to another integration 


> 
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14, Given @ SOE = 0) yest ae , suet vere (Dy 


b 
c-a 


Putting sah =o ah we find, on eliminating dt, 


ladx = my dy =nzdz, 


» 4 
from which y and z will be found in terms of a, and their values will reduce © 
(1) to a differential equation of the first order between a andt. ~ 


Or multiply the given equations, first by x, y, z, respectively, add the © 
results and integrate; 2ndly by ax, by, cz, respectively, add the results and 
integrate. Then by means of the integrals obtained eliminate two of the 
variables from any of the given equations. za 
15. Shew that in the example of Art. 12, the transform-— 
ation 


a =a cos (rt + €) +y/ sin (r¢ +e), 
=—a'sin (ré+e) + ¥ cos{rt +6), 


¢ being an arbitrary constant, would not lead to a more 
general solution than the one actually arrived at. 


4 Re, | Ss 
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CHAPTER XIV. 
OF PARTIAL DIFFERENTIAL EQUATIONS. 


1. Partra differential equations are distinguished by the 
fact that they involve partial differential coefficients in their 
expression, and therefore indicate the existence of more than 
one independent variable. Chap. 1. Art. 2. . 

The nature of these equations will be best explained by 
one or two examples of the mode of their formation. 


Ex. 1. The general equation of cylindrical surfaces is 
| i be DY — IZ) 5 0s000edecehes horas i) 


¢@ being a functional symbol, and 7 and m constants deter- 
mining the direction of the generating line. As this is a 
relation connecting three variables we are permitted to regard 
two of them as independent. Choosing « and y as the inde- 
pendent variables, and differentiating with respect to them in 
succession, 2 being regarded as dependent on them both, 
we have 


dz ; dz ; 
1-l7 =— mo (y — me) 7 wig Donte ba onaoah (2), 
dz veer dz 
Taf ae me) (1—m=) are (3). 
Eliminating the function ¢'(y— mz), there results 
dz dz 
l et ™ et ae aaa ae (4), 


the partial differential equation of cylindrical surfaces. Of 
this equation (1) is termed the general primitive. 

In the above example a linear partial differential equation 
of the first order has been formed by the elimination of a 
single arbitrary function. . 


Ae ; ~ 
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Ex. 2. If we assume as a primitive equation 
2 = Ot + bY = GB capecsacesespsesncgen (5), 


and, regarding # and y as independent, differentiate with re- 
spect to these variables in succession, we have 
de. doy 
dy 
Eliminating a and 6 by substitution in the primitive, there 
results 


a partial differential equation of the first order, but not linear, | 


Now this equation has been formed by the elimination not | 
of an arbitrary function but of two arbitrary constants. The 
equation (5) is here, by way of distinction, called the com- 
plete primitive. The epithets general and complete have been — 
employed by Lagrange to denote the two kinds of generality — 
which arise from arbitrary functions, and from arbitrary con- — 
stants, respectively. 


Ex. 3, Given z=¢(y+ax)+~(y—ax), where $ and ¥ 
are arbitrary symbols of functionality. 


Proceeding to differential coefficients of the second oni 
we find 


d” ” "” 

Sa (o"(y +an) +p" (y—ax)}, 

d’z ‘ > ; 

a b' (y +. ax) +" (y—az), 4 
whence 3 

Cae) 40-2 

ie * dy sce ee piven shee Mamas teense eee (7), 


a partial differential equation of the second order and of the 
first degree, 


And this equation has been formed by the elimination of 
two arbitrary functions from the general primitive, 


ia 
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These éxamples illustrate the usual, and what may per- 
haps with propriety be termed the primary, modes of genesis 
of partial differential equations, viz. the elimination of arbi- 
. trary functions, and the elimination of arbitrary constants. 
' It is to be noted that these modes are perfectly distinct. 
1 Thus we might in Ex. 1, by specifying the form of the 
| function ¢, eliminate the constants 7 and m from the primi- 
tive (1), and the derived equations (2) and (8), instead of 
eliminating the functional forms from the two latter; but 
| the result would differ in character, as well as in the mode of 
its origin, from that which has been actually obtained. We 
/ must bear in mind that when from a primitive equation of 
| given form different partial differential equations are derived, 
| it is owing to a difference of assumption.as to what is to be 
| regarded as arbitrary; so that we are not permitted to say 
| that to the same primitive, considered in the same sense of 


| generality, different partial differential equations belong. 


In Ex. 1, a partial differential equation of the first order 
has been formed from a general primitive containing one arbi- 
] trary function, and in Ex. 3 a partial differential equation of 
| the second order has been formed from a general primitive 
i, containing two arbitrary functions. These examples exhibit 
| a certain analogy with the genesis of ordimary differential 
| equations, the order of the equation being equal to the num- 
/ ber of constants in its primitive, But this analogy is not 
general. For let 
E(x, y, 2, &(u), Wr (v)} =9, 
| be an assumed primitive containing two arbitrary functions 
$(u), ¥(v), where w and v are given functions of a, y, 2, 
} Then representing the first member by F/, regarding x and 
' as independent variables, and forming all possible derived 
{| equations up to the second order, we have 
| dl dk 

ee Te pes 
du 
ar d*F hs 
Oe dedy 2 ai 
| which with the given equation make six equations, But these 
| containing the six functions 
sb (elie spate! (els nue OTE eines la 


BD Es wall 


eee ee ON a ee ee 
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do not, in general, suffice to enable us by the elimination of — 


the latter, to form a partial differential equation of the second 


order free from arbitrary functions. 


We see then, Ist, that partial differential equations do not — 
arise from the elimination of arbitrary functions only; 2ndly, — 
that even as respects this mode of genesis, no general canons 
exist similar to those which govern the connexion of ordinary 
differential equations with their primitives. On both these 
grounds it will be proper, in considering special classes of 


equations, to examine their special origin and to seek therein ff 


the clue to their solution. 


Solution of partial differential equations. 


2. Before proceeding to general theories of the solution of | 
partial differential equations, it may be noticed that there are _ 
some equations of which the solution may be directly reduced _ 
to that of ordinary differential equations. j 


This is the case when the partial differential coefficients 
have all been formed with respect to one only of the variables. 
We can then integrate as if this were in fact the only inde- 
pendent variable, provided that we finally introduce arbitrary 
functions of the other independent variables in the place of 
arbitrary constants. 
dz 
as 0. 

Multiplying by dx, integrating with respect to a, and | 
adding an arbitrary function of y, we have 


Ex, 1. Given @-+ y 


ae 
Qo + yes p (y), 
the solution required. 


It is permitted in the above, and in all similar cases, to ff 
complete the solution by adding an arbitrary function of y, J} 
because, with reference to the integration effected, y is con- 
stant ; and it is necessary to add such a complementary func- 
tion in order to obtain the most general solution, because an 
arbitrary function of one of the variables is more general than 
an arbitrary constant not involving that variable. 
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: : dz 
Ex. 2. Given Y dy — 22 —2z2-—y=0. 
| This equation may be expressed in the form 
dz 2 2x 
as Sere ee 
dy y y 


1 Involving no differential coefficient with respect to a, it may . 
) be treated as a linear differential equation of the first order 
- in which y is the independent, and z the dependent variable ; 
i only instead of an arbitrary constant we must add an arbi- 
trary function of z. The final solution is 


aty+e=y¢(2). 


} It sometimes happens that equations not belonging to the - 
| above class are reducible to it by a transformation. 


az 


Ex. 3. Given FERP, 


= vy’. 


Let ae = w, then we have a =2x+y’, whence integrating 


1 with respect to y, and adding an arbitrary function of a, 
y 
w = ay + + $ (a). 


‘ Restoring to w its value ae integrating with respect to a, 


§ and adding an arbitrary function of y, we have 


2 a 
q en 4h + [6 @) der 4) 
¢ Now ¢(a) being arbitrary, ¢ (x) dx is also arbitrary, and 
} may be represented by x («), whence a 
: 3 8 
+ 
eat ty @ +4 (y). 


[See the Supplementary Volume, Chapter xxiv. Art. 1.] 
21—2 
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Linear partial differential equations of the first order. 


3. When there are but three variables, z dependent, # and — 
y independent, the equations to be considered assume the — 


form 


dz dz 
ee ae 


P, Q, and F being given functions of x, y, z, or constant. — 


This form we shall first consider. 

na and ces 

TED dy 

sented by p and gq respectively. The equation thus becomes 
Pp + Og 5 Rowssscosminaseceete eee (1). 


The mode of solution is due to Lagrange, and was first _ 
established by the following considerations. 


Usually the differential coefficients 


Since z is a function of w and y, we have 


dz = pdx + qdy. 


Hence eliminating p between the above and the given equa- : | 


tion, we have 
Pdz — Rdu = q (Pdy — Qdz). 
Suppose in the first place that Pdz — Rdz is the exact differ- 


ential. of a function u, and Pdy— Qdx the exact differential — 


of a function v, then we have 
du = qdv. 


Now the first member being an exact differential, the second — 


must also be such. This requires that g should be a function 
of v, but does not limit the form of the function, Represent 


it by ¢'(v), then we have du = ¢'(v) dv, whence 
a =) (0) se sees (em 


The functions «and y are determined by. integrating the 


equations 


Pdz— Rdx=0, Pdy - Qdx = 0, 


are repre- ¥ 


ee ee te ee 


| 


: 


j 


r| 
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symmetrically expressible in the form 


Baa of which the solution, Chap. x11. Art. 5, assumes the 
form 


UUs em hese seated. (4), 
‘a and b being arbitrary constants. 


Dismissing the particular hypothesis above employed, La- 
grange then. proves that if in any case we can obtain two 
integrals of the system (3) in the forms (4), then u = ¢ (v) will 
satisfy the partial differential equation, in perfect indepen- 
dence of the form of the function ¢. 


We shall adopt a somewhat different course. We shall 
first establish a general Rule for the formation of a partial 
differential equation whose primitive is of the form «= ¢ (»), 
u and v being given functions of x, y,and z. Upon the solu- 
tion of this direct problem we shall ground the solution of 
the inverse problem of ascending from the partial differential 
equation to its primitive. 


Proposition. A primitive equation of the form u=¢$ (v), 
where wu and v are given functions of x, y, 2, gives rise to a 
partial differential equation of the form 


Be ce OGEe Lb ostedescsuinewseSes (5), 
where P, Q, & are functions of 2, y, z. 


Before demonstrating this proposition we stop to observe 
_ that the form w= ¢ (v) is equivalent to the form 


St (uy v) = 0, 


-f (u,v) denoting an arbitrary function of wand v, For solving 
the latter equation we have u=¢ (wv). . 


It is also equivalent to 
Fix, y, z, $ Q)} = 
¢ being an arbitrary, but #’ a definite functional symbol, 
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For solving the latter equation with respect to ¢ a we> 
have a result of the form 


o@M=F,@, y 2), or $v) =u 
on representing F(x, y, z) by u. Thus the proposition 
affirmed amounts to this, viz. that any equation between a, y, 
and z which involves an arbitrary function will give rise to a 
linear partial differential equation of the first order, 


Differentiating the primitive u = ¢ (v), first with respect to 
x, secondly with ne ae to y, we have 


du dv. dv 
f+ Sp =9 0) (Zt +5P); 
du. du dv dv 
dy * de 4— (Et +5). 


Eliminating ¢’ (v) by dividing the second equation by the 
first, we have 


du du dv . dv 


dy t de! _ dy det 
du ue dy do : 
dnt de? dew dee 


or, on clearing of fractions, 


(ee dv du #) ie dv du ty 


dy dz dz dy dz dz de dz) 4 


_dudy _ du dv 6 
= da dy. dydgc ae (6). 
Now this is a partial differential equation of the form (5), 
For u and v being given functions of x, y and z, the coefficients 


of p and q, as well as the second member, are known, The 
proposition is therefore proved. 

‘As an illustration, we have in Ex. 1, Art. 1, w=a—lz, 
v= y— mz, whence _ 


du du_y du 


dx . dy 0, qn 
dv dv . adv 
din 7 Paths eames 
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Substituting these values in (6) there results, 
in +mq=1, 


which agrees with the result before obtained. 


4. The general equation (6), of which the above theorem 
is a direct consequence, has been established by the direct 
elimination of the arbitrary function. But the same result 
may also be established in the following manner, which has 
the advantage of shewing the real nature of the dependence of 
the coefficients P, Y, & upon the given functions w and v. 


[See a Note at the end of the volume.] 


Differentiating the equation w= ¢ (v) with respect to all the 
variables, we have 


du d du dv dv dv 
Fe din + 5 au = (v iG da+T dy +? ” de). (Ds 


and as this equation is to hold true independently of the form 
of the function ¢ (wv), and therefore of the form of the derived 
function ¢’ (v), we must have 

du du du 


In +i dy +e de =0) 


PE Aa Ga ee (8), 
du dv dv 
aie dx i ee dy dy + — ap dz = 0 | 
whence we find 
= yy ls (9). 


dude dudv dudv dudv dudv  dudv'™ 


dy dz dzdy dzd« dxdz dxdy dyd« 


Introducing now the condition that z is the dependent, 
x and y the independent variables, we have 


pdx + gdy = dz. 


To eliminate the differentials, let the terms of this pematon 
be divided by the respectively equal members of (9), and we 
have 


» + x 
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; (3 dv du a (= dv du ss) 


dydz dz dy PY \Ge de du dz) 4 e 
dudv dudv 
~dady dy dx eee iO 


which agrees with (6). 


Now if in the above general form we represent as before the 
coefficient of p by P, that of g by Q, and the second member 
by &, we see from (9) that P, Q, & are proportional to dz, 
dy and dz, in the system (8). But that system is precisely 
the same as we should obtain by differentiating the equations 


w= ys a0, 


a and b being arbitrary constants. Hence, the partial differ- 
ential equation whose complete primitive is u= ¢ (v), may be 
formed by the following simple rule. 


Rute. Forming the equations u=a, v=b, where a and b 
are arbitrary constants, differentiate them, and determine the 
ratios of dx, dy, dz in the form 

dx dy dz 
Pa) ae 
Then will Pp+ Qq =f be the differential equation required. 


Or, the Rule may more briefly be stated thus. Eliminate 
dx, dy, dz between the three equations, 


du=0, dv=0, dz—pde-gdy=0............... (12). 


It is worth while to notice that the partial differential equa- 
tion here presents itself, like many other results of analysis, 
in the form of a determinant. 


Ex. ‘The functional equation of surfaces of revolution, the 
axis passing through the origin, is 
1 


lar + my + na = (a? +9" + 2%) ; 


their partial differential equation is required, 


on 5.) | OF THE FIRST ORDER. 329. 


Here, proceeding according to the Rule, we have 
Idx + mdy +ndz =0, 

xd + ydy + zdz=0, 

dx dy dz 


whence = = ; 
mz—ny ne—le ly—mex 


The partial differential equation therefore is 
(mz —ny) p+ (na — lz) g=ly — me. 
[See the Supplementary Volume, Chapter xxiv. Art. 2.] 


5. We proceed in the second place to apply the above 
results to the inverse problem of solution. 


From what has been said of the origin of partial dierent 
equations of the form Pp+ Qq=Rh ‘it is evident that their 
solution will be effected ie the following rule. 


Rue. orm the system of ordinary differential equations 
2 _ dy _ dz 
0 Pe a oe 


and express theur evant in the forms u=a, v=b; then will 
the equation u=f(), where f is a symbol of arbitrary function- 
ality, express the solution required. 


For, setting out from the assumed primitive, w= flv (v), we 
should, by the application of the previous and direct Rule, be 
led to the partial differential equation in question. 


The difficulty of the process consisting therefore solely in 
the integration of the system of ordinary differential equations 
(13), is referred to the methods of the last Chapter. 


Ex. 1.. Given ap + y¥q = nz. 

Here, the system of ordinary differential equations is 
du dy _dz 
oy Ee ee 


and the variables therein are separated. The integrals may 
obviously be expressed in the forms 
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Hence, the required solution is 


2 =4(%), 


indicating that z is a homogeneous OO of « and y of 
the n™ degree. 


Ex. 2. Given (mz—ny) p+ (nx — lz) q=ly— mz. 
Here the system of ordinary differential equations is 
dx dy dz 


mz—ny nx—lz ly—ma’ 


From these we readily deduce | 
lde+mdy+ndz=0, wxdx+ydy + 2dz=0, 
the integrals of which are 
le+my+nz=a, | e+y+2=b, 
the final solution is therefore | 


la+ my +nz= (e+ y? +2’). 
| : 3 4 dw a dys ‘ 
Ex, 3. Cee (y'a — 22°’) a (2y* — ay) iy EY 


This is the partial differential equation on the solution of 
which would depend the determination of the general inte- 
grating factor of the equation (a*y — 2y*)dx+(y°x—2x') dy= 0. 
Chap. “ry, Art. 3. 


The system of ordinary differential equations is 


det pane ees | 
eo Sy wy Oe ee ee (a). 


The first equation of the system is 
(x'y — 2y') da + (y'a — 2x) dy = 0, 
and of this the complete solution is 
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We may also deduce from (a) 


ae Se! 
of which the complete primitive is 
; vy? = Cc. 


Hence the solution of the partial differential equation is | 


1 “.y 
ae zoty? ( ye 1, Sale 
and this agrees with the result obtained by other considera- 
tions in the Chapter referred to. 

We may note that in this, as in all similar cases, the differ- 
ential equation whose integrating factor is sought, presents 
itself as one of the equations of the system on whose solution 
the complete determination of the factor rests, 

To complete the theory of the linear partial differential 
equation Pp + Q7=F it ought to be shewn that the solu- 
tion w= f(v), or as it may be expressed, 

LG, Oh Vian aie Sees Renaoer (14), 
includes every possible solution. , 
Let y (a, y, 2) =0, or for simplicity ~=0, represent any 
particular solution. Differentiating, we have 
dy IX 
de de 
and substituting the values of p and q hence derived in the 
given equation 


p=9, 


Similar equations being obtained from the particular in, 
tegrals u=a, v =b, we have, on eliminating P, Q, R, 

dy (du dv du *) dy (3 oe oe 

da (Z dz dzdy/ dy 


dz dx dx dz 


dy (dudv du o) 
dz (i dy. dy dx 


ll 
a 

— 

Or 
> <7 
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Now suppose the forms of w and v to be Soe 
Uu=dh (a, ¥, 2) VE WY, Z) cvrveceee (16), 


(x, y, z) and (a, y, 2) being given functions. From these 
two equations some two of the quantities x, y, z may be de- 
termined as functions of the other and of w and v. Suppose 
z and y thus determined as functions of z, vu, and v; then by 


substitution y (a, y, 2) becomes a function of z, w, and v, and — 
we may write 


X (2, Y 2) =X, (2 % 2)- 
Hence we find 


dy _ dy, du Mb dy, dv 
dx dudzx' dv dx’ 


dy dy,du , dy, dv 


dy du dy * dv dy’ 


dy dy,du | dy, dv ch dy, 
dz....du dz .dve dz .de- 


Substituting these in (15) and reducing, we have 


dy, /dudv du a) = a 
x Ge ee ='0 cee (17). 


But, were the second factor of the first member equal to 0, 
u would be a defimte function of v and z (Chap. 1. Art. 1) and 
the equations (16) could not determine x and yas by hypothesis 


they do. We have then OX = 0, whence x, does not involve 


z. Thus, x being expressible as a function of w and v, the — 
equation x = 0 is included in the general form (14). 


[See the Supplementary Volume, Chapter xxiv. Art. 3.] | 


6. The above theory may be obviously extended to partial 


differential equations of the first order and degree involving — 
any number of variables, _ 
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Let x,,2,...%, represent the independent variables and z 
the dependent variable. Let moreover the primitive func- 
tional equation be expressed in the form 


ON CEM 0) ae) er eee (18), 
where uw, v,, U,... UV, are known functions of the variables. 


Differentiating with respect to all the variables, and for 
brevity representing ¢ (v,, v, ... U1) by $, we have 


ee sy, + he Ohs, 


1 a 2°° 
dv, dv, AV; 4 


But ¢ being an arbitrary function of the quantities »,, 
UV, +++ Uyy, it is evident that the supposition that the above 
equation is generally true involves the supposition that the 
system of equations 


di—=U,-d0 =), dt.= 0, ...d0,7=0, 


is true, a system of which the developed form is 


du du du 

dat 1 agra tg G =0 

dv, dv, Ont 

ee as 8 Sr ome ee 8 (19) 
Wis aie, URN Eee 
de Cor ae de, dx, + as dz = 0 


Now this system may be converted into an equivalent sys- 
tem determining the ratios of the differentials dx,, dx,...dx,, 
dz, in the form 


dx, dx dx, dz 
SM ge ee) eee ae ey en 20), 
ch i ae oi 


where P,, P,....P, and F are functions of the variables or are 
constants. , 


Introducing the condition that z is to be regarded as a 
function of 2, Z,,...%,, we have 


pda + Poh 6. Plt, HAS visererecnes (21), 
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where 7,, P).+.P, are the several first differential coefficients 
of z. And now eliminating the differentials dx,, dx,,...dx,, dz _ 
from (20) and (21) by division, we have ; 


Pd AP ity bE i i sete ete (22), 
for the partial differential equation sought. 


Conversely, to integrate the above equation it is only neces- 
sary to form and to integrate the system (20). Representing 
the integrals of that system in the forms a 


b=, UV, =b,, V_=Dyy00e Una = Ona 


the final solution will be 


= ch (05; 150s Bing) arte age eee (23), 
This solution may also be put in the form 
DG Wy, Vay ne Ua) = Ocean es eee (24). 


dt dt dt | 

Ex. (y+2+4#) Tat @tett) dy it @ tat Og, ae 

Lagrange, Mémoires de l’ Académie Royale de Berlin, 1779, 
p. 152. . 
Here the auxiliary system of equations is 


deo) | 0g? 4s ie. et 
yYtett etatt wext+ytt w+y+2’ 


which is reducible to the form 


dt—dx _dt—dy_dt—dz_dx+dy+dz+dt 


x—t y—-t a—-t 3(@+y+ze+t)’ 


each term being now an exact differential, The system of 
integrals will evidently be 


ee 
got ged eee Cee 


Or, representing the function a+y+z+t by S, 
Si@-)=4, SY-=cy Se@-)=c, 
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| © Whence the complete integral symmetrically exhibited 
will be 


&{5¥(e—y, Shy—9, Sto} =o. 
_ The solution of all partial differential equations of the form 


dz r da de 
Xi nt Xe ag, 0 tae = 
where X,, X,,... x, and Z are any linear functions of the 

variables 21, x,,...,, 2, may be completely effected. 
For it Genes on the solution of the system of ordinary 

| differential equations 

da, _ Cat = dx, dé 
Lo ES VIVE 


| which has been fully discussed in Chap. x11. 


Hesse has integrated the still more general equation which, . 
according to the above notation, would present itself in the 
| form 


= Z, 


[Oy 


ene dz dz 
aes + Ler + 


dz dz dz 
aE De Cea ot 2 i, 0.20 es a 2) BS as 


where X,, X,,...X,,,. are any linear functions of the variables. 
(Crelle, Tom. XXV. p71) 
[See the Supplementary Volume, Chapter xxiv. Arts. 4...7.] 


Non-linear equations of the first order with three variables. 


7. Partial differential equations of the first order with 
two independent variables x, y, and one dependent variable z, 
have for their typical form 


LEG, GY; 2, D5 q) HS Ovaedasccasanenonaanes (1). 


Those which are linear with respect to p and g, we have 
considered apart. Those-which are non-linear we proceed to 
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consider. The genesis of an equation of this class from a com- 


plete primitive involving two arbitrary constants has been 
illustrated in Ex. 2, Art. 1; and the mode is general. From 
a given primitive, involving a, y, 2 with two arbitrary con- 
stants, and from its two derived equations of the first order 
formed by differentiating with respect to « and y respectively, 
it is possible to eliminate both the constants. The result is a 
partial differential equation of the first order, Conversely the 
integration of such an equation consists mainly in the discovery - 
of its complete primitive—not that this is its only form of 
solution, but because out of it all other forms may be de- 
veloped, From the complete primitive involving arbitrary 
constants arise, Ist, the general primitive involving arbitrary 
functions; 2ndly, the singular solution. The terminology of 
Lagrange is here adopted. (Calcul des Honctions, Legon XX.) 


To deduce the complete primitive of a partial differential 
equation of the form F(a, y, 2, p, g) = 9. 


The existence of a primitive relation between a, y, 2 in- 
volves the supposition that the equation 


should satisfy the condition of integrability, 


dp on dq 
(i) 2 (i) 3 3 (3), 
dp 


where C) represents the differential coefficient of p with 


respect to y on the assumption that p is expressed as a func- 
dq 
dx 
respect: to x, on a similar assumption as to the expression of g. 
Now regarding p for the sake of greater generality as a 
function of a, y, z, 2 being at the same time an unknown 
function of # and y, we have ; 


2) B dp dp dz 
ae dy " dz dy 
dp. dp’ 


dyitid dato a! a 


tion of # and y, and ( ) the differential coefficient of g with — 
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| — Again, suppose that by means of the given differential 
» equation, g may be expressed as a function of a, y, z,p. Res 
garding in such expression z as a function of a, y, and pas a 


{ function of.x, y, and z, we have 


dqg\ dq ,dqdz , dq/dp , dp dz 
(7) aan ae Grau ae 
4% ,%, 49 dp , dg dp 
~ det de? * dp da dp de? 
j Substituting these values in (3), we have on transposition 
dq dp , dp oh dp _dq, dq 
ta) *\t-27 dee wy Veweet ane (4). 
| Now the coefficients — A ,9-Pp z, and the second member 
wa. dys | . 
| a +p z being known functions of a, y, z, p, sinee g as 


t determined by the given equation is such, the above presents 
_ itself as a linear partial differential equation of the first order 
} in which p is the dependent and 2, y, z the independent. 
} variables. ; 

- Applying therefore Lagrange’s process, Art. 6, we have 
) the auxiliary system Pe 


dx dz dp 2 
Ly mmm eee eee ee aye 
_ : _ dq as, ee 
dp q Pip Cit Og 


i and this, it is to be observed, is a system of ordinary differen- 
) tial equations between w, y, z, and p. It may further be 
} noted that while it has been formed in order to secure the 
integrability of the equation dz = pdx + qdy, it also includes’ 
» that equation. Tor it gives 


dz = (7 -p 7!) dy = pdx + qdy, 


i since by the equation of the first and second members 


So) 
bo 


B, D. E. 
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Accordingly if from the system (5) we can deduce a value 
of p involving an arbitrary constant, that value together with 
the corresponding value of g drawn from the given equation — 
will render the equation dz = pdx + qdy integrable. Effecting 
the integration we shall obtain an equation between 2, y, 2 
and two arbitrary constants which will constitute a complete 
primitive. 

We say a and not the complete primitive, because the sys- 
tem (5) may furnish more than one value of p involving an 
arbitrary constant, and so give occasion to deduce more than 
one complete primitive. Lagrange had indeed proposed to 
employ the general value of p involving arbitrary functions, — 
furnished by the solution of the partial differential equation 


(4). The sufficiency of a value involving only an arbitrary 2 | 
constant was remarked by Charpit and subsequently recog- | 


nised by Lagrange. 


The practical rule for the discovery of a complete primitive — 
of the equation F' (a, y, z, p, g) = 0 is therefore the following. 


Express q in terms of x, y, 2, p. Substitute this value in the 


auxihary system (5), and deduce by integration a value of p a 
involving an arbitrary constant. Substitute that value of p  § 
with the corresponding value of q in the equation dz=pdu+qdy, ¥ 
also included in the auxiliary system (5), and again integrate. 
Ex, 1. Required a complete primitive of the equation 
Ps Com 


Substituting » for qg, the system (5) becomes 


gn 
z 


dz 
a dy =" = dp. 


The equation dp=dy gives p=y+a, whence g= 


yra 


Theref dz= kee 
erefore ee Ope AR bstorc || 


of which the integral is 


z=(¥ tO (ee0 cee (6), 


a and 6 being arbitrary constants, This then isa complete | 
primitive, ; 
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Another will be found by employing the equation 


ba odes 
a oP: 
integrating which, we have 
A z 
p= C27, qd => % > 
i 
§ whence dz=cz? dx +~ dy. 
ra 


: Integrating, we find 


if 
224 =cut ye 


‘or oer emmee EEE (7), 


_e being a new arbitrary constant. It will be found on trial 
4 that both (6) and (7) satisfy the equation z= pg. 


' 8. Prop. Given a complete primitive of a partial differ- 
» ential equation of the first order, to deduce the general primi- 
) tive and the singular solution. 

Expressing the complete primitive in the form 


Be fa OG Sie aon ane sias ddede cneaes (8), 


a and b being its arbitrary constants, the partial differential 
j equation is itself obtained by eliminating a and 6 between the 
} above equation and the derived equations 


_f(a,y,% 6) — _df (@ 4% @, ) 
adm ee dy 


| or, as we may for brevity write, 


Now reasoning as in Chap. vit1., the effect of the elimination 
| will be the same if a and 3, instead of being constants, are 
| 794-9 
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made functions of x and y,so determined as to preserve to the 
equations (9) their actual form. But a and 6 being made 


variable, we have 
_df df da, dfdb 
Pda dadu' db dx’ 
df, df da, af db 
1= Gy * da dy * db dy" 


Hence the equations for determining a and 6 are 


df da, df db_ 

ant dhde a Mer rer ord hs, (10), 
df da dfdb _ ll 
iad ae ee Pe Es fe City 


Now this system may be satisfied in two distinct ways, 


1st by assuming 


PO ee 
sya Oy Stas On seeetaae ae (12) 


The values of a and b hence found lead, on substitution in — 
the complete primitive, to that solution which Lagrange terms 
singular, 


2ndly, Supposing id and a not to vanish, we have, on | 
elimination of them from (10), (11), 
dadb dadb . 
ay ay oa Soa sresereeee (18), 


Now this supposes either, 1st, that a and } are constant, which 
leads us back to the complete primitive; or, 2ndly, that bis — 
an arbitrary function of a. Chap. m1. Art. 1. Again, multi- | 
plying (10) by dx and (11) by dy, and adding, we have if 


ft Pa aa 
da 1% + gp =0 + aie aie eee silane fees (14). - 
; 
" 
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{ Thus the system (10), (11) is now replaced by the system 
H (13), (14). 

_ Making then, in accordance with (13), b= ¢ (a), the expres- 
» sion for z in (8) becomes 


z=f {x, y, a, o(a}, 
) while (14) becomes 


Sf fa, ¥y, a, ¢ (a)} ==()5 


) And these together constitute what Lagrange terms the gene- 
} ral primitive. To apply them it is only necessary to give a 
) particular form to ¢ (a), and then eliminate a, Hence the fol- 
lowing theorem. 


THEOREM. A complete primitive of a partial differential 
equation of the first order being expressed in the form 


Zak (LN Yg OsD).0. dosc¥ynabtyoee hla), 
| the general primitive will be obtained by eliminating a between 


| the equations 
z=f {x,y 4, $(a)} 
oie, Y, hy P(A)} Pereeveresvecerenee (16), 


da 


| the singular solution, by eliminating a and b between (15) and 
| the equations 


df (aya). af (ay, a,b) _ 
oo 0, 5 ise aed Ooerceat hale 


It will be observed that the process for obtaining the general 
primitive is virtually equivalent to that by which we should 
seek the envelope of the surfaces defined by the corresponding 
complete primitive, the constants a and b being treated as 
variable parameters connected by an arbitrary relation, while 
the process for obtaining the singular solution is that by 
which we should seek the envelope of (15), supposing a and 
_ b to be independent parameters, 


342. NON-LINEAR EQUATIONS OF THE FIRST [CH. XIV. 


Thus, of the system of solutions which consists of a complete 
primitive, a general primitive, and a singular solution, the 
complete primitive must be regarded as forming the basis, 
and the system itself geometrically interpreted includes the 
surfaces represented by the complete primitive together with 
the whole of their possible envelopes. 


Ex. To deduce the general primitive and singular solution 
of the equation z= pq. 


A complete primitive being 
Bre (y's a) (LIED) mangers (a), 


the corresponding general primitive will be expressed by the 
system 
z=(yta){e+$(Q} | ae 
0=24 (a) +(y+a)d'(a)) eee sere eeresree 3 


from which a must be eliminated when the form of ¢ (a) is 
assigned. Another form of the complete primitive being 


from which ¢ must be eliminated when the form of y(c) is 


assigned. 


To deduce the singular solution, we have from (a), 


de 


d 
[ay ta=0. 
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Hence, b=—x, a=—y which, substituted in (a), gives 
' z=0, a singular solution. The same result is deducible 
{ from (c). 


9. In the last example, two complete primitives, two cor- 
* responding forms of general primitive, and one common form 
_ of singular solution are presented. Two systems of solution 
_ appear, and the question arises: Does either system suffice 
alone? The answer is given in the following theorem. 


; THEOREM. All possible solutions of a partial differential 
) equation of the first order, are virtually contained in the system 
) consisting of a single complete primitive, with the derived gene- 
) ral primitive and singular solution. 


As before, we shall represent the proposed differential 
equation and its given complete primitive in the forms, 


LMG, AB, Dy Q) =O vos ccnce'sesnes vee (18), 

Gd (LAM, Mlyp 0) Rieke xo biess «slbnis cess ene ye (19). 
We shall also represent in the form, 

BY ls) ceosntcvpr ates Merve ces «nce: (20), 


} some solution of (18), of which nothing more is known than 
that it 7s a solution. We are to shew that such solution is 
) included in the system of solutions of which the common 
| primitive (19) constitutes the basis. 

If we represent for brevity the values of z in (19) and (20) 


by f and y respectively, we shall have, since both are solu- 
tions of (18), 
df d, 
F(a, yf, oe z) a0: ee en (21), 
) dx x) ¥ 
F(x, Y™X) ie dy 0 sie joly- Shing (eas 


From the form of the above equations it appears that if 
a and b are so determined as to satisfy two of the conditions, 


df _ax df _d& 
f= Xe dz = az ) dy = dy Corer eerereoes (23), 
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they will satisfy the third. For suppose they satisfy the first 
two, then the system (21), (22) may be expressed in the form 


ead )= dx x) Den 
F(s, YX de? dy) 7 F(2, HX er Ge) = 0-24); 
in which the truth of the third equation of (23) is involved. 


Now, as (19) satisfies (18) whatever constant values we 
assign to a and 8, it still will do so if, after the differentiations 
by which oe and 0 are found, we substitute for a and 0 

da dy 
any functions of x and y. 


But @ and b can be determined so as to satisfy two con- 
ditions. Hence they can be determined so as to satisfy the 
system (23). Differentiating the equation f= y on the hypo- 
thesis that a and d are functions so determined, we have 

df oe da ,dfdb_ dy 
dz" dade" db dx das’ 
df  & da _dfdb_ dy 
dy \dady ' db dy dy’ 


af! -d; ; ‘ 
Here, af ; ee have the same values as in (23), being ob- 
dx’ dy ° 
tained by differentiating as if a and 6 were constant. Hence, 
reducing by (23), we have 


af da , df a _, 
dadx db dx — | 
af da, df db _o | 
dady dbdy ~ 3 


But these are the equations (10) (11), Art. 8, by which the 
system of solutions founded upon the complete primitive is 
constructed. 


The argument then is briefly this. If z=y(a,y) is a 
solution of the given partial differential equation, it is possible 
to determine a and 6 in the given complete primitive so as 
to‘satisfy the equations (23); therefore so as to satisfy the 


KET..9;) ORDER WITH THREE VARIABLES. 345 


equations (25); therefore so as to indicate a necessary in- 
clusion of z= xy (2, y) m the system which is Aes upon 
the given Som pinie primitive. 


Cor. 1. Hence the connexion of a given solution with a 
given complete primitive may be determined in the following 
manner. Adopting the foregoing notation, determine the 
values of a and } which satisfy the system (23). If those 
values are constant, the solution is a particular case of the 
complete primitive ; if they are variable, but so that the one 
is a function of the other, the solution is a particular case of 
the general primitive; if they are variable and unconnected 
it is a singular solution. 


Cor. 2. Hence also any two systems of solutions founded 
upon distinct complete primitives are equivalent. For each 
is virtually composed of all possible particular solutions. 


Ex. The equation z=~pq, has for its complete primitive 

: 2, 

z=(a#+a) (y+), and for a particular solution z= — 

What is the connexion of this solution’ with the complete 
primitive ? 


We have by (23), 
(ota) y+) 


Baye ? 


yt bat, at a=. 


These equations are not independent, the first being the 
product of the last two. Any two of them give 


yo Watey 
[So eee 
whence b=—a. Thus, the values of a and d being variable, 


but such that 6 is a function of a, the proposed solution is 
a particular case of the general primitive. 


Some general questions, but of minor importance, relating 
to the Peuonal connexion of different forms of solution, ail 
be noticed in the Exercises at the end of this Chapter. 
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In quitting this part of the subject, we may observe that 
there are two modes in which the questions it involves may 
be considered. The first consists in shewing that the gain 
of generality, which in Charpit’s process accrues in the trans- 
ition from the complete to the general primitive, is equal to 
that which Lagrange’s original but far more difficult process 
secures by the employment of the general value of p drawn 
from (4), instead of a particular value drawn from its auxiliary 
system. The proof of this equivalence, as developed with 
more or less of completeness, by Lagrange and Poisson 
(Lacroix, Tom. IL p. 564, 11. p. 705), and recently by Prof. 
De Morgan (Cambridge Journal, Vol. vu. p. 28), is, from its 
complexity, unsuitable to an elementary work. The other 
mode is that developed in the foregoing sections. 


Derivation of the singular solution from the differential 
equation. 


10. The complete primitive expresses 2 in terms of a, y, 
a,b. The differential equation expresses z in terms of a, y, 
p,q. Hither is convertible into the other by means of the 
two equations derived from the complete primitive by differ- 
entiating with respect to « and y respectively. Hence it is 
not difficult to establish the two following equations, 


dz d*z dz dz 
dz da dbdy__db dady 
dp dz da o@2 dz 
dadx dbdy dady dbdx 
de d’z. de d’z 
dz da dbdx db dadx 


dadx dbdy dady dbdx 


in the first members of which z is supposed to be expressed 
in terms of a, y, p, g by means of the differential equation, 
in the second members, in terms of a, y, a, 6 by means of the 
complete primitive. : 


nse 
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Now the singular solution is deduced from the complete 
primitive by means of the equations 


dz dz 

as 0, SELF Oo tei a en ov guid vn (27) ; 
and it is evident from the form of (26), that this will gene- 
rally involve the conditions 

dz _ 0 dz 

C5 de 

Such then will generally be the conditions for determining 
the singular solution from the differential equation. 

The conditions (28) will not present themselves, should the 
denominator of the right-hand members of (26) vanish identi- 
cally. But it may be shewn that in this case the conditions 
(27) do not lead to a singular solution. And analogy renders 
it probable that whenever the conditions (28) are satisfied the 
result, if it be a solution at all, will be a singular solution. 
The complete investigation of this point, however, would in- 
volve inquiries similar to those of Chapter VIII. 

The Rule indicated is then to eliminate p and q from the 
differential equation by means of the equations (28) thence de- 
rwed. 

[See the Supplementary Volume, Chapter xxiv. Art. 8.] 


11. The following geometrical applications are intended 
to illustrate the preceding sections. 


Ex. 1. Required to determine the general equation of the 
family of surfaces in which the length of that portion of the 
normal which is intercepted between the surface and the 
plane 2, y, is constant and equal to unity. 


As the length of the intercept above described in any sur- 
face is z(1+p’+q°)*, we have to solve the equation 
BCL 9") sad soc caveew vanes dace (a). 
Hence g=(z2?—1—p")?, and the auxiliary system (5), Art. 7, 
becomes, on substitution and division by (¢?-1—p’), 
idx dy dz dp (b). 
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From the last two members we have on integration 
_e(—2)3 
=e 


Substituting this, with the corresponding value of g derived 
from (a), in the equation dz = pdx + gdy we have 


z 


1—2%)) d. 
Bes Sioa ab 
z 


dz (1—’) dy, 


integrating which in the usual way, we find 
(1— 2 =—ca—(1—¢)Py—c, 
or, changing the signs of c and c’, 
(1—2\P=ecn —(1— Obey He-n- ee (c), 


which is a complete primitive. The corresponding form of 
the general primitive will be 


(1-2)? =cr—-(1-o)' y+. (0) | 
O=are(l—c)yty+¢'o) 


from which ¢ must be eliminated. 


But another system of solutions exists; for from the first, 
third, and fourth members of (b) we may deduce 


paz + zdp+dx=0, 


whence pz+a=a, from which, and from the given equation 
determining p and q, we have to integrate 


= eae fe — 213 
dea” 25 ea (a — x)? — 2°} ai 
z Zz 


The result is 
(a — a)? + (y— b+ 2a i.ceccceeccnees (e), 
a complete primitive. The corresponding general primitive is 


na) Waa 
x — a+ fy — qh (a)} ap! (a) =0 


er nt 


i 
\ 
i 
| 
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To deduce the singular solution from the differential equa- 
tion (a) we have 


dz ae dz 
ae (l+p°+q')#=0, Blt ae At ee +94 =0, 


whence p=0, g=0; substituting which in (a) we find 
z=41. 


The above example illustrates the importance of obtaining, 
if possible, a choice of forms of the complete primitives. The 
second, of those above obtained, leads to the more interpret- 
able results, It represents a sphere whose radius is unity and 
whose centre is in the plane z, y, while the derived general 
primitive represents the tubular surface generated by that 
sphere moving but not ceasing to obey the same conditions, 
The singular solution represents the two planes between which 
the motion would be confined. All these surfaces evidently 
satisfy the conditions of the problem. 


Ex. 2. Required to determine a system of surfaces such 
that the area of any portion shall be in a constant ratio 
(m : 1) to the area of its projection on the plane ay. 


The differential equation is evidently 
l+p+7=m’, 
and it will readily be found that it has only one complete 
primitive, viz. 
| z=an+n(m’—a’—1)y+0. 
Thus the general primitive is 


2s ax-+y(m*~ at —1) y+ ¢ (a), 


= 2 = ytd (ay; 


a 
NV (nv? — a? ~ 1 
and this represents various systems of cones and other ee: 
able surfaces. 


350 SYMMETRICAL AND GENERAL SOLUTION [CH. XIV. 


Similar but more interesting applications may be drawn 
from the problem of the determination of equally attracting 
surfaces. 


12. Attention has already been directed to the different 
forms in which the solution of a non-linear equation may 
sometimes be presented. It may be added that linear equa- 
tions admit generally of a duplex form of solution. The ordi- 
nary method gives directly the equation of the system of 
surfaces which they represent; Charpit’s method leads to a 
form of solution which exhibits rather the mode of their 
genesis. 


Ex. Lagrange’s method presents the solution of the equa- 
tion 
(mz—ny) p + (nx — lz) q=ly — MB... 200 (a), 
in the form 
le + my.+ nz = h (27+ Y? + 2’) cececsececeeeres:(B), 


the known equation of surfaces of revolution whose axes pass 
through the origin of co-ordinates. 


Charpit’s method presents as the complete primitive of (a) 
(a — cl)* + (y —cm)’ + (2 —cn)?=7",........ (c), 


e and r being arbitrary constants. This is the equation of 
the generating sphere. The general primitive represents its 
system of possible envelopes. 


These solutions are manifestly equivalent. 


Symmetrical and more general solution of partial differential 
equations of the first order. 


13. The method of Charpit labours under two defects, 
Ist, It supposes that from the given equation q can be ex- 
pressed as a function of x, y, z, p; 2ndly, It throws little light 
of analogy on the solution of equations involving more than 
two independent variables—a subject of fundamental import- 
ance in connexion with the highest class of researches on 
Theoretical Dynamics, We propose to supply these defects, 
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It will have been noted that Charpit’s method consists in 
determining p and q as functions of a, y, z, which render the 
equation dz = pdx + gdy integrable. This determination pre- 
supposes the existence of two algebraic equations between 
L,Y, 2, p, J; viz. 1st, the equation given, 2ndly, an equation 
obtained by integration and involving an arbitrary constant. 
Let us represent these equations by 


F(a, y 2, p; q) =9, ® (a, y, 2, Dp; qQ=a eee (29), 


respectively. And let us now endeavour to obtain in a general 
manner the relation between the functions and ®. 


Simply differentiating with respect to a, y, Z, p, g, and re- 
a: 2 d® ) €B aay 2 by FP. & 
presenting dg bY & Ta bY *’ a a ea a Vid rans 
we have Xdx + Ydy+ Zdz+ Pdp+ Qdq=0, 
X'de+ Y'dy + Zdz+P'dp+ Qdq=0; 
or, substituting pdx + gdy for dz, 
(X + pZ) dx +(¥+qZ) dy+ Pdp + Qdq =0 .... (30), 
(X' + pZ’) dx + (Y¥'+ qZ) dy+ P'dp+ Q'dz7=0.... (31). 


5 rane ad’ d’ 
3 But, representing for brevity a adi and ay by 7, 8, ¢, 
respectively, we have 
dp = rdx + sdy .. (82) 
dq — sdx L tdy eee eee ereeeeeeeeeeeeeee ee 


Substituting these values in (31) we have 
(X'+ pZ’ + rP’ +8Q') da + (Y'+q7 +sP +tQ’) dy=0, 


which, since da and dy are independent, can only be satisfied 
by separately equating to 0 their coefficients. These furnish 
then the two equations 


— (X'+pZ’) aie. 
— (Y' 492) =sP’ +19 
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Now these equations are of the same form as (32). They 
establish the same relations between the functions 


—(X'+pZ), —(¥' +9), Py Qs, eee (34), 
as (32) does between the differentials dp, dg, dx, dy. 


It follows that if we give to dz and dy, which are arbitrary, 
the ratio of the last two of the functions (34) then will dp and 
dq have the ratio of the first two, so that the following will be 
a consistent scheme of relations, viz. : 


da OY. OPN sei 
P= - YP er = yap 


Now dividing the successive terms of (30) by the successive 
members of (35) we have 


(X+pZ) P'+(V+qZ) @—P(X'+pZ) 
iQ (Y-+'@Z is Oho. (36). 


This is the relation sought. It might be obtained by direct 
elimination by multiplying the equations of (33) by Pand Q 
respectively, and the corresponding equations derived from 
(30) by P’ and @ respectively, and subtracting the sum of 
the former from the sum of the latter. 


It is obvious too, and the remark is important, that we 
might pass directly from (80) to (36) by substituting for dz, 
dy, dp, dq, the functions of (84), and that this substitution 
is justified by the identity of relations established in (32) 
and (33). . . 


If in (86) we substitute for X, Y, &c. their values, and 
transpose the second and third terms, we have 


es epere (a2 ie dF (2 ai db 


dat? dz) dp \du*? dz) dp *\dy * 2 dz) dy 
db db\dF 
aga ana picveheteltisainteretureters (37) 


Such is the relation which connects the functions F and ©, 
When F is given it assumes the form of a linear partial differ- 
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ential equation of the first order for determining ®. If from 
its auxiliary system we can deduce any integral involving an 
arbitrary constant, and such that in conjunction with the 
given equation it enables us to determine p and q as functions 
of x, y, z, the subsequent integration of dz = pdx + gdy will 
lead to a form of the complete primitive. ’ 


14. Analogy now points out the method to be pursued 
for the solution of equations involving more than two inde- 
pendent variables. 


Prop. To deduce the complete primitive of the partial 
differential equation 


Bad ean Rees Des PE we. ovis's so (38), 


where 


In the first place we must seek to determine values of 
r+ Pos-+-Pn in terms of the primitive variables w,, #,,...0,,.2 


SNE et 
such as will render integrable the equation 


dz = pda, +- pdx, ... + DyALgcnresevasss (39). 


Suppose one of the equations requisite in’ conjunction with 
(38) for this determination to be 


DiCo ore Si), 5 Pipe De) = Orica eat: (40). 


Then representing the first members of (38) and (40) by their 
characteristics / and ®, differentiating, and substituting for 
dz its value given in (39), we have results which may be thus 
expressed, 


ar aF dF 
alee +n) dat ay} Cr, Soe (41), 
yea) Oa ct = — OD, win aotnonel 42), 
>, a + Pi Z) donk Ta ap.) 0 (42) 


where =, represents summation from t=ltot=n. 
; dz 
But since p, =-;—-, we have 
dx, 


B.D.E 23 
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dz Wz d’z 

CS dxdx, Gat dug, *"" ar dx,c,, 

Substituting this value in (42), we shall be permitted, in con- 

sequence of the independence of the differentials dx, , da,,...dxy, 
to equate their respective coefficients to 0. 


It is easy to see that the coefficient of dx, will be 


d® d® cS db dz 
dx, + Pre ‘dp; dudx,” 


Equating this to 0, we have, on transposition, 


aD a) iz d® 
se ( Pee} dxda" dp; * 


Hence, changing 7 into r and ¢ into 2, 


(= a dz d® 


in ine ae ee ae adenine (44). 


Now comparing this with (43), and observing that 


@e de 
dxdx, dx,dx,’ 


we see that the systems of differentials represented by dp; 
and dx, respectively are connected by the same relations as 
the systems of functions represented by 

Cane 


+ sr) and S© respect ] 
~ \da, ‘4! dz dp, pea dis da 


Hence, by the reasoning of the previous example, it is per- 


mitted to substitute in (41), for the differentials, the correspond- 
dP dd dP 
ing functions, viz. — ee + Dp; =) for dp;; and 7 for da,. 
We thus find 
3 ((2F 2 dd aA’\ 26 
(ez BD hii: dp, dp, te ae dz )t a 
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the summation extending from 7=1 to 7=n. This is the 
relation sought, and it is seen to be symmetrical with respect 
to F and © When F' is given, it becomes a linear partial 
differential equation for determining ®. From its auxiliary 
system of ordinary differential equations it suffices to obtain 
a — 1 integrals, 

Dt Pe Oe Vd Gp oes; (46), 


n-1 


‘such as, in conjunction with the given equation, will enable 


us to determine p,, p,, .-. p, m terms of the original variables; 
then integrating (39), we shall obtain the complete primitive 
in the form 


Nf (AaegWag cer eg C0, On, 'ted On) == Oaeesees (47). 
All other forms of solution are hence deducible by regarding 
,, A> ++» 4, aS parameters varying, independently or in sub- 


jection to connecting relations, but so as to leave unaffected 
the forms of p,, Py, ++«Dne 


It is proper to observe that the given equation /”=0 is 
itself included among the particular integrals of (45). In fact 
F is one of the forms of ® which make ®=a a solution, as 
will be found on trial. The given equation is therefore a 
particular integral. And therefore the 7 —1 integrals of the 
system (46) must be independent of it in order to render the 
determination of p,, p,,... p, possible. 


The equation (45) may be expressed as follows: 


0, 


dF d® co dls dP dP ; dP 
(Ce dp, dp; dx; + vies dp; dz if ‘dp; 
And under this elegant form, obtained however by a more 
complex analysis, the solution is presented by Brioschi (Zor- 
tolint, Tom. VI. p. 426, Intorno ad una proprieta delle equa- 
zioni alle derivate parziali del primo ordine). 


The problem of the integration of partial differential equa- 
tions of the first order, irrespectively of the number of the 
variables, appears to have been first solved by Pfaff, but the 

23—2 
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most complete discussion of it will be found in a memoir by 
Cauchy (Ezercices d Analyse, Tom. 11 p. 238. Sur Uintégra- 
tion des Equations aux dérivées partielles du premier ordre), a 
which the determination of the arbitrary functions of the 
general primitive so as to satisfy given initial conditions is 
fully considered. The connexion of the subject with Theo- 
retical Dynamics was first established by the researches of 
Sir W. Hamilton and Jacobi. The truth, illustrated above, 
that the solution of a partial differential equation of the first 
order is reducible to that of ‘a system of ordinary differential 
equations, and the truth that the solutions of certain systems 
of differential equations (including that of dynamics) may be 
reduced to the discovery of a single function defined by a 
partial differential equation, are correlative. The researches 
above referred to, together with those of Liouville, Bertrand, 
and Bour, founded partly upon their results and partly upon 
the allied discoveries of Lagrange and Poisson concerning the 
variation of the arbitrary constants in dynamical problems, 
contain the most important of recent additions to our specu- 
lative knowledge of Differential Equations. For this reason 
we have dwelt upon their history. Fuller information will be 
found in Mr Cayley’s excellent Report on the recent Pro- 
gress of Theoretical Dynamics. (Jeport of British Associa- 
tion, 1857.) 


[In an Appendix to the first edition Professor Boole pre- 
sented Art. 14 in the following form.] 


Art. 14. The most important form of the problem of this 
Article is the following, and the reader is requested to substi- 
tute it for the one in the text, sufficient account not being there 
taken of the conditions among the constants. 


Required a value of 2 as a function of w,, x,,...#, which 
shall satisfy the partial differential equation 


Ee, Ryp si DL AIDE Da; 21 Oe ee (1), 


and shall, when x, = 0, assume a given form, 


2= (Mig Vy; Gre Mauy) warded ararsann eee 
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Representing the second member of (2) by ¢, and is 
LX. 


1 


by ¢,, &c., we shall have, when a, =0, 


DPi=9,; P= bar e++ Pua = Priv Corer ceccerece (3), 


dz dz dz 
CL. de aoa: 


/ . 1 . at 
when x, =0, we are permitted to make ~,=0 im the general 


value of 2 before differentiating. 


for, in seeking the forms which 


assume 


Now the auxiliary system of the linear equation, (45) in 
the text, yields 2n integrals connecting a,,... a, 2, Dy) +++ Dn 
with 2n arbitrary constants. But since one of the integrals 
is F=c, and since to make this agree with (1) we must 
have c=0, the 2n integrals will effectively contain 2n—1 
arbitrary constants. This however being the number of 
the variables contained in (2), (3), namely of the variables 
Ls e+ Ln, 2 Piy++ Paar, WE may express, and so replace, 
these arbitrary constants by initial values of the above vari- 
ables corresponding to #, = 0. 


Let &,...E,4, & Ty-++Mn. be the new constants in question ; 
then, substituting these for the variables whose initial values 
they represent in the m equations (2), (3), we obtain 2 con- 
ditions connecting the above constants. 


Thus we have finally 3n equations, consisting of 2n inte- 
grals with n equations of condition connecting the 2n—1 
constants which those integrals contain. From these 3n 
equations we can eliminate the above 2n —1 constants toge- 
ther with the m quantities p,, p,,... Pn. The result will be a 
final relation between 2, x,, @,,...2,, Which will be the solu- 
tion sought. 

If we regard the function (#,, #,,...,) as arbitrary, the 
above solution will constitute a general primitive; but if we 
give to it a particular form involving m arbitrary constants, 
we shall obtain a complete primitive. (Cauchy, zercices, 


Vol. 11. p. 238.) 
[Important additions on partial differential equations of: 


the first order are given in the Supplementary Volume, Chap- 
ters XXV., XXVI., and XXVII.] zt 
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EXERCISES. 


1. How are equations, in which all the differential coeffi- 
cients have reference to only one of the variables, solved ? 


9 dz _ y 

' dx V(y?—2) 
dz ¥y 

= dx x+z° 


4, The partial differential equation of the first order which 
results from a primitive of the form w=/(v), where wu and v 
are determinate functions of a, y, z, is necessarily linear. 
Prove this. 


5. ap+bq=1. ‘ 
Zz 

6. Pa 

7. ypt+agq=z. 


8. ap—ayqt+/7 =0. 

9. Integrate the equation of conical surfaces 
(a—2)p+(b—y)q=e-z% 

10. wep+yzq = ay. 

ll. ¢'+2—2") p—2xyq + 2xz= 0. + 

12. Required the equation of the surface which cuts at 


right angles all the spheres which pass through the origin, of 
coordinates and have their centres in the axis of a. iy 


It will be found that this leads to the partial differential equation of the 
Jast problem, 


13. 2-ap—yq=a(a?ty?+2°)3, 
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14. Find the equation of the surface which cuts at right 
angles the system of ellipsoids represented by the equation 


Az’ + By? + C2? = D’, 


where JD is the variable parameter. Lacroix, Tom. It. p. 678. 


15. Find the equation of a surface which belongs at once 
to surfaces of revolution defined by the equation py — qx =0, 
and to conical surfaces defined by the equation px + ¢y=z. 


In problems like the above we must regard the equations as simultaneous, 
determine p and q as functions of x, y, z, and substitute their values in the 
equation dz=pdc+ qdy, which will become integrable by a single equation if 
_ the problem is a possible one, but not otherwise. 

dz dz dz xy 
16. #2—+ +t— =az+—. 
da’ dy dt t 


17. Explain the distinction between a complete primitive 
and a general primitive of a partial differential equation of 
the first order. 


18. Find the complete and the general primitive of 
Z2=px+qy+ pq. 
19. Deduce a singular solution of the above. 
20. pq=1. 
21, g=eap +p’. 


22. Shew from the form of its integral that ¢=/f(p) 
belongs only to developable surfaces. 


23. Deduce two complete primitives of 
| PY = per Ty 
24, Deduce two complete primitives of 


Vp t/q = 2a. 
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25. Given two general primitives of a partial differential 
equation of the first order, in the forms, — , 
dF ne 

Ist, 2= Fla, y,a,$(a)}, 0= EB O9() 


Qnd. z= P{x, y, 6  (0)}, o-Ps yer. 3 


‘shew that the dependence of the functions y(c) and ¢ (a), 
when the two primitives lead to the same particular integral, 
may be determined by the following rule. Eliminate x and y 
from any four independent equations of the system 


Fao df d® dF d® dF_ dD 
ae de Nae? dy dy’ dae? de.- 


0. 

‘The two resulting equations will involve the relation required, 
and when the form of ¢ (a) is given, the elimination of a from 
both will give a differential equation for determining the form 


of ar (c). 


26. The equation z= pg has two general primitives, 


Ist. c= (yta) foto @), 0=4 [ly +a}fn+g(@l] 


ion b, 2 d 3 
2nd. he = {ew +7 + (off O= 5 (ew to +H (o)}; 


shew hence that the relation between ¢(a) and w(c) is ex- 
pressed by the equations ane 


(a) + 4 =0, op (ec) — cp'(c) = 2a. 


Cc 


[An interesting problem involving partial differential equa- 


tions of the first order is discussed in the Supplementary 
Volume, Chapter xxx] 
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CHAPTER XV. 


PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER. 


1. THE general form of a partial differential equation of 
the second order is 


ne, 7 T, 8, b) = Ove ndtnc ana sesee (1), 


a 


where 


dz dz a2 dz az 


a ta” age? aay? 


It is only in particular cases that the equation admits of 
integration, and the most important is that in which the dif- 
ferential coefficients of the second order present themselves 
only in the first degree; the equation thus assuming the form 


Birt Oe atey Lt 25, Viaivess Mises omassep oe (2), 


in which FR, S, 7 and V are functions of a, y, 2, p and g. 
This equation we propose to consider. The most usual method 
of solution, due to Monge, consists in a certain procedure for 
discovering either one or two first integrals of the form 


u and v being determinate functions of a, y, z, p, g, and f an 
arbitrary functional symbol. From these first integrals, singly 
or in combination, the second integral involving two arbitrary 
functions is obtaed by a subsequent integration. 


An important remark must here be made. Monge’s method 
involves the assumption that the equation (2) admits of a tirst 
integral of the form (3). Now this is not always the case. 

There exist primitive equations, involving two arbitrary func- 
tions, from which by proceeding to a second differentiation 
both functions may be eliminated and an equation of the form 
(2) obtained, but from which it is impossible to eliminate 
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one function only so as to lead to an intermediate equation 
of the form (3). Especially this happens if the primitive in- 
volve an arbitrary function and its derived function together. 
Thus the primitive 


z= o(y+2) +v(y—2) —a {p(y +a) —¥'(y—2)}... (4), 


leads to the partial differential equation of the second order 


but not through an intermediate equation of the form (3). 


It is necessary therefore not only to explain Monge’s 
method, but also to give some account of methods to be 
adopted when it fails. 


[Part of the present Chapter is:treated on a larger scale in 
the Supplementary Volume, Chapters XXVIII. and XXIX.] 


2. It is not only not true that the equation (2) has neces- 
sarily a first integral of the form (3), but neither is the con- 
verse proposition true. We propose therefore, Ist, to inquire 
under what conditions an equation of the first order of the 
form (3) does lead to an equation of the second order of the 
form (2); 2ndly, to establish upon the results of this direct 
inquiry the inverse method of solution. And this procedure, 
though somewhat longer than that usually followed, is more 
simple, because exact and thorough. 


Prop. 1. A partial differential equation of the first order 
of the form w=f(v) can only lead to a partial differential 
equation of the second order of the form 


Rr +See TV .2 a aes aches (6), 


when wu and v are so related as to satisfy identically the con- 


dition 
du do_du do _ ‘ 
dp dq dq dp a eeaeeoncee soeecen (dps 
For, differentiating the equation w=/(v) with respect to 2, 


; az d 
and observing that Hane 2 =, s =s, we have 
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du du du du ; dv dv dy du 
det Paz * " dp = * dq =i) eta " dp +87) ; 


In like manner differentiating «=f (v) with respect to y, 


we have 
du du du du '., dv dv adv dv 
dy * 1 dz eg, Oy ie) (Gta tgp tha): 


Eliminating f’(v) there results 


(du jae oe = dv dv, dv oo 
e Pad dp * * dq F 1 dz Sap dq 


dv dv dv dv\ /du du du du 
Gea gate a.) (Get age tegn + tg.) = 0-8) 


On reduction it will be found that the only terms involving 
r, s, and ¢ in a degree higher than the first will be those which 
contain rt and s*, The equation will in fact assume the form 


Rr + Se Tt EU (rt = 8) = V vceccesneees (9), 
: : dudv dudv 
in which U ocr rF = a a . The forms of the other co- 


efficients it is unnecessary to examine. 


Now this equation assumes the form (6) when the con- 
dition (7) is satisfied—and then only. 


3. The proposition en also be proved in the following 
manner. Since »=/(v) we have du =/"(v) dv, an equation 
which, since f(v) is arbitrary, involves the two equations 
du=0, dv=0. Hence 


du du du du adunyat * 
dx tay as dz + pet dq dq=0 | 


da V4 
nL), 
dv dv du f ne 


Phi +e dy +2 peuad ae 0 
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But dz =pdx+qdy, dp=rdx + sdy, dq =sdx + tdy. 
Whence on substitution 


du du du o du du du pu 


dv. duit dv te dv. sar de 5 
Cet hae Tame vr 0. 
Whence eliminating dx and dy, we have the same result 
as before. 


4. A consequence, which, though not affecting the present 
inquiry, 1s Important, may here be noted. It is that it would 
be in vain to seek a first integral of the form w=/f(v) for any 
partial differential equation of the second order which is not 
of the form (9). 


Prop. 2. To deduce when possible a first integral, of the 
form w= f(v), for the partial differential equation (6). ; 


By the last proposition wu and v must satisfy the condition 
(7), which is expressible in the form, 


du | du __ dv _ dv 
josie Dee Cartes ttt ene eee (11). 


Hence, if we represent each member of this equation by m, 
we have 


des _ mt dv adv : 
dq — ” lp’ dq ci Cie dp Cece e eee cenreesncce ( 2). 
Substituting these values in (10), we have 


a du du 
-, ae ae dy +7 de+ Fe (dp + mdq) = 0 


dv dv eae 
ae ey dy + 2 de (p+ mig) = 


and we are to remember that this system, being equivalent 
to du=0, dv=0 modified by the condition (7), can ne have 
an integral system of the form, 


U=a, U'= 2 PRA ee a 
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a and b being arbitrary constants, and wu and v connected by 
the condition (11). 


Making dz = pdx + qdy in (13), we have 


du du du du du 
(+P) da + (qr? | dy + dp (dp + mdq) = 0 


abi) 
00... adv, dv dv dv a 
(e+ » a) Ee rae, dy +, (dp + mdq) =0 
From these and from the equations 
dp=rdz+sdy, dq= sda t+ tdy .......c10e (16), 


if we eliminate the differentials dz, dy, dp, dg, we shall 
necessarily obtain a result of the form (6). For in thus 
dog we only repeat the process of Art. 3, with the added 
condition (7). 


To effect this elimination, we have from (16), 
dp + mdq= (r + ms) dx + (s + mt) dy ; 
or, rdz +s (dy + mdz) + tmdy =dp+mdq...,.. eyo 
Now the system (15) enables us to determine the ratios of 


dy and dp +mdq to dx, and these ratios substituted in (17), 
reduce it to the form (6). 


But in order that it may be, not only of the form (6), but 
actually equivalent to (6), it is necessary and sufficient that 
we have 

dx _ dy+mdx _mdy _dp+mdq j 
R — S _— T a V ee ee NG 


This system of relations among the differentials must thus 
include the equations (15). The same system (18), together 
with the equation dz = pdx + qdy, must therefore include the 
system (13). It must therefore in its final integral system 
include the equations «=a, v= with their implied con- 
dition. 
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We conclude then, that if the equation Rr + Ss + Tt = V, 
result from an equation of the first order of the form w= f(v), 
the system (18), together with the equation, 


must admit of an integral system determining uw and v in 
equations of the form w=a, v=. 


To eliminate m from (18) we have, on determining its value 
from the first and third members, substituting it in the 
second and fourth, and reducing, 


Rady’ — Sdrdy > Tia’ =O faassen (20), 
Rdpdy + Tdgda — Vdady =0 .........0000+ (21), 


and these, with (19), make three ordinary differential equations 
among the five variables «, y, 2, p,g. But among five vari- 
ables there ought to exist four ordinary differential equations 
in order to render the final relations determinate. And this 
confirms what was said in Art. 1, of the hypothetical 
character of Monge’s method. It is only when the proposed 
equation originates in an equation of the form w= /f(v), that 
the above system admits of two integrals of the form, 


C= a) =p: 


As (20) is of the second degree it will, unless it is a com- 
plete square, be resolvable into two equations of the first 
degree, and either of these in conjunction with (21) and (19) 
may lead to a final integral system determining uw and v. It 
follows that when the given equation admits of a first integral 
at all, it will admit of two such—excepting the case in which 
(20) is a complete square. 


5. As yet no account has been taken of the quantity m. 
The mode in which it is involved in the equation (18), leads 
however to a remarkable consequence developed in the follow- 
ing Proposition. 


Prop. If by the last proposition we obtain two first in- 
tegrals of the form 


=f), y= $Y) coreereeeen she OBDNE 
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and if, regarding these as simultaneous, we determine p and q 
as functions of x, y, z, those values will be such as to render 
the equation dz = pdx + qdy integrable, and thus to lead to 
the second or final integral. 


For simplicity, we shall represent u,—f(v,) by F, and 
u,—  (v,) by ®. Thus the supposed first integrals are simply 


I= Oyo Di 0 ges, a sataecees Qiewes ke (23). 
Now reverting to the system (18), and representing the 
ratio dy ; dx by n, its first two equations assume the form, 
Ll ont+tm_nm 
tee ot er. 
and shew that m and n are the two roots of the equation 
Rw —Su+T=0. 


Hence, the value of the ratio dy : dx corresponding to one 
of the first integrals (23), is the same as the value of m cor- 
responding to the other. 


Now for the value of m corresponding to the integral 
f'=0, we have by definition, 


Again, seeking the value of the ratio dy : dx, correspond- 
ing to the integral ® = 0, we have 
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d® be d® Ki d® 
(Zs dz? * dp 
db db db d® ) 5 
(GZ Te 1* Gp rae dq Re 
Equating the value of dy : dx hence found to that of m 

given in (24), we have, on reduction, 

dF db dF d® dF d® ok d® 

dp dx ~ dq dy * dp dz? dq dz £ 


uf q® (ee db dF =) dF d® 
+ op dp dp dq dq dp dq dq 


d® 
r+ Tq? )@ 


t=0...(25). 


In like manner equating the values of m corresponding to 
the integral b= 0, and of dy : dx corresponding to the in- 
tegral /’= 0, we have 

dF d® dF d® oF dd co dd 

da dp * dy dq dz dp ? dz dg 4 
dF d® . dF d® cs dF S| dF ae , 
dp dp ( dp" dp dg)** dg dq’ 


Subtracting (25) from (26), there results 


dr dd dP dP af db dk d® 
dx dp dp dx dy dq dq dy 


dF de® a 0) F aes aE Josue 
(me ap dp ee (Fe dg dg de) 


Now this is identical with the equation (37), Chap. xIv. 
Art. 13, expressing the very condition which must be fulfilled 
in order that the values of p and g given by F=0, D=0, 
may render the equation dz=pdx+qdy an exact differential. 
Hence the proposition is established. 


It is interesting to observe that the two first integrals stand 
in a certain conjugate relation. Each of them salen that 
partial differential equation of the first order and degree which 


++ 


= 0... (26). 
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we should have to construct in attempting, by the process of 
Charpit, to integrate the other. Hence also, although the 
knowledge of both is desirable, that of either is sufficient to 
enable us to proceed by integration to the final solution. 


6. The statement of Monge’s method, as derived from the 
above investigation, is contained in the following Rule. 


Rute. The equation being Rr + Ss+T7t= V, form first, 
the equation ‘ 


Lady? — Saga Tdt= 0 vc.ccccscyseesscveess (28), 


and resolve it, supposing the first member not a complete 
square, into two equations of the form 


dy —mdx=0, dy— m,dx=0.......ccceeeee (29). 
From the first of these, and from the equation 
Rdpdy + Tdqdx — Vdady =0 .....ccceereees (30), 


combined if needful with the equation dz = pdx + qdy, seek 
to obtain two integrals u,=a, v,=6. Proceeding in the same 
way with the second equation ot (29), seek two other integrals 
u,=4, v,=, then the two first integrals of the proposed 
equation will be 


ME OG NEU PAU, Viren ssiansseasueis (31). 


To deduce the second integral, we must either integrate 
one of these, or, determining from the two p and q in terms 
of x, y, and z, substitute those values in the equation 


dz = pdx + qdy, 
which will then satisfy the condition of integrability. Its 
solution will give the second integral sought. 

If the values of m, and m, are equal, only one first integral 
will be obtained, and the final solution must be sought by 
its integration. 

When it is not possible so to combine the auxiliary equa- 
tions as to obtain two auxiliary integrals u=a, v=), no first 
integral of the proposed equation exists, and some other pro- 
cess of solution must be sought, — 

B.D. E . D4 
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We may observe that the determination of p and g from the 
wo first integrals is facilitated by the fact that u and v satisfy 
the condition (7). Interpreted by Chap. m1. Art. 1, that con- 
dition implies that p and g enter, in some single definite com- 
bination, in both w and v. 


baa 
de® 
Here R=1, S=0, T=—a@’, V=0. Hence we have by 
(28) and (30), 
dy’ — ada’? =0, dpdy—adqdz=0 ...... (a). 
The former of these is resolvable into the two equations 
dy+ade=0, dy—adz=—0-............ (b), 


of which the first gives y+ax=c, and at the same time 
reduces the second equation of (a) to the form dp + adg =0, of 
which the integral is p+ag=C. Thus a first integral of the 
given equation is 


ptag=¢(y+az) SEOUICE MOMOCT Gamo os (c). 


Proceeding in like manner with the second equation of (0), 
we find as another first integral 


9 — crgis= Ne_{ 4) 70s) on sinc on so ceneeeeee (d). 


From these two equations determining p and q, the equation 
dz = pdx + gdy becomes 


de PU hen) hh ye) ho on) Se 
2a 


a 


Ex. 1. Given 


Or 
Be $ (y+.aa) (dy +adu) — v (y — ax) (dy — ada) 


2a 


Hence nt = Js (i) dix ob, @) and -= lv (t) dt=p, (0), 


we have 


2 = $, (y+ ae) +, (y— aa). 
Here ¢,, , are arbitrary functions since ¢ and are such. 
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It is seen that, in each of the first integrals, the condition 
(7) is satisfied, and assuming . 
praq—oy+ax)=F, p—ag—>y—ax)=9, 
it is easy to verify the condition (27). 


Ex. 2. Given r+as + bt=0. 
Proceeding as before, we find 


p+ng=¢$(y—ma), p+mg =v (y—ne), 
as the two first integrals of the proposed, m and n being the 
roots of the equation #—at+b=0. Hence, determining p 
and gq, substituting in the equation dz = pda + qdy, integrating 
and reducing we have 


z= ¢, (y— ma) +, (y—n2). 


But when m and m are equal we have only one first in- 
tegral, viz. 
p+mg => (y—ma). 
Treating this by Lagrange’s process, we have the auxiliary 
system 
es dy _ dz 


mp (y— me)" 


From the first two members we find y—ma=c. This 
enables us to reduce the equation of the first and third to the 
form 


dz 
da =~, 
60 
whence 2=xd(c) +c’. 


Therefore, restoring to c its value, 
z—ab(y—max) =. 
Thus we have for the final integral 


2— ab (y—ma) = (y — ma). 
24—2 
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Ex. 3. Given 
(b eq) r — 2 (b +9) (a+ep) s+ (at ‘us 
Here the auxiliary equations are 


(b + cq)°dy? + 2 (b+ cg) (a + cp) dyda + (a + cp)’da* = 0...(a). 


(b + cq)’dpdy + (a + cp)’dqda =0......... skb), 
The first of these equations gives 
(0+ cg) dyt (a+ cp) da =0 wecrsscscseeees (c), 


which the equation dz = pdx + gdy reduces to the form 
ada + bdy + cdz =0 
whence 
00. bY 4: 02 = O's Serer, aeehen eee (d). 
Again, eliminating dy and dx from (b) and (c), we have 
(b+ cq) dp — (a+cp) dg=0, 
whence, integrating 


a+ cp 
b+ cg ae PB iidat es deere ek eee (e). 


Thus a first integral of the proposed equation is 


a+ cp 


naar = f (aa + by + cz), 


or 
cp — ch (ax + by + cz) g = bd (ax + by +z) —a; 
and this must be integrated by Lagrange’s process. 
The auxiliary system is, on representing  (ax+by + cz) by ¢, 
de _ dy de | 
c ch bdb—-a’ 
From these we find adx + bdy + cdz =0, whence 
ax + by + cz = C, 
and thus . $ (aa + by + cz) =$(C), 
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Hence substituting dy=—¢(C) dz, 
whence yt+o¢(C)a=C’, 
or y + xd (ax + by + cz) = C". 
Thus the final integral is 
y +x (ax + by +z) = (aw + by + cz). 
This solution may also be expressed in the form 
z= ax, (ax + by + cz) + yh, (aw + by + cz), 


in which it is in fact presented by Monge, (Application ie 
l’Analyse & la Géométrie, Liouville’s edition, p. 79). The 
equation solved is that of surfaces formed by the motion of a 
straight line which is always parallel to a given plane, and 
always passes through two given curves. 


7. Inthe above examples V is equal to 0, and this always 


facilitates the application of Monge’s method. The following 
is an example in which V is not equal to 0. 


Ex. 4. Given r—t= he 


+ ys 
The auxiliary equations being 
dy’ — da’? =0, dpdy — dqdx Se py B= 0, 
one of the systems hence derived is 
acini i Ae a 
dy—dx=0, dp —dq Saree = 0, 


There is also another system, but it is not integrable in the 
form u=a,v=6. 
From the first of the above equations we get 
y—x=a, dp— dq +5 i =O, 


the latter of which may, since dz = wr + qd, be reduced to 
the form 


d (2y —a) (p— 9) + 2dz=0, 
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whence (2y —a) (p—q) + 22=8, 
or, replacing a by y—2, 
(e+y) (p—q) +22=6. 
Hence a first integral of the proposed equation will be 
(x+y) (p— 9) +22 =f —2). 
Now this being linear, we have, by Lagrange’s method, the 
auxiliary system 
dx dy _ dz 
ety “ety f(y—x)—22° 


The equation of the first two members gives y + #=a, and 
this reduces the equation of the second and third to the form 


— dy _ dz 


or 5 eee ala 


ay 
whence = = | e * f(Qy—a) dy+b. 
The final integral will therefore be found by substituting in 


the above, after integration, y+ for a, and F(y +2) for 0. 


8. Monge’s method fails in so many cases, owing to the 
non-existence of a first integral of the assumed form w= f(v), 
that it becomes important to inquire how its defects may be 
supplied. And various methods, all of limited generality, 
have been discovered, Thus Laplace has developed a method 
applicable to all equations of the form 


Rr + Ss+ Tt+Pp+ Qq+Z2=U; 
R, 8, T, PlOwZz wenadeu: being functions of x and y only,— 


which consists. in a series of transformations, each of which 
has the effect of reducing the equation to the form : 


 8+Pp+Qqgt+Ze=U;. » 
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P, Q, Zand U being functions of x and y, to which each 
transformation gives new forms. It may be that among 
these successive forms, some one will be found which will 
admit of resolution into two linear equations of the first 
order. But there are probably no instances in which this me- 
thod has been applied in which the solution may not be 
effected with far greater elegance, and with far greater sim- 
plicity, by the symbolical methods of the following Chapters. 
And even Laplace’s method is better exhibited in a symbolical 
form. The subject will be resumed. See Chap. xvir. Art. 14. 


The following sections contain miscellaneous but important 
additions. 


Miscellaneous Theorems. 


9. Poisson has shewn how to deduce a particular integral 
of any partial differential equation of the form 


Sig Ne De ee re ety Ie oe (45), 


where P is a function of p, q, 7, 8, t, homogeneous with respect. 
to the three last, n a positive index, and @ any function of 
x, y, z,and the differential coefficients of 2 of any order, which 
does not become infinite when rt —s* = 0. 


Assuming ¢= ¢ (p), we have 
s=$ (p) 7, =P (p) 8={[P' (p)P riveree (46), 


values which make rt —s’= 0. Hence, substituting in (45), the 
second member vanishes, while in the first, which is homoge- 
neous with respect to 7, s, ¢, some power of 7 only will remain 
as a common factor. Dividing by that factor, we shall have 
an equation involving only p, ¢(p), and ¢' (p), i.e. p, g and 
ee . Integrating this as an ordinary differential equation we 


d . 

obtain a relation between p, g and an arbitrary constant ; and 
this, integrated as a partial differential equation of the first 
order, gives the solution in question, 


Ex, Given ??-f=rt-—<s’. 
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Proceeding as above, we find 1 — {¢'(p)}*=0; 


therefore 1 — {df (p)}?= 9, 
dg _ ig 

whence ip ae g=tpte; 

therefore z—cy=o(y +2), 


a particular integral. 

The above method is applicable to all equations of the 
second order which are homogeneous with respect to 7, s, ¢, 
for then we have only to suppose @=0. 


10. There exists in partial differential equations a remark- 
able duality, in virtue of which each equation stands con- 
nected with some other equation of the same order by relations 
of a perfectly reciprocal character. As respects equations of 
the first order the principle may be thus stated. 


Suppose that in the given equation 


h(@, Y, 2, P,Q) =O irewscene kee (47) 
we interchange «and p, y and q, and change z into px + qy — z, 
grving 
} (p, g, pe+ gy — 2, @, y)=O.....ccceees (48) ; 
then, if either of these equations can be integrated in the form 


z2=b(a, y), the solution of the other will be found by elimi- 
nating X and Y between the equations 


dy (X,Y). _adp(X, ¥) 


dX 2 aac 


= At + Vy = X,. VY) svsscnsmasebacanes (49). 
For, since dz = pdx + qdy, we have 
2=pa+qy -| (edp'+ yg). 2Fh ees (50). 


Hence axdp + ydq is an exact differential. Represent it’ by 
aZ, and assume Z for dependent variable. Assume also two 
new independent variables X and Y, connected with the for- 
mer ones by the relations X=p, Y=qg. Then 


aZ = xdp + ydg = adX + yd Y, 
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dZ dZ 


Hence ax a x, dy ” 


Z= | (edp + ydq) = px + gy — 2 by (50); 


therefore 2=pxet+qy—-Z=2“2X+yY-Z. 


On examining the above equations we see that a, y, z, and 
X, Y, Z are reciprocally related. Writing, side by side, the 
equations which are conjugate to each other, we have 


dz aZ 
is te aX: 
dz dZ 
Te I= ae 


LZ=Xxex+YVy—2, 2=aX+yVY-Z 
We see tco that the equations (49) which express one set 
of the relations suffice to convert any relation found by inte-’ 
gration between X, Y, Z, where Z stands for y(X, Y), into 
a corresponding relation between 2, y, z. 


Ex. Given z= pq. 


Here the transformed equation is 
put gy — 2% = xy, 
of which the integral is z= ay +af a » Hence 
pasar xF (5) 5; 
and we have to eliminate X, Y, between the equations 
enr-27Q)si(8). 247) 
tO 
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Each particular form assigned to f gives a distinct par- 


ticular integral. If we assume f (=) = i +b, we find 


x=Y+b, y=X+a, 2=XY, 


from which, eliminating X and Y, we have z= (x—b) (y—a), 
and this is one form of the complete primitive assigned in 
Chap. xtv. Art. 7. We may observe that the elimination 
may be so effected as to lead to general primitives. 


11. In equations of the second order we should have, an 
addition to the above transformations, to change 


A t 5 
r onto ——3 & unto 
rT 


s : r ” 
oe Pee Unio = eee (51), 


wm order to form the reciprocal equation. Then the second - 
integral of either being found in the form z= wW(a, y), that 
of the other will be found as before by eliminating X and Y 
Jrom (49). For since 


aah abe tee 
OP Ge eae 
therefore dx=RdX+S8dY, dy=SdX+ Tay, 
_ Tdx — Sdy _ —Sdx + Rdy 
whence ax = hTs ot . aVY= ny yk Sy 5 


But X=p, Y=gq, therefore 


dp =rda+ siy = =, 
dy = sito + tly = Fort BY 
whence, equating coefficients, 
gw -8 R 
T= Sree 8S=am o> = F=> 
LT — §? LT — §*’ RL — S** 
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The extension of the theorem to higher orders involves no 
difficulty. 


12. It is an immediate consequence of the above, that 
any equation of the form 


| D(P DT+V (DR DS+X (DQ) t= Overs. (52) 
can be reduced to an equation of the form 
x (#, y) rab @, y) s+ ob (a, y)t=0....00... (53), 


usually more convenient for solution. Legendre’s solution of 
the equation 


(L+9°)r—2pqs+t (1+ p’) t =0, 


by the aid of the above transformation, will be found in 
Lacroie (Tom. i. p. 628). 


The same transformation makes the solution of any equa- 
tion of the form Rr + Ss+7t= V (rt—s°*) dependent on that, 
of an equation of the form 


Rr+S8s+Tt=V, 


- but with different coefficients. The subject of these trans- 
formations has been most fully treated by Prof. De Morgan 
(CambridgePhilosophical Transactions, Vol. vit. p. 606). 


13. Legendre also shews how, by a transformation  for- 
mally resembling the above, to integrate the equation 


r=f(s, 2). 


Assuming s and ¢ a3 independent variables, and v =sx+ty—q 
as dependent variable, the equation is reduced to the form 


d*y d’v d’v vi 
dt. S74 = aes ='0) sadendor Se (54), 


where S and 7’ are the values of o and 2 furnished by the 


given equation. Lacrow, Tom. 1. p. 631. 
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EXERCISES. 


1. To what condition must wu and v be subject, in order 
that u=/f(v) may be a first integral of an equation of the 
form Rr+Ss+7t=V? 


Integrate by Monge’s method the following equations : 

2. xr+2ayst yt=0. 

3. gr—2pqst+pt=0. 

4, Integrate ps—gr=0. 

5. Integrate by Monge’s method the equation 
g(1+g)r—(p+q+2pq)s+ p(t p)t=0. 


6. The solution of Ex. 3 may, by the law of reciprocity, 
be made to depend on that of Ex. 2. 


7. Monge’s method would not enable us to solve the 


: 2p 
equation 7—t= ao 


8. Deduce by Poisson’s method a particular integral of 
(L+q°)r—2pqs+(1+p*)t=0. 
9. Shew that the equations 
rt—s'=f(p, gq), and ri—s'=[f@, y)J 
are connected by the law of reciprocity. 

Aw 
Pq 
may be derived from that of the equation r— tore =0.. 
Art, 7. Ex. 4. 


10. The solution of the equation r—t= (rt — s°) 


Cesky) 


CHAPTER XVI. 


SYMBOLICAL METHODS, 


1. THE term symbolical is, by a restriction of its wider 
meaning, applied more peculiarly to those methods in Ana- 
lysis in which operations, separated by a mental abstraction 
from the subjects upon which they are performed, are ex- 
pressed by symbols in whose laws the laws of the operations 
themselves are represented. 


Thus = ig written symbolically in the form Lee the sym- 


da 


bol a denoting an operation of which w is the subject, In 
thus expressing an operation by a symbol, in studying the 
laws of that symbol, and in founding processes and methods 
upon those laws, we introduce no strange or novel principle 
of Language; for it is the very office of Language to express 
by symbols the procedure of Thought. 


Thus also we may write 


oe au = (o +a)u HOR OEE DCIOUDORES (1), 
d 2 
sees +bu=(Fa+as +b) sehen (2), 


and so on. It will be observed that the symbol precedes the 
subject on which it operates. 


Operations may be performed in succession, Thus 


(z+ 4) (t+?) # 


denotes that we first perform on the subject wu the operation 


382 SYMBOLICAL METHODS. [CH. XVI. 


denoted by S +, and then on the result effect the operation 


denoted by 2 +a. Thus a and b being constant, we have 


+e) +i)e— (+0) (Sem 


du du 2 
= Fat (at b) GF +abu vdieo. (3). 


When an operation is repeated, the number of times which 
it is understood to be performed is expressed by an index 
attached to the symbol of operation. Thus 


(¥ + a) w= ( +a) (4 +a) u 


If in the second member of (3), as in the first, we separate 
the symbols from their subject, we have 


(¢ +a) (+2) u=(t (a+ 0) Fadl wn). 


Now the symbolic expressions for the equivalent operations 
performed upon uv in the two members of this equation are in 
formal analogy with the algebraic equation 


(m + a) (m+) w= {m? + (a +b) m+ ad} u, 


and this is a particular illustration of a general theorem to the 
statement and demonstration of which we shall now proceed. * 


2. If we compare the symbolical expressions 


a ae oat ae 
du da da da 
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whose equivalence is stated in (5), we see that each involves 


a together with constant quantities. Each might therefore, 


to borrow the language of analogy, be described as a function 
of Q and constant quantities, or more briefly as a function 
of if, ; antl expressed in the form f (=) . Again, each ex- 
presses a system of operations in the performance of which 
the presence of the symbol a only indicates differentiation, 
not integration. We may with propriety term any function 
of Z possessing this character avdirect function of S . The 
theorem in question is then the following. 


THEOREM. Any direct function of = and constant quan- 


tities may be transformed as if es were itself a quantity. 


da 
Tn the first place it is evident that any direct function of 


d : is SC Oty, 
the symbol —— according to the above definition is, in form, 


da 
what we should term a rational and integral function of ie : 
x 
were that symbol merely algebraic. 


Now the laws, according to which algebraic symbols com- 
bine with each other in the composition of ajl rational and 
integral expressions, are the following, viz. 


1st, the distributive, expressed by the equation 
| M (WAV) = MUA MV .osveree Pe (7), 
Qndly, the commutative, expressed by the equation 
GT ee OND cava taaiericlecelnas olive gen (8), 
3rdly, the index law, expressed by the equation 
) Bt NUARE TL Wea ecn ise cttaneksekagee’ (ys 
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These determine, and alone determine, the forms, or, to speak 
more precisely, the permitted variety of form, of algebraic 
expressions of the above class. 


But the symbol @ , when employed in combination with 


constant quantities to operate on subjects which are not con- 
stant, is subject to laws formally agreeing with the above. 
For we have 


d\2/ da.\° Gi Nee 
(a) (=) ae (a) th Shee (12), 


the last of these, however, expressing, not any distinctive pro- 


d abe 
Tet but only the fact that it is an 
operation capable of repetition. These laws, in like manner, 
determine the possible forms of symbolic expressions involv- 


perty of the operation 


Be hs 
ing 7, with constants, and representing direct systems of 
operations. 


Hence the variety of form permitted in the one case is the 
same as that permitted in the other. In other words, the 
same transformations are valid. 


Among the consequences of the above theorem the follow- 
ing may be noted. 


Ast, We can reduce any symbolical expression of the form 
Ga d’" qe 


Gat + % Gyr tga + tes in which a,, a,,...a, are con- 


stants, to an equivalent expression of the form 


(fm) (Sm) (=m), 
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where m,, ™,,...M, are the roots of the equation 
m" +am"* + am"... +d, = 0. 


2ndly, The order, in which the component operations 


fe a d 
Ais ™,, pa) ae 


are written, is indifferent. 


ae LL 


2 
x 


(+4) (Z-auno, (4-4) (Zra)uno. 


3rdly, The complex operation 


d” Gps Gir 
dx” +A, da” +4, 1 Faia 


Ex. Thus = vu =0 may be reduced to either of the 


+A, 


Cit) 4. Ghee Fe : 
——, distributive; i.e. 
z 


d. 
representing that complex operation by f (z) , we have 


is itself, like the elementary operation 


d d ne! 
f(z) (u + v) =f(5) U ar af (5) Ue reteisieis svete (13). 
This conclusion may be verified, by substituting for f (3) 


the expression for which it stands, and performing the 
operations, 


Inverse Forms. 


3. All that is said above relates to the performance of 
operations, definite in character, upon subjects supposed to be 
given. But an inverse problem is suggested, in which it is 
required to determine, not what will be the result of perform- 
ing a certain operation upon a given subject, but upon what 


B.D. E, 25 
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subject a certain operation must be performed in order to 
lead to a given result. Thus, in the equation 


Loan. 
if u be given, the performance of the operation moe deter- 


mines v; but if v be given, then the inquiry arises, what is 
that unknown subject u, the performance of the operation 
g +a upon which will lead to the result v? 
a 

As any procedure for determining uw from v is inverse to 
the procedure by which v is determined from wu, analogy sug- 
gests the notation 


-1 
oe (S + a) Peep tnie e et (15), 


d cy : : : : 
& oe a) representing the inverse procedure in question, 


but representing that procedure only in its inverse character, 
i.e. conveying no information as to how it is to be performed, 
but only telling us that it must be such, that if, having per- 


formed it on v, we perform on the result the operation Int % 
we 


to which it is inverse, we shall reproduce v. For, substituting 
in (14) the expression for uw given in (15), we have 


d ie he 
(ate (ate =u: 


The inverse procedure is thus presented as one, the effect of 
which the direct operation simply annuls. This is its definition. 


Thus in Arithmetic, division is inverse to multiplication. 
What is meant by dividing a by b is the seeking of a third 
number ¢, which when multiplied by b will produce a. And 
the very procedure by which this is effected consists not in 
any new and distinct operation for determining the subject c, 
but in a series of guesses, suggested by our prior general 
knowledge of the results of multiplication, and tested by 
multiplication, 
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And generally, if 7 represent any operation or series of 
operations possible when their subject is given, and then 
termed direct, and if, in the equation mu =v, the subject w be 
not given but only the result v, then we may write 


Uu=T7v, 


And the problem or inquiry contained in the inverse notation 
of the second member will be answered, when we have, by 
whatsoever process, so determined the function w as to satisfy 
the equation mu=v or mr‘v=v. By the latter equation 
the inverse symbol v™ is defined. Thus it is the office of 
the inverse symbol to propose a question, not to describe an 
operation. It is, in its primary meaning, interrogative, not 
directive. 


Suppose the given equation to be 


d” Glee 
(tA Ga +4,)u= Baise sia ates os (16). 
Then on the above principle of notation we should have 
d” “bom =i 
ra pare ae & 
u= le +A, ae + 4,) 2, 
or, with not less propriety of expression, 
| a x v 
LE amas Dm (5 
ae d 
— smi: tA 
dat a gee PA. 


the last two equations differing in interpretation from (16), 
not at all as touching the relation between u and v, but only 
as more distinctly presenting wu as the object of search. 


Of what avail then, it may be asked, is that analogy upon 
which the expression of the last two equations is founded ? 


If a convention, it is at least a very natural one, that we 
should express an operation performed upon a subject, by 
attaching, in some way, the symbol denoting the operation 
to the symbol denoting the subject. The order of writing, 
in that family of languages to which our own belongs, has 

25—2 
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doubtless determined the mode of connexion actually adopted, 
and which is the same as if the symbol of operation were a 
symbol of quantity employed as a coefficient or multiplier. 
It comes to pass, moreover, that the formal laws of combina- 
tion in the direct cases investigated in Art. 2 prove to be the 
same for the symbol da °8 for a coefficient or multiplier. But 
inverse symbols derive their meaning from the direct opera- 
tions to which they stand related: they are forms of inter- 
rogation, the answers to which are to be tested by the per- 
formance of the direct operations. Hence it may be inferred 
that the laws for the transformation of inverse expressions 
involving 2 with constants will be the same as for the cor- 
responding forms of ordiary algebra. The analogy consists, 
not in the mere adoption of a common notation, but, as all 
true analogy does, in a similitude of relations, . 


4, Solution of Linear Equations with constant Coefficients. 


» If the equation ($ - a) u=X be given, we have 


d ou 
“= (ae = a) x, 
but, the known general solution of the given equation being 


“ae | e ” Xda, 


we see that r a 
(¢- ) Xa | kde |e ans 


an arbitrary constant being introduced by the integration in 
the second member. 
If X =0, we have 


(5, -a) X= Ce A. Aa toenail 


These results we shall have occasion to refer to, 
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Ex. Now suppose the given equation to be 
Se (a+6) ea. abu = X, 
we have, on separating the symbols, 


{e-@tD zt aluaX, 


or, by Art. 2, 
(4-4) (%-8)w=x eae (19) 
Hence (= je b) is (= = a) X, 
iS (F = b) (F = a) x pune « (20). 


On comparing this with (19) we see that, in inverting a system 
composed of two operations performed in succession, the order 
of the operations themselves is inverted. This is evidently 
true whatever may be the number of successive operations, 
the last to be performed being always the first to be inverted. 


From (20) we might deduce the actual value of uw by suc- 
cessive applications of (17). Such was the method once em- 
ployed. But it is better to proceed as follows, 


From (19) we have 


ve \(z = a) (F. Fi a) hx RHA (21), 


Now by the known theory of the decomposition of rational 
fractions 


{(m — a) (m —b)}*=N, (m — a)*+ N, (m—6)™... (22), 


N,,, N, being functions of a and b, which may be determined 
in various ways, but most directly by multiplying both sides 
of the equation by (m— a) (m—b6), and equating coefficients. 
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Now the suggested transformation of the expression for u 
given in (21) is 


\@ -2) (-2)} em ; (-a) x +N, (<- Nes .. (28). 


And, from the very definition of inverse forms, the proper test 

of the validity of this transformation is, that the performance of 

the direct operation (z _ a) (z - b) on the second member 
da da 

shall reduce it to X. 


Effecting this operation, and remembering in so doing that 
as a and—-—b are commutative, and that by definition 
dix da 

-1 
ae a) nM a a) XA = X, the second member becomes 
die dx ; 


x 
ie (N, +N) — ON, +N) KX cscseseeee 24), 


and this reduces to X if 
N,+N,=0, ON, +aN=—-2......0.. (25). 


But these equations for the determination of Vand W, are 
the same, and necessarily the same, as we should have found 
by multiplying, as above indicated, (22), by (m—a) (m—b), 
and equating coefficients. The two series of operations only 


differ in that ee occupies in the one the place which m occu- 


pies in the other. Determining N,, N,, we see that wu may 
be expressed in the form 


way (3: “ ie ( x v) xt ‘ee (26). 
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Hence, by (17), 
hee wap {e" [em Xae- e” fe" Xae} Ue CORR (27), 


and as, on effecting the integrations, two arbitrary constants 
will be introduced, this is the most general value of u. 


5. In like manner if there be given the general linear 
differential equation with constant coefficients 
(a qr pee : .) 
(ga t 4a gr wa tA, za Bore ho: en Ee eas (28), 
and if we represent by a,,a,,-..@, the roots, supposed all dif- 
ferent, of the algebraic equation 


m+ Am" + Am"... +A, =0...caseres (29), 
then the given equation may be expressed in the form 


d d d 
(G.-%) (Fa-%) (F,-%) Us X, 
whence 


w= ((d-+)(E-+)-(E-a)fs 


(Does ey ine dopa ii Bees 
={y, (G-4) +N (F-4) - es hp (5-4) x ... (30), 


the decomposition in the second member formally resembling 
that of the rational fraction. 

If the equation (29) have x roots equal to a, there will 
exist in the resolved expression for u a series of terms of the 
form 


1%, (- - a)" +N. (- — a) AN, (5, - «) } X .dsaehly, 


* This theorem was first published in the Cambridge Mathematical Jour- 
nal (1st series, Vol. 11. p. 114), in a memoir written by the late D. F. Gregory, 
then Editor of the Journal, from notes furnished by the author of this work, 
whose name the memoir bears. The illustrations were supplied by Mr 
Gregory. In mentioning these circumstances the author recalls to memory 
a brief but valued friendship. [See a note on page 108 of Boole’s Finite Dif- 


ferences, 1860.] 
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or, which is preferable, a single term of the form 


Pad co Ny et 
(A+Be. ee +RE=)(5-«) X vse--(82), 


A, B,... R being determinate constants. 


heren ¢ - dg) lex 
therefore (8) -(-4) € [e 2 


= I re Ce | e* Xda) dx 


=< | i 6 ” Xdz*. 


Proceeding thus, we have 


d 2 ie —ax i 
(7--2) A= le € AGG scares (33). 
OY dy eo dy 
Ex. 1 me ee bed ERI? ent Od = 
- Given dat t 4 mae 3 de 4 re 4y = X. 


This equation wives, on decomposing the complex operation 
performed on y, 


d  .\/d d ey 
(Get +2) (i.41)(G-1y=% 


therefore y= (i 3 2) (¢ + 1) (% a 1)} x 


é 1 _4mtll 1 1 
(m+2)"(m+1)(m—1) 9 (m+2)"_ 2(m+1) + 18¢m—1) 
Therefore 


eg Fianna te, ih “ : 
y=, (40-411) (4,42) “all +1) “Hy (4-1) x 


=5(4e+n)e = [fe Xdat Fe *feXdrt % se [e*Xar. 
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2 


Ex. 2. Given g L + nu = X. 
dx 
da? a | 
Here w= ( ++ n°) B4: 
da* 


OE SoS [{m—nv/(—1)}*— {m+n (-1)}7]- 


Hence wu = (= te —na/(— nhx -{F +n (— yf x] 


But vv fem Xd" 


= {cos nx + /(—1) sin na} { [os na Xda ~ rf (— 1) fsin na Xda f 
CREAN vfereveo Xd 


= {eos nw — /(— 1) sin na}! {os na Xda + r/(— 1} sin ne Xd} ; 
whence, on substitution and reduction, 1 
‘Tipe (es ‘ 
iam {sin nar | cos nx Xdx — cos ner | sin nx Xa : 


6. When the second member X is a rational and integral 
function of 2, the final integration may be avoided. For, 


d 
representing the given equation in the form f ie =) u=X+0, 


ae eal x+{e(Bh ieee oe fs (34), 


A particular value of the first term will be obtained by de- 
veloping | a = ale in ascending powers (so to speak) of ae 


and then performing the differentiations on X, while the 
general value of the second term will introduce the requisite 


number of arbitrary constants. 


we have 
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Ex. Given 5 stnu=1+ata’. 


On =L a? al 
Here u=(So+n') dteta)+(T+0) 0 


= (n*— ata oe — &.) (1+ %+2") 


+ C, cos nz + C, sin nx 
=n? (1+a4+2°)—2n*+ C,cosnx+ C,sinnz. 
The validity of the transformation of the inverse form 
2 =I) 
( = ao nt) by development, as of its other transformation by 
decomposition, is tested by performing on the result the direct 


operation a +n. We take occasion to notice that different 


transformations, while equally valid, do not of necessity con- 
duct us to solutions equally general, nor have we any right to 
expect that they should. Each solution is an answer to the 
question contained in the given inverse form, but that question 
may admit of different answers, and no solution is general 
which does not include them all. 


The final integrations may also be avoided when X consists 
of a series of exponentials of the form ¢”* with coefficients 
which are either constants, or rational and integral functions 
of «. 


Nr ML 


Since (z) e"* = me", we have, for all interpretable forms 


of f (<.) , the relation 


the second member expressing the complete, because the only, 


value of the first member when f ( $) is rational and integral, 
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but a particular value of the first member when f (=) is 
inverse, the test being as before. 


@ 


dx 


orb ear faye 


=3A4,, (f (m)y 1 + | f tala TE es (36), 


Hence, if the given equation be f ( ) u= >A, e"", we have 


the second term introducing the requisite number of arbitrary 
constants. 


Hohe ts 


Again, if, in any expression of the form f (=) eX, we 


: d, 
convert ad into ue + where = operates on « only as 


“2 1 
dix dx dx’ duc 
: ; d. et 
contained in e”’, and 3 operates on w only as contained in X, 
x 
we have 


2 f(m Le ) e"*X, by (35) 


mae d, \ 7 
= € f (m+) x 


Hence, dropping tie suffix which is no longer necessary, 
since X alone follows the operative symbol, we have 


I es. ew X= e™ f ( 2 m) ogee a Seer (37). 


When therefore X is a rational and integral function of a, a 
particular value of the first member may be found from the 


396 SOLUTION OF LINEAR EQUATIONS [CH. XVI. 


second, by developing the functional symbol and effecting the 
differentiations. And that particular value may be made 
general, as in the following example. 


Here w= \(e- 1) (z - 2) wen + (5 _ 1) (z _ 2)" 0 


d =i 


r fe —1)(m—2) ~ {(m — 1) (m — 2)" da . fe} 


+ Ce + Ce” 


ave”? (2m — 8) e™* 


(m—1) (m—2)~ {(m—1)(m—2)} 


at Oe + Che. 


Again, the theorem (37) relieves us from any difficulty arising 
from cases of failure referred to in Chap. 1x. Art. 9. 


d s ax Ax d he is 
Here u=(7-a) ev" = (=) 1 by (87) 


£ (6, + 0,0 ...+ Cen + a) ‘ 


When the second member XY involves terms of the form 
A cos max, Bsin mx, &c., we may either substitute for them 
their exponential values, or we may employ directly the easily 
demonstrated theorem 


@ \ sin » Sin 
F(t) cos” Fr he cos 
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ey OAD ae 
Ex. Given —,+7’u = Xa,, cos (max + 6). 
10) 


2 


dq? =) d =f; 
Here u= + nt) La, cos (ma +b) + Ga +- n’) 0 


Om, COS (ma +b ; 
=>— a 5 DC cosa eine 
n*—m 


In this example, however, the failing case which presents 
itself when m=n, is most simply, though not most satis- 
factorily, treated by the methods of Chap. rx. Art. 11. 


The reduction of an integral of the n order by the fore- 
going theory is not devoid of elegance, 


We have 
es d —n 
|[--Xaw -(5) Xx. 


Now let z=e°, then 


aX __,aX 

dx ° dd’ 

ee CU Oy Oh ) aie, 
Proceeding thus, we have 


a sd d d 
wa Xk=e *(y-mt)) (Fp- +2) ag X (88), 


aN 
and therefore the operation denoted by ‘e , and the com- 


pound operation denoted by 
he ot bse, Sal ek 
€ 6 (241) (a - 242) a> 
are absolutely equivalent. Hence inverting both, and ob- 


serving that the inversion of the latter involves the inversion 
of the order of its component symbols, we have 
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ie d d Reed Cpe 
(=) X= |(—-2+1) Gpon +2) gph eX 


1 d = d $e 
Tie ies | \(j-"+2) =a = 1) (p-2 +2) 


a (n—1) (n= 2) =) . ma ( é —n+ 3) - Se 6X 


dO 


i) aN e bay: ; 
a a ig se = | Oy, SP) eae ee Be ~ 2.9 
— 1.2 an (7) oT ae) als 

1 


pad re ee aX tire -_ n—-2 ood: 

ee [Xa (n—1)x [xe x 

(n 1) (n—2) 
te2 


+ qn-3 i Xx dzx...+ i Xar-tdet 


the result in question. 


From (38) we have the theorem 


~ a” ene ad 
x Je7qa(qo-1)-(G-#+1) eee ee (39), 


which is important in the transformation of differential 
equations. 


forms purely symbolical. 


7. In any system in which thought is expressed by sym- 
bols, the laws of combination of the symbols are determined 
from the study of the corresponding operations in thought. 
But it may be that the latter are subject to conditions of 
possibility as well as to laws when possible. And thus it may 
be that two systems of symbols, differing in interpretation, 
may agree as to their formal laws whenever they both express 
operations possible in thought, while at the same time there 
may exist combinations which really represent thought in the 
one but do not in the other. For instance, there exist forms 
of the functional symbol f, for which we can attach a meaning 
to the expression f(m), but cannot directly attach a meaning 
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d : 
to the symbol f () And the question arises: Does this 
difference restrict our freedom in the use of that principle 


which permits us to treat expressions of the form f (=) as if 
G 

d : : 

dn Were @ symbol of quantity? For instance, we can attach 


d 
no direct meaning to the expression ¢ f(x), but if we de- 


velope the exponential as if — were quantitative, we have 


da 


d 


: ae wlll 
e& f(a) = (tho +558 2 + &e,) f (a) 


=f(«+h) by Taylor’s theorem. 


Are we then permitted, on the above principle, to make use 
of symbolic language ; always supposing that we can, by the 
continued application of the same principle, obtain a final 
result of interpretable form? 


Now all special instances point to the conclusion that this 
is permissible, and seem to indicate, as a general principle, that 
the mere processes of symbolical reasoning are independent of 
the conditions of their interpretation. In the few instances 
we may have occasion to employ, verification will be easy. 
We take occasion to notice that, whatever view may be taken 
of this principle, whether it be contemplated as belonging to 
the realm of a prior truth, or whether it be regarded as a 
generalization from experience, it would be an error to regard 
it as in any peculiar sense a mathematical principle. It 
claims a place among the general relations of Thought and 
Language. © 


On the principle above stated we should have 


ha d 


d dad 
e uh f (mn, y) =e He Wf (x, y) 


=f (ath, y +k). 
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d d 
And here, the expression ¢ &**w, which is without meaning 
in itself, is to be regarded simply as the representative of the 
expression 


d aie Nae Faves = | d d\U ie 
14h +k +75 (hag tha) +ro.g hag tha) + & 


which has meaning. And the proper test of the validity of 
the symbolic equation 


d d ad d 
+k k 
¢ & dy =e dig WY 


consists in substituting for each exponential form the series 
it represents, and comparing the finally developed results, 
just as we should, by developing the exponentials, verify the 
algebraic equation, 


hintin 
eon ee er. 


It must be noted that a and @ are commutative aad 
da dy : 


combine, in all respects, hke symbols of quantity. We are 
a a 
not permitted to write e & = et because w and da tte not 
a0; 


commutative. 


8. The above principle is illustrated in the solution of 
the following partial differential equations. 
au a 


Ex. Given Tt aa d (a, ¥). 


Here u= (i —a ay) (x, y) 
-(95) (@e-*H) - Greg) Joon 
= (2a Cn | oi i ity (a, y) dene | a p(a, y) ach 


dy 
1 s 
=. [\s. (a, y + aa) — ®, (@, y — az)} dy, 
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the forms of ®, and ®, being given by the equations 
®, (0, 9) = [$(@ y—a2) de+(y), 


®,(2, 9) = [6 @ y+ a0) de+y (9), 
v (y) and x (y) being arbitrary functions of y. 
If ¢ (x, y) =0, we hence find 


ua, [ hh y+ ax) —x(y— ao) dy, 


: I 1 
or, if we represent xa (y) dy by w, (y), and 5, Ix (y) dy 
by x1 (y); Wal eo po 
w=, (y+ ax) +x, (y — an). | 
As a and y are arbitrary, yr, and y, are so too. This agrees 
with the result on p. 370. 


aio dun du -au 
Ex. Given dat ey at ap = 0. 


We may put this in the form ha au =0, where a stands 
‘ dx 


and integrate with respect to a, as if a were a 


ae Be 
for dy Tap Tee, ? 
Pcant quantity. Remembering that the two arbitrary con- 


stants of the complete integral must then be replaced by two 
arbitrary functions of y, z, we get the symbolical solution 


Ot AAS) cn ‘, d* 
U=COS \=(aat oat) bow, Z) +sinfo( + EACH ee 
Developing the cosine and the sine, and replacing 
—1@ PN 
Gr * =) vy #) 


by a new arbitrary function x (y, 2), We have 25 
ars 26 
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rete, )-alpte rw 2) 


a a? oi) 
tresalgta) ¢@s-k 


a CC 
+ UX (y, z) iad ls nS Ge te oa) AWE z) 


oe i 
; ( 


2 
1.2.3.4.5 apt aa) AW #)— be. 


Under this form, the solution is presented by Lagrange in the 
Mécanique Analytique, Tom. It. p. 320, 


Generalization of the foregoing theory. 


9, All equations, whatsoever their nature or subject, 
which are expressible in the form 
(1° ++ A? + Ar... 4+ A.) w= Xo. ces, (1); 
where 7 is an operative symbol subject to the laws 
Tau=anru, wut+v)=Tut+ry, w'ru=n"u, 


a being a constant and w and v functions of a, admit of trans- 
formations analogous to those of Art. 5. 


Thus, since w= (7" + A,w"* + A."?...+.4,)7 X, 


we shall have, when the roots a,, a,,...a, of the auxiliary 
equation 


m” + A.m"*+ Am"?,..+.A,=0 
are real and unequal, the transformation 
w= N, (r—a,)* X+N, (wr —a,)* X...4+N, (7—a,) 7X... (2), 
the coefficients V,, V,,....N,, being determined as in Art. 5. 


The legitimacy of this transformation is proved by operating 
on both sides of (2) with m"+A,7"7,,,4.4,, and shewing 
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that (1) is reproduced with the same conditions for deter- 
mining N,, N,,...N, as if + were a symbol of quantity. But 
the question of its completeness, of its conducting, through the 
performance of the inverse operations (a —a,)", &c., to the 
most general solution of (1), is one that we are not called upon 
to determine a priori. In all the cases we shall have to con- 
‘sider, its completeness will be obvious. 


Ex. The equation — (22 +1) ue + (a+ 2-1) u=0 
is reducible to the form m(m7—1)u=0 where r= 5 De 
Hence 

u=(r—1)°0-7"'0. 
Let (7-1) 0=y, then, since (7 —1) y=0, we have 


(z +1)? 


d. 
a ~ (@ +1) y¥=0, age 


Tn like manner, if 7’0 =z, we find 


dz ‘3 
alg Ue ne Z=C,€ 
40 
(w+)? ake 


Therefore u=ce 7 —ce?. 


A very interesting application of the same theory to the 
solution of partial differential equations is afforded by what 
Mr Carmichael has termed the index symbol of homogeneous 
functions. Cambridge and Dublin Math. Journal, Vol. v1. 


p: 277. 

Since, if w, represent a homogeneous function of the a’ 
degree of the variables w,, %,,...@,, we have 

duty d Diy _ 

1 dix, ae wv dix, coat 

d 
it follows that, if we represent the symbol a, dg 1 tz 
1 n 


h 


QUaancaeeesares (3), 


u 
= ...+2, 


&. ocean, 
*dx, 


by 7, we shall have 


2 9 
TU, = AU, Wu,=AU,, &e. 


404 GENERALIZATION OF THE [CH. XVI 


and therefore, in accordance with the reasoning of Arts. 3 


and 4, 
Par) te, = (G) Ug nsecteneteeet eo (A), 


an equation of which the second member expresses the com- 
plete, because the only, value of the first member when f (7) 
is rational and integral, but a particular value when the first 
member contains inverse factors. 


Hence, if we have any equation f(a) u=X, where f(z) is 
of the form 7” + A,7”*+ A,nr"”...+A,, and X is a series of 
homogeneous functions of the variables, suppose 

X= X,+X, +... &., 
we get 


wa{f(m) X +if mp "0 « 
{PF (a)? Xa t (Fm) PM. HLF (7) F 70 
SAF OY" Kat 1 f OE Mose FiF (mF, by (A). 


To find the value of the last term, we proceed, asin Art. 5, 
to reduce it to a series of terms of the form <A; (m—a)*‘0, 
7 being the number of roots equal to a of the equation f(m)=0. 
Now it may, by an induction founded on successive applica- 
tions of Lagrange’s method for the solution of linear partial 
differential equations of the first order, be shewn that 


(7 —a)*0 =u, (log a,)** + v, (log ,)*... + Wy... (B), 


Nz O cena w, being arbitrary homogeneous functions of 
Pie an aee x, of the a™ degree. o 


To this result we may give the symmetrical form 
(7 —a)"*0 =u,L** +0, ...4+,, 


L, M, &c. being logarithms of any homogeneous functions 
which are not of the degree 0. a ; “a 


It remains to shew how it may be ascertained whether a 
proposed partial differential equation can be reduced to the 
form f (7) w= X.: ve 


ART. 9.] ‘ FOREGOING THEORY. 405 


d ee ; 
Let us qq,’ @ntering into 7, into two, 
d Pate Wee 3 
and. let on represent ae as operating on 2; only as entering 
dx; 
d’ d’ a” ah 


poe? de, .+&.=7', and Peg sees Ti + &e, = 7". 


It is easily seen then that r=’ +7”. We have therefore 
T'u=(7t—T')u=mU; 


therefore EAT = (WRF NTU 222 cacleeketen-sonicka (COpF 


But as 7”, in (C), operates on the variables only as entering 
into 7, which is a homogeneous function of those variables of 
the first degree, we may replace it by unity. We have there- 
fore mu = (7 —1) mu. In the same way it may be shewn 
that wu =(7—r+1) (r—r+2)...7u. And thus it is seen 
that any partial differential equation which is expressible in 


> ; a” a 
the form f(m)w=X, on the hypothesis that Pata &e. 


operate on the variables only as entering into u, is reducible 
to the form ¢ (ar) u=X, independently of such restriction. 
This reduction having been effected, the solution can be found 
by means of (A) and “(B), whenever the second ee con- 
sists of one or more homogeneous functions of ,, sags 


Pu du du du, du 
2 Ppaialase aes aia 
Ex. Capt ted Gedy a dy crt) « nu 


=e + y? + 2°. 
Here we have (1? —nw' +n) u=ar+y?+o°. 
Therefore {r(r7—1)—nr+npu=e+y to’, 


or (w—n) (r@—-l)hu=ety +a, 
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whence 
w= {(w—n) (r—1)}* fa? +9? + 2} + [(r — 2) (w@—-1)J0 
eer Wn YS dy, ee 
(2—n) (2- 1) @=2) G—-)) 


, ¥, denoting arbitrary homogeneous functions of the degree 
nN eat 1 SSE SCN 


SPUR SE Obs 


10. We may, by simple transformations, reduce to the 
above case various other classes of equations differing from 
the above only as to the form of 7; e.g. the class in which 
T= 8, Tb Olly Fone Fly ; but, passing over such 
special forms, we shall consider the ies equation f (7) u= =<, 
where 

T= Xe id wie dig +X, é. 

Ge 
and each of the coefficients = X,,++-Xn_, a8 well as X, may 
be any function whatever of the independent variables. And 
we design to shew, first, how it may be determined whether a 
given equation admits of reduction to the more general form 
above proposed; secondly, how, then, to integrate it. | 


Suppose the given equation of the n™ order; then the 
symbolical form in question, should the proposed reduction be 
possible, will be 


("+A + Ag... + Alu a es (4). 


Now the highest differential coefficients in the given equation 
will arise solely from the symbol 7", and the terms in which 
they occur will enable us to determine the form of 7. Thus, 
for two variables, we have 


dard Pu Pu, ye @u 
(15. +5) w= Mat MUN a +55 


yet, ye) du aN ven du 
+ (at Balas al dat Nap 
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dix”’ dxdy’ dy’ 


as they would be, if, in the first member, oy dy Were sym- 


in which the terms containing are the same 


bols of quantity. And this law is general for the highest 
differential coefficients. 


A,, A,,... will, whenever the proposed reduction is possible, 
be found by effecting the operations implied in the first 
member of (4), and comparing with the first member of the 
equation given. 


Suppose the equation reduced to the form (4). Then, if 
the auxiliary equation 


m” + Am"? + Am*?... +A, =0.....0008s. (5) 


have its roots all unequal, we have a series of terms of the 
form (m7 —a)*X; and each such term involves the solution of 
a partial differential equation of the first order of the form 


du du du 
Sane ae di dare au = X. 
But, if the auxiliary equation (5) have equal roots, partial 
differential equations of higher orders will present themselves. 
We deem it therefore important to shew how this difficulty 
may be avoided, or, to speak more precisely, how its solution 
may be made to flow from that of the corresponding case of 
linear differential equations with constant coefficients, 


Introduce a new system of independent variables ¥,, Y,,---Yns 
so conditioned as te give = aa To prove that such a sys- 


tem exists, and to discover it, ‘let us assume Ui, Yayset eee 
succession, as subjects of the above symbolical equation, and 
examine whether the results are consistent. And first, assum- 
ing y, as subject, we have 
Sei eas si aay ee (6). 
a, . 


* dx, 
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Secondly, assuming y,, representative of any of the remain- 
ing variables y,, Ys; ++» Yn» aS Subject, we have the equation 


+i Set aren 


It follows from the above that, if we integrate the auxiliary 
system 
ee re (8) 
DG I ALS. eee eer eree rere eeeeee ) 


1 
the values of ¥,, Y,,---Y%m Will be the first members of the 
integrals of that system expressed in the form 


Ya ay Yq = ges Yu = Un cerrsrecerernerrnees (9). 
And it follows from (6) that if, from the system 
da, ax; dz, 
ba = ee oe a ad.) MPN Ee (10), 


differing from (8) only in that it contains one additional mem- 
ber dy,, we deduce an additional integral equation connecting 
y, with the original variables x,, x, ...%,, that equation will 
give the value of y, We see that the number of distinct 
auxiliary equations is precisely equal to the number of quan- 
tities to be determined, so that the scheme is a consistent one. 


The solution of the problem is therefore virtually dependent 
on the partial differential equation (6), from the auxiliary 
system of which, (10), it suffices to deduce n integrals, one 
expressing y, in terms of #,, a,... #,, the others determining 
Yor Yor +++ Yn» 28 functions of @,, ®,... 2, in the forms (9). To 
the arbitrary constant in the value of y, we may give any 
yalue we please. 


Introducing the new variables, the equation given now as- 
sumes the form 


d 
f(a) = Yr Yas + Yu)s 
which must be integrated as if w and y, were the only varia- 
bles, an arbitrary function of y, y,,.-- Y, being introduced in 
the place of an arbitrary constant. Finally, we must restore 
tO Y,, Y2)+-+- Yn their values in terms of a,, 2%, ... Lae 
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Ex, Given (1 — x”)? Sail 1— 2’) ia 


+(1— ny) Ga ~ 22 (1 2) eI ay) rae 0. 


Here, the form se the first three terms shews that we must 


have 7w=(1 fees a + (1—«ay) 5 and the equation assumes 


the form 
(7° +n’) u =0, 


To avoid the difficulty arising from the imaginary factors 
of 7+’, let us assume two new variables, x and y; such 


that we may have 7= a Then by (10) 


da'* 
ee 
(Bort aerated 


Bae ae loin i) 
rite bare Nai x logy / (G25) +6. 


Hence, if we assume 


'=log EO ie 
an 08 Feel 7 Vee)’ 


we get the transformed equation 


& tnt) a= 03 


therefore u = 008 nx’ (y’) +sin nap (y'), 


or, restoring to w’ and y’ their values, 


U= Cos {nog /(G* 2)! $ Wan ah a” 


aH 1l+za yx 
+sin flog /(; te oh ari 
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‘EXERCISES. 
dy dy , dy 
1h de —2—4 da® ae =€. 
au du 
5 ak Oa 5 As + 6u = Ce 


3. Determine the solution of the above equation when 


LG tae oe pe 
A, ipa 9 7, + 20u = ae ° 
5. (iat gat Bum cos me 


n 
6. Solve the equation a a) u = COS Ma. 


dx 


In the above example it will be most convenient to proceed thus: 


bs d '\-n d 2 So 
u=(- ) COS mx + ae a 
ad " 


Ae ) —n 
= : = COS M+ E* (<:) 0 
dx 


1 
~ (=m? @)* \a. (z +a)" COS Mx+ E% (C, + Co€... + 6,073), 


7. Solve the equation ( = a) Uu = € COS Mx. 


i at au oT du | du oy 
8. Oe Dread op fr oe) dy —n( ity ge — 4) =0. 


ers 


2 du Vu du 
9. a Tg ty age ty dy® = (2?+y’). 
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10. Solve, by the method of Art. 10, the equation 
d d a\* ;: 
(ez;+4 5, +") u+ nu =0. 
11. The solution of any equation of the form 
du du. (aX ; Pig 
dg t CX +4) + (= +X +aX+b)u=0 


may be reduced to that of two linear equations of the first 
order. 
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CHAPTER XVII. 
SYMBOLICAL METHODS, CONTINUED. 


1. THE classes of equations considered in the last chapter 
might all be gathered up into the one larger class repre- 


sented by f 
J (7) w=X, 


am being a symbol combining with constant quantities as if 
it were itself a symbol of quantity. But linear differential 
equations do not, except under particular conditions, admit 
of expression in this form. Those which are ef the ordinary 
species involve in their general expression two symbols, « and 


ae operating in combination on the sought and dependent 


variable y; and no substituted form of such equations is 
general which introduces fewer than two symbols in the place 


of « and a We propose in this chapter to employ a trans- 


formation which is general, and which is adapted in a very 
remarkable degree to the development of general methods of 
solution. A somewhat fuller account of it will be found in 
a memoir on a General Method in Analysis (Philosophical 
Transactions for 1844, Part 11.). Other principles and other 
methods will also be noticed. 


The following theorems, demonstrated in Chap. xvi. will 
frequently recur. 


Ji a=, and if o be represented by D, then 


at 24 = D(D= 1)... (Dnt 1) theses (1), 


; : ie 
while the relations connecting —, and e? become 


- dé 
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ACU BCD otek, oS ee ee (Qy 
a OO aie re Gy al 022 277. a eR he Aare (3). 


The latter of these relations enables us to transfer the ex- 
ponential e”? from one side of the expression f(D) to the other, 
by changing D into D+™m, according as the transference is 
from right to left or from left to right. Thus, as another form 
of (3), we should have 


ee f(D) a= fC an) 6 uci Ue nes (4). 


It is an immediate consequence ofthe above theorem that 
every linear differential equation which can be expressed in 
the form, 


(a+batca*.. ie ce ease (a'4+0a+ex".. ae &e= X .:. (5), 
can be reduced to the symbolicat form, 

Fo D) ut f, (D) Put fi (D) Mut &e=T7......... (6), 
where T' is a function of 0. 


For multiplying the given equation by a", and assuming 
aw=e’, the first term of Are left-hand member. becomes, by (1 ), 


(a+ be? + ce + &.) D(D—-1)...(D—n+1)u, 
and this is reducible, by (4), to the form 
aD (D—1)...(D—n+1)ut+6 (D-1) (D-2)...(D—n) &u 
+c(D—2) (D-3)...(D—n—-1) eu + &e, 


each term of which is of the general form ¢ (D) eu. The 
other terms of the first member of (5) admitting of a similar 
reduction, while the second member becomes a function of 6, 
the equation itself assumes the symbolical form (6). 


‘ au 
Ex. 1. Given Wea nu= 0. 


Multiplying by a’, and transforming as above, we get 
. D(D=1)u—n'eu = 0. 
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Ex, 2. Given (1 + a2”) = + ax = + n?u =o (2). 


Multiplying by 2’, we have, by (1), 
(1+ ae”) D(D—-1) ut ac” Du + n’e u = &* G (€°). 

But 

e D (D -1) u=(D—2) (D—8) eu; and &? Du= (D—2) eu, 


whence, substituting, and collecting together terms like with 
respect to the exponentials, we have 


D (D— 1) U+ {a (D _ 2)? ap n’} c% w= eh (e*) 
as the symbolical form. 


To return from the symbolical to the ordinary form of a 
differential equation, we must, by (3), transfer the exponentials 
to the left of each symbolic function f(D), convert the latter 
into a series of factorials of the form D(D-—1)...(D—n+41), 
and then apply the transformation (1). 


Ex. 3. Given D (D-—1)u+D(D+1) &u=0. 
We have in succession, 
D (D-1)u+eé (D+1) (D+2)u=0, 
D(D—-1)u+eé {D(D-1)+4D + 2}u=0, 


Vu du du 
Tat eer aa Aa da t 2) = 0. 
Therefore, dividing by 2, 
2 
(ait gy a ey a, 
a da 


A symbolical equation which has only two terms in its first 
member may be termed a binomial equation ; one which has 
three terms a trinomial equation, and so on. We may deter- 
mine by inspection to which of these classes an ordinary 
differential equation is reducible. For multiplying it by such 
a power of w as to permit its expression in the form 
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d'y + Ba dy 
d aa” dz"? 


where A, B, &c. are algebraic polynomials with respect to a, 
the number of distinct powers of x involved in those polyno- 
mials will determine the number of terms in the reduced 
symbolical equation, 


Ax” 


+ &. =X, 


Ex: 4. Thus the equation 
du du 
(a + ba) 7a + (c+ ex) qa + W4=9; 


being expressed in the form 
du 
d: 


au 
2 3 
(a+ bx) x age + (ow + en’) = 


+ (qa’) u, 


it is seen that its symbolical form will be trinomial, since 
the terms within the brackets involve a in the degrees 0, 
1, and 2. 

[See the Supplementary Volume, Chapter xxx. Art. 1.] 


Finite solution of differential equations expressed in 
the symbolical form, 


2. If we affect both sides of the symbolical equation (6) 
with { f,(D)}", then for f,(D)"f,D) write $,(D) &c, and for 
{f,(D)}"T write U, we shall have 


u+d,(D) &u+ h, (D) eu... + Gr(D) MusU....c000 (7)i3 


and under this form the equation will be discussed in the fol- 
lowing section, 


Prop. Il. The eyuation 
u+a,(D) &u+a,p(D) 6 (D—-1) eu... 
+ anb(D) 6(D—1)...6(D—n 41) u=U... (8) 
may be resolved into a system of equations of the form 
u—gp(D) &u= U, 
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the values of ¢ being deterntined by the equation 
Prag + a9". +d, = 0. 
For 
$ (D) $ (D=1) u= > (D) ed (D) Pu={g (D) eu, 
and in general 
¢ (D) d (D—-1)...¢(D—n4+1) &u= {dd (D) e}"u. 


So that, if we represent the symbol ¢ (D) e® by p, the equation 
in question becomes 


(l+a,p+4,p"...+4,p") u= U; 
therefore u=(1lt+ap+ap*...+a,p")" 0 
={N, (1 — g.p)* +N, (L— 9,9)". +N, (L ~ np) U, 
provided that ¢,, q,---n are roots of the equation 
gq’ +a"? + a,9"*...+4,= 0, | 
and that N,, N,...N, are of the forms 


COCO e eee e eee eee eee ee eeHeeee se eee 


no 


(Qn— 41) (Qn Ya) «++ Qu — Yn) 
Let (l—q,p)*U=u,, (L—g,p)*U=u,, and so on, then 
“= Nu, + Niu... + Natins 
where, in general, w,; is given by the solution of the equation 


— gi ( D) &u;= dae thee cathe (9). 


The solution of the Bete equation (8) is therefore cpt 
on that of the binomial equation (9). 


When ¢ (D) is of the form D™ the equation (8) corresponds. 
to the ordinary linear differential equation with constant co- 
efficients. 3 
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Thus the equation u— eu =0, which may be 


7 
D(D=}) 
integrated by the a process, is only the symbolical form 


of the equation et "w= 0 (see Ex. 1); and its solution, 


expressed in terms of a, is 


a= Ce + C’e*. 


ae gppie: 
Jn like manner the equation «+ wbcy D=1) ey, =0 has for 


its solution, expressed in terms of 2, 
u= C cos ge + C' sin ga. 
But, when ¢(D) is not of the form D”, the equation (8) 
will represent an ordinary equation with variable coefficients. 
Ex. 5. Given 


du 
dx 


(x? — 32° 84 98) UU + (24+ 6x) u=az". 


de + (4a — 62") = 
The symbolical form of this equation is 
(D+1)(D+2)u—8(D+1)(D—2) a 
+2 (D—2)(D—3) eu =ae, 


whence 
D-2, 9 (P= 2) (D— 3) re ee 
Use 9° tA peor Ply “> G42) +1)’ 
2, D2 ac”? _T 
or, putting Deo® =p, (n+2)(n+1) > 
(1— 8p 4 2p’) uw = 7. 
1 a a) 
Henge Sener iar ey, 
la te (a), 
where u, =(1— 29)" 7, -w,=(1— py". 


B.D. E. py 
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From the former we have 


D2 ac’ 
(1-29) u,= 7, or U2 are Se +2) 41)’ 
h D+2)%,—2(D-2) u, = 
whence (D +2) u,-2(D- ey? 
du ax” 
is gi — Qu) = 2 ee 
and this gives (« — 2x") ie t 2 + 2H) arenes eras (2) 
In like manner we find, for w,, 
du aa” 
Ls) Coane ie 
(x a") a + (2 +2) w, adie (c) 


The values of w, and w,, determined from (0) and (c), and 
substituted in (a), will give the complete solution. 


C (1—22)°+ 0, (1-2) 


x 


If a=0, we find u= 


3. We proceed to consider more fully the theory of the 
binomial equation 


Prop. II. The equation u+ $(D) eu =U will be converted 
into v+ 6(D+n) "v= V, by the relations 


a= y, Faery, 


For assume v= ev, and, substituting in the original equa- 
tion, we have 


ey + h(D) e+78y = U; 
therefore ey + 6h (D +n) ev = U, by (3), 
vt+o(D+n) py = e—U. 
Let VU= eV; then the above becomes 
| e+ o(D+n) Mv=V, 


, g 
as was to be shewn. 


Thus in any binomial equation we can convert > (D) into 
p(D+n), n being any constant, ae “41S 
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Prop. III. The equation u+¢(D) eu =U will be converted 
into v+W(D) &Mv=V,b : the relations, 


where P, al denotes the symbolical product 


v (D) 


$(D) 6(D—r) d(D—2r) ... 
b (D) bp (D-1)pD— 27)... 


For, assume w= f(D) v, and, substituting in the original 
equation, we have 


J (D)v + $(D) f(D) o= U; 
therefore S(D)v+ dD) f(D — 1) ev = U, by (4), 


b(P) F(D=") o40, 
ot+ FD) eh f(D) OU otentes (11). 
Comparing this with the equation v+~r(D) ev = V, we 
have 
$(D) f(D 
t( (Dy = (D) ; ? 
therefore JWD)= ms f(D-71). 


6(D-P | 
Hence fO-rn= w(D sae 2r), 


and so on; wherefore the value of f(D) will be represented 


b (D) 6 (D—7) 6 (D—2r).. 


by the infinite product WD) (Dat) Dor) Hence 
(11) becomes : 
. Ot (D) v= V 
with the relations : 
OD) Os a scot Tk eae Ono a 
ero eo eee 
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As this proposition is of great importance in the solution 
of differential equations, it will be proper to examine the 
conditions which its application involves. Evidently they 
consist in such a choice of the form of w(D) as will render 


the symbolical product P, oS finite, and the transformed 


That the expression of Po may be finite, it is suf- 
ficient that for every elementary factor »(D) occurring in 
the numerator there should correspond a similar factor 
x (D + tr) in the denominator, 7 being any integer or 0; and 
vice versa ; for 

,_x(D)_ x (D) x (D=n) x (D—2r).. 
‘xD +i) x(D+in) x {D+ @=1r} 
XD +t) x{D+ (i= 1) 0} x (D +r)’ 
which is a finite expression. Again | 


eI es x (D) x (D—r)... 
"x(D—wr) x(D-ir)x{D=(G41)7}... 
= x (D) x(D—r}.-x {D—@—-D7}, 


which is also finite ; the product of any number of such ex- 
pressions is finite also. 


equation (11) integrable. 


Hence, if y(D) be any elementary factor of $(D), it may 
be converted into y¥(D +r); for let ¢(D) =x (D) x, (D), 


and let ~(D) =x (D+ 2) y, (D), wherein xy, (D) denotes the 
product of the remaining factors, then 


D) (D) 
RPE epee 
Dy Oe Dey 
which: finite.) ae a 
Hence also, if ¢(D) involve any factor of the form BrAeL 
x(D tir)’ 


it may be made to disappear ; for let ) (D) = rte) y,(D), 
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and let y(D) = y,(D), then 


E (DY HD) 
P = 
yD) 7 °y(D eae 


which is finite. 
[See the Supplementary Volume, Chapter xxx. Art. 3.] 


4, We see, then, that there are two distinct kinds of trans- 
formation to which the Proposition may be applied. In the 
first kind @(D) is converted into another symbolic function 
ar (D) without any loss of component factors, whether of nu- 
merator or of denominator, but only with such change as 
consists in the conversion of D into D+7r. And here the 
order of the transformed equation is the same as that of the 
equation given, and, its solution introducing a sufficient num- 
ber of arbitrary constants, no others need to be introduced, 
either in the prior determination of V or in the subsequent 
derivation of wu. But in the second species of transformation 
some component factor of ¢(D) (usually of the form Dee 
where a—0O is a multiple of 7) is lost, and the transformed 
equation being of an order lower than that of the equation 
given, the deficient constants of its solution must be supplied, 
either beforehand in the determination of V, or subsequently 
in the derivation of uw. If in the former, any constants, 
_ sufficient in number, introduced by the performance of 


$(D)\ 77 wi 
1P. ¥(D) f U will serve the purpose. If in the latter, all 
the constants introduced by the performance of P, oy 
must be retained, but their subsequent relation must be de- 
termined by means of the differential equation. 


[See the Supplementary Volume, Chapter xxx. Art. 4.] 


The reason why the constants connected with the disap- 
pearing factors are arbitrary in V alone, is, that V enters into 
no other equation than the one in whose solution those con- 
stants are found. If, however, the entire series of constants 
in V be retained, they will be reduced by the subsequent 
-differentiations in passing to the value of u. 
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All that may seem obscure in the above statement will be 
made clear by the following examples. 
2 
Ex, 6. Given ee + qu = =0, an equation occurring 
in the theory of the earth’s figure. 


The symbolical form is 
2 


q 20 
* D+2)(D=3) ° 


Now we may, by Prop. 11, directly reduce this equation to 
the form 


6 =A) 2, capouepnion eee (a). 


g 20 
GDA. SRO ae 
which, by Prop. 1, is resolvable into two equations of the 


first iets But it is: better to assume as the transformed 
equation 


=i 


pee eT eee (2), 


the solution of which is known already. Art. 2 


By Prop. 1, assuming w= e~®w, we have 


q ate 
TY Ta 0D = O).. c 0s n2k (c) 
Again, by Prop. 11, we can pass from (c) to () by assuming 
w= PP +» =(D—1)(D-8)x. 


Hence u=e"(D—-1)(D-83)v 
=" {D(D-1)-3D+4+3}v 


Ug fe d : 
= aoa Se 4. + 8)o sin (qar +e) 


on restoring w and putting for v its value in terms of a. 
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Effecting the differentiations, we find 
“=e (2-2) sin (gv +c’) 4 cos (qa + d)feeen(d) 
aN 


We might have proceeded directly from (a) to (b) by Prop. 
111; but, had we done so, the final reductions would not have 
depended on differentiations alone. Thus we should have had 


ON i Dt 
El COE aN amen me! 
={1-3(D+2)7} v=(1- 3" D7) p 


=vU-— 3% | eed, . 


whence, restoring # and giving to v its previous value, we 
should be led to the same solution as before, 


5. The two forms of solution above presented illustrate an 
important observation, viz. that when in_the transition from 
¢(D) to + (D), by Prop. 111, the reductions consist in aug- 
menting, if we may be allowed the expression, D in factors 
of the denominator of ¢ (PD), or in diminishing Din factors 
of the numerator, they will be effected by differentiations ; 
while those reductions which consist in augmenting D in 
factors of the numerator of ¢ (D), or diminishing it in factors 
of the denominator, involve integrations. And it is one use 
of Prop. u, that it enables us, in many cases, so to prepare 
the given symbolical equation that the final reductions shall 
depend on differentiations. 


Ex. 7. It is required to determine the symbolical form 
arid character of those differential equations of the n order, 
the solution of which depends on that of the equation 


Cav pe Oe <r 
hoe eae 
The symbolical form of this equation is 


n 


q 20) — joa 
Oa Nason fe 


where V is the symbolical form of =) X, i.e. the result 
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. : - ° : 


obtained by writing ¢? for « in the n™ integral of Xda", no 
constants being added in the integration. From inspection 
of (a), it is evident that the class of equations sought must, 
on assuming x =e®, be expressible in the form 


eu = WT. .R (6), 


e 


n 


, . 
“i D4+a)D+a)..D+a,) 


in which we shall suppose the quantities a,, a,...a, to be 
ranged in the order of decreasing magnitude. Put uw=e~%%u,, 
then by Prop. II, 


q” 
a2) Ocoee 


The first factor of the denominator of ¢(D) in (¢) now 
agrees with the first factor in that of y(D) in (a). In any of 
the remaining factors we may, by Prop. 11, convert D into 
D+in, ¢ being any integer,—hence, that they may all cor- 
respond with the factors of y(D), it is necessary that each of 
the quantities 


ey, seh? U7. :0(e): 


a,-a,+1 a,-a,+2 a,—a,+3 a,—a,+n—1 
eee tery ie pees »a5(@); 
n n n n 


should be equal to a negative integer or to 0. And in this 
statement the conditions of finite solution are involved. 


The value of w will be deduced from that of v by diver 
tiation, for since a,—a,<—1, 


Deana (P-W-nt))... (D+a,—a,+n), | 


£, 
and so on for the remaining factors to which P, is to be 
applied. 
: du ti(¢+1 
Ex. 8. Given Ee Leg oped where @ is an 


integer, 


_ This equation, which includes that of Ex. 6, presents itself 
in various physical problems (Poisson, Théorie Mathématique 
de la Chaleur, p. 158, Mossotti, on Molecular Action, &¢.). 


G. « 
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Its symbolical form is 


q 
cea OrBEnt Tear am Beat aden tccits (a). 
Hence, by the last example, 
hs y .D=1 
ee 
: eg a mae 
=e ”(D—1)(D—3).7.(D —2¢41) v..... si. (2), 
2 
where v is given by o£ qv=0. 


The expression ()) may be reduced to a more convenient 
form, as follows. 


Since f(D—a) =«% f(D) «~-”, we have 


uae, Ph De-?, 9 De-*9,,, 09 De Hi -00 y 
' ONG 
oo e— 71/8 e a) €~ 2-1), 
a 
= g-+0) (98 £) g-%—1) y 
. dx 


Hence, according as the upper or lower sign is taken in the 
original equation, we have 


1 d \* ¢, cos qx + ¢, sin gx 
Cae gi (2 ae : get EES ), 
1 d \' c.e” +¢,6€% 
or i= anit af i AS oe ee (d). 
: Gu ,@u t(rt+1)u 
Ex. 9. Given dg We oe -=Q, 


Comparing this equation with the last, we see that its 
solution may be derived from (d) by changing therein g into 
as. and ¢,, ¢, into arbitrary functions of y following the 

dy 2 co) 


exponentials. Hence we shall have 
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gi". gt 


aa aye “hg (y) +H) 


atl! (yaa) + ply— ae) 
G =) 


= ait) 21-1 
x 


The reason why the arbitrary function $(y) must be placed 
ad 


after « ” and not before it, is that, in the derivation of the 
exemplar form, the arbitrary constant takes its place after, 
and not before ¢”. 


For ( — ) 0 =e i O=See 


Here indeed we may transpose the constant, but when qg is 


converted into a — we have 


dy 
ad d i colt Nes ae 
(zg) 0 5a) enna 


and Bere the arbitrary function cannot be transposed, since 


y and —- = are not commutative. 


The principle here illustrated, and which is a very im- 
portant one, is that all conclusions founded on community of 
formal laws should stop short of interpretation. The form 
should be kept distinct from the matter. There is perfect 
analogy between the theorems 


d Re x d i, 
(7 ) =re: (+) e 0, 


d aye ane f @\ ees 
and ie —— 1 ) O=e wv (+) e ww 0, 
but not between the theorems 
d -1 ? d d\7 an” 
(= ) 0.= ce”, and Cartes O=c€ Yd(y), 


because in the formation of the latter interpretation has been 
employed. 
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The above example is one in which Monge’s method a 
solution would fail, except for the particular case of 7=0 
And this gives occasion to the remark that symbolical meth ods 
are not, as they have sometimes been supposed to be, valuable 
only as abbreviating the processes of analysis. There are in- 
numerable cases in which they afford the only proper mode 
of procedure. 


Ex. 10. Given 
‘al a ee pr (42 —p + 1) 2 Ge 2 (2n—p) u= 


This equation occurs in some researches of Poisson on definite 
integrals. The symbolical form is 


DD 222) (D+ n= 2— sh) et hey ak (a). 
D(D + p) : 
This equation is integrable in several distinct cases, but we 


shall examine here the particular case in which n is an 
integer. 


Assuming as the transformed equation, 


it being necessary to introduce V because the transformed 
equation is of an order lower than that of the equation given, 


we have, 


D+2n—2 
=i? 
= (D+ %—2) (D+ 2n—4) J. (D+ 2) decssssees (6), 


= (D+2n—2)(D+2n—4)... (D+ 2) V. 
The latter equation gives for V the general value, 
Vace.” tice #. ene 


of which it suffices to retain one term. Retaining the first, 
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substituting in (6), and operating on both sides with D+ p, 
we get 

(D+ p)v—(D+ 2n-2—p) &v=c, (p—2)e™. 


Restoring 2, and integrating, a value of v is found, involv- 
ing two arbitrary constants, whence w will be given by 


d d d 
u=(«5.+2n—2) («$+ 20-4)... (x 5 +2) ...(d). 


The proposed equation is also integrable when p is an odd 
integer, and when 2n—p is an even integer. In the former 
case we may assume as the transformed equation, 


(D+2n—1—p)(D+2n—1—p—1) 
Or por p—) 


which must be integrated by Prop. 1. In the latter case we 
must assume 


e?y =@:; 


vo—%y=V; 


but in this case two constants must be retained in V; viz. one 
from each set of the reducing operations by which the factors 
of ¢(D) are made to disappear. 


6. It will be observed that, in the foregoing examples, 
we reduce the proposed symbolical equation by Propositions 
IL and 1, either directly to an equation of the first order, or 
to a form which by Prop. I. is resolvable into a system of 
equations of the first order. But there exist other equations 
admitting of finite solution; for example such as by Props. Il. 
and 1. are reducible to either of the primary forms, 


= 2049 — 
Da D(D-1) a Root ree ay se es: (13), 
(D-1)(D—2) 
U+ aD ie 6h yy me ON ASS. doch (14). 


The former of these is the symbolical form of the equation 


ae 
(1 + az’) ct anS nu = 0, 
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which is reducible to — + nu =0, by the assumption 


ra | dx 
~ J) (+ ax’) 
The latter is the symbolical form of the equation 


2 
(x* +a) a" + (2a? + a) aS + nt =0, 


which is reducible to Le +n’u=0, by the assumption 
a i dx 
J al (a?+a)" 


Hence, the ordinary solutions of (13) and (14) will be ob- 
tained by substituting 


<= [ dx an i dx 

ol fA tax"? J (a? +0)’ 
du 
dt’ 


It may be added that the forms (13) and (14) are allied, 
the one being convertible into the other by changing 0 to — @. 


Ex. 11. Given 


in the solution of the equation +nu=0. 


» au du 72s 
The symbolical form is 
(D+m—2)?—q? 4 _ 
eT 1). (AVP 


If we apply Prop. 1%. so a8 to convert D into D~m, and 
then by Prop. m1. reduce the equation to the general form 
(13), we shall obtain the final solution in the form 


w= (4) as (7 sin” x) + Cy sin C gin? )}. 
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7. Pfaf’s Equation. The differential equation, 


(a+ ba") af E+ (c+ eat) + NG de oe. Cree (a), 


which includes all binomial equations of the second order, 
has been discussed by Euler, and, with greater generality, by 
Pfaff (Disquisitiones Analytice). We propose to investigate 
the conditions under which it admits of finite solution. 


It suffices for this purpose to consider the case in which 
AX = 0. 
The symbolical form is then 
b (Dann 1) t+e(D—n)+q 
aD(D-1)+ceD+f 
If-n is not equal to 2, it is convenient to change the inde- 
pendent variable by assuming n@ = 20’, whence 


d_n da. 
‘dd 2 do'* 


"= 0......(B). 


Ut 


So that changing n@ into 20’, we must change D into oD 
The result may be expressed in the form, 
b (D—a,) (D—a,) 
a (D—B,)(D—-B,) 


where a, and a, are roots of the equation, 


b (-") & —n— 1) +e iG ~n) +9 =0......@), 


and £,, 8, are roots of the equation, 


u+ ea =O coed eee (c), 


nB (ng n | 
a (5-3) +e "Bs f= 0. .cccuaaweeeee ©: 
Ast, By Prop. 11, (c) can be immediately reduced to the 


form 
- a,)(D—a,—1) 
+5 DiaDERET, 


ey= 0, 
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and then resolved into two equations of the first order, if we 
have at the same time a, —a,, and 8, — 8, odd integers, 


2ndly, The equation can, by Prop. mt, be reduced to an 
equation of the first order if any one of the four quantities 


a, — jet Oa, ets a, — Pa a, — B, 
is an even integer. 


3rdly, It is easily shewn that by Props. 11. and m1. (ce) is 
reducible to the integrable-form (13) if the quantities 


B,—8, and a,+0,-8,-B8, 
are both odd integers. 
Athly, It is in like manner reducible to (14) if the quan- 


tities 
a,—a, and a4,+a,—6,-P, 


are both odd integers. 


These results may be collected into the following theorem. 
The equation (c) is integrable in finite terms, Ist, if any one 
of the four quantities represented by a — is an even integer; 
2ndly, if any two of the quantities 


1. 3 PoP CiehiGee Ba Pe 


are odd integers. 


4 


In this theorem the integral values are supposed to be 
either positive or negative, and the even ones to include the 
value 0. 


The above resulis are equivalent to those of Pfaff, as pre- 
sented with some slight increase of generality in a memoir 
by Sauer (Crelle, Vol. 11. p. 93). Pfaff’s conditions are how- 
ever exhibited in so complex a form as to render the com- 
parison difficult. His method, it is needless to say, is wholly 
different from the above, 


-[See the Supplementary Volume, Chapter xxx. Art. 5.] 
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Symbolical equations which are not binomaal. 


8. Although processes of greater or less generality may 
be established for the treatment of equations which, when 
symbolically expressed, involve more than two terms in the 
first member, yet their reduction if possible by some preli- 
minary transformation to the binomial form should always be 
our first object. We purpose here to illustrate this obser- 
vation. 


: Cy by 
Ex. 12. Given Pe a ~ Qex — a) . 
Writing this equation in the form 
d’y 
(2c — x)? x” dt by = a (2cx — 2”)’, 


we see at once that its symbolical form will not be binomial. 
Assuming y = (2c —a)"u, we have on reduction 
du du m(m—1)2°+b ax 
Se) ee Og a ee eee 
oe) dae ioe 26-2 a (20—a)"" 

Now let m be so determined as to make the numerator of 
the third term divisible by its denominator. This involves 
the condition 


b 
m (m—1) +7a=0 Nc. SWe corde tee (a), 
while the differential equation becomes 
du du ax® 
2c — x) a — — Ima? — — -1)2 = ee 
(2c—a) x Tg 2 (m—1)(2Qc+2) wv @onarh 


of which the symbolical form is 
<2 


1 a 
(D-m)(D+m—1)u- ghDtm—1) (D+m—2) &u= 2eQoney 


whence, operating on both sides with (D+m—1)7, 


al . 
(D—m)u- 5c (D+m—2) &u= = ef Dot elt (Dee AM, 
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Restoring «, and solving the eopation, we pave on representing. 


2¢—«x by X, 
u = Gat Es | oe D¢ Se | git Kim d x’, 
which integration by parts reduces to the form 


afa eae A" de — on [amd 


t= 
Z (2m — D 


a Jom x-i| 1m Vm Ton 1-m ox ode 
2c (2m —1) » é 


the integral required. It is to be noted that each integration 
miroduecs an arbitrary constant. It is also seen that each 
value of m derived from (a) leads to the same result. 


Therefore y= 


The above equation occurs in the problem of determining 
the tendency of an elastic bridge to break, when a heavy body, 
e.g. a railway train, passes rapidly over it. The equation 
between y and « is, on a certain hypothesis, that of the tra- 
jectory described. See an interesting paper, by Prof. Stokes 
UTED Phat. oa Vol. vu. p. 708). 


Ex. 13. Given (1 Vd em = (= pa ai an (1 +1) (L—p’) wu 
ae Saha ide.V sere iy eee a bA Tso fala uU 
+ i= 


the well-known uae of Laplace’s functions. 


Representing 8% Ri (- Ts by a, the equation may be ex- 

pressed in the form 
du 

Gae)5 ya 2H eat n(n+1)d—p')-a’}u=0, 
and it is ane that it would not, on assuming uw = ©, take 
the binomial form, 

Let then u=(1— p*)’r. We find, on substitution, and 
division of the result by (l—y)™, 

B, D, E, 28 
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(i- are i (r+) 4 +{n ntl) Art 2ro4 oS 00..(0). 


Let 47?-a?=0. Thenr=+ 5 . Either sign may be taken. 


Choosing the lower, we have 


a di 
(=p) Fat 2(a-V a + (w (nt 1)-a(a-D}o=0, 


an equation which, on making w= e’, assumes the symbolical 
form 


O=-axr0-{ eae n— 3) py = 


D(D—b Onnnceuees (b). 
To integrate this, assume 
D-—a—n-—1)(D—-a-n- 
we RAT DY eee a ee (c) 


D(D—1) 
Then by Prop. ut, 


v=(D—a+n—1) (D-a+n-3) ...(D-a-n+])w 


__ , ata d 1\" aa 
s G 5 el Se (d), 
while (c), resolved by Prop. 1. and integrated, gives the solution 
w= (1+ pw)" ($) + A — YX (p) ee eeee. (e), 


and x being arbitrary functional signs. This expression 
for w having been substituted in (d), we must write dg’ (~1) 


for a, and interpret the result. 


Now if, instead of  (f) and-y (¢), we write a {eV(-0} and 
x {eeV(-D}, as we are evidently. permitted to do, and if we 
observe that generally 
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ve Sag {eov(-D} oa eta VOD Pfeov(-D} 
= f [elt *08 tv(—D}v(-1)] = NG Dover 


=; je} Sas (f), 


we shall ultimately find 


ae a WOH) eov(-D } ; 


es CN eov(-1) 
wh 1") lb, V¥(-1)) — 1)” (. ) \ w+ f 2\n (f ) 
ere F'{u, e lisp ( ) | 


$ /(~1) 
— 12)” HE 4 
fae wx (—) oe lee (15), 
which is the complete integral. 

For a discussion of this result, and for the finite expression 
for Laplace’s functions to which it leads, the reader is referred 


to a paper on the Equation of Laplace’s functions in the 
Cambridge Mathematical Journal. (New Series, Vol. 1. p. 10.) 


If in the equation (a) we make the third instead of the 


fourth term to vanish, which gives for r the values ” and 


y 
-" 1 : and then assume Wow = G we shall obtain, 


taking the second value of 7, the symbolical equation 


(D4+n—1)'—a’ , 


OA 
v+ D(D~1) C0 = 0) 


Now by Propositions 1. and 11. this is reducible to the inte- 
grable form ; 


(D—2)?—a? oy 
ae Ta hp w=0, 


by the relation 
28—32 
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y=" D(D—1)...(D—n)w 


wb aN 
=(5) 


Hence we find 
d ntl ¥ 2. 1-a 
v= (5) [oer V+} +e, + V+ eo}, 


whence w is known. 


Let us examine the form of the solutien, when, as is com- 
mon in the expression of Laplace’s equation, we replace w by 
cos 6, ‘We find 


SO 
t= cot @, le Pe 
whence t+/(1+%) =cot 36. 


‘Substituting, and observing that «= (sin 6)“, we have | 


u=(sin 6)" *(sin’ , \2 (cot ae cs (tan 5) | 4 


And hence, restoring to @ its meaning, introducing arbitrary 
functions for constants, and effecting one of the differentiae 
tions, we may deduce the following solution of Laplace’s 
equation, Viz.: 


be dais ig eR oe 1% 
u = (sin @)™ (sin 8 qo 6)” E fetvi-s tan st 


Bey: 
+F, ee tan St] avn 06). 


Under this singularly alent form the solution, obtained by 
a different method, was given by Professor Donkin, (Philo- 
sophical Transactions, for eS) 
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Solution of linear equations by series. 


9. Prop. IV. Ifa linear differential equation whose second 
member is 0 be reduced to the symbolical form | 


f,(D) w+ f(D) Put f,(D) a... +f, (D)eu=0... (17) 


the value of the index m in the first term being any root of the 
equation f,(m) =0, the corresponding value of Um, an arbitrary 
constant, and the law of the succeeding constants being expressed 
by the equation, 


H, (IM) ty +f, (1) tg gt ff, (0) Ugo Ef, (00) Up, = 0 vee (19). 


For the form of wu assigned in (18) will constitute a solution 
of (17) if, on substituting that form for w in the first member 
of (17) and arranging the result in ascending powers of ¢°, 
each coefficient should vanish. And this, as we shall see, 
will take place if the coefficients are subject to the relation 
expressed by (19). 


Assuming then w= w,,<™, we find, 
So (D) w= 2h, (D) un em = Zh, (mm) une, by (2), 
f(D) @u= fh (m+ 1) 4,0", 
F,(D) Mu =f, (m + 2) une, 


and so on. In the first of these, we see that the coefficient of 
any particular term ¢”? is /,(m)u,,. In the second, the co- 
efficient of &”""? is f,(m+1)u,,, and therefore the coefficient 
of «™ is f(m)u,;. In the third, the coefficient of «” is 
f,(M) Um; and so on. Thus the aggregate coefficient of e™? is 


i (m) Grn +f, (m) Una +s (m) Um 200% +f, (m) Un_ny 
and this, equated to 0, expresses the law (19), 
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Let u,¢” be the first term in the developed value of uw; then 
must we suppose u,.,=90, u,..=0, &. and (19) becomes 


F,(r) u, = 0. 


As, by hypothesis, uw, is not equal to 0, this gives f, (7) = 0, 
for the determination of r, and leaves u, arbitrary. Hence 
the proposition is established. 


Thus there will, except in particular cases of failure here- 
after to be considered, be as many distinct solutions of the 
form (18), each involving an arbitrary constant, as there are 
units in the degree of f,(m). 


Ju .ad—ldus , 
Fan ce a 


Ex. 14. Given 


The symbolical form is 
D(D— a) u— neu = 0. 


Hence, we have u=w,,.”, the law of formation of the 
coefficients being 


nv 


Mm (M— A) Uy, — Un» =O, OF Up a ee u 


while the initial exponent is 0 or a. There are therefore two 
ascending series, one beginning with C, the other with C's“. 
Thus we have 
Ce Cn* 

x e+ & 
@—a)" "2. f=) te 


u=C+5 


O'n2a**? O'ntat** 
Gt a . 
CO Re WCET Cr a 


10. When the equation f,(m) =0, has equal or imaginary 
roots, the following procedure must be adopted. Let the 
solution of the equation f(D) u=0, be 


~=AP+ BO CRE &E arate (20), 
A, B, C, &. being the arbitrary constants. Substitute this 
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value in the given differential equation, regarding A, B, C, &e. 
as variable, and the result will assume the fon. 


ALP + BO+ CO R+ &e HO. awe (21), 
and will be satisfied if we have 
Oe ee 0 0 eee ae (22). 
This will indeed become a system of linear simultaneous 


equations for determining A, B, C, &e. And the solution of 
this system in a series w ill be of the form 


A= a,c", B= &b,.<6™, C= Xc,,€", “&e. 


the law of formation of the coefficients a,,, },, C,, &c. being 
expressed by a system of simultaneous equations formed from 
(22), by changing therein every term of the form ¢ (D) «® A 
into $ (mM) Gn_a, &e. (Philosophical Transactions.) 


There is a particular case of exception to the above rule. 
When two of the roots of f, (m) =0 differ by a multiple of the 
common difference of the indices of the ascending develop- 
ment, the equation /, (D) =0, must be replaced by what that 
equation would become were the roots in question equal, 


Cena. ee 


Bix. Los Given 7 aitee ane + gu =0. 


The symbolical form is 


Now D’u=0 gives w=A+ D0. Substituting this value 
in (a), regarding A and B as variable, we have 


DA+Ge%A + 2DB+0 (DB + 7'e%B) = 
which furnishes the two equations, 


DtA+geA+2DB=0, D'B+ qe®B=0, 
whence A= a, e<™, B= Xb, ¢”, with the relations 


Mon + Png + 2by = 9, mb, + PF 0n»= 0, 
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from which we have 


— Fe = 2 9 2 
b= = aay an = .. Amn9 > a bis weer cecee (6). 


Thus we find, on substitution, and restoration of x, 
uU=a,+ a0 + a+ &e. 
+ log a (b,+ b-2° + ba*+ &e.), 


where a,, 0, are arbitrary, and the succeeding values deter- 
mined by (0). ' 


Were the symbolical equation of the form 
D (D+ 20) ut Pemu = 0, 


it would still be necessary to determine the form of the 
primary assumption by solving the equation D®u = 0, not by 
D(D+2%)u=0.. Weshould therefore still have «=A + BO, 
in which A and B are series to be determined as before. 


Ex. 16, Given 2* ae + x ae + (n* 4-2") u =0. 
de da 


The symbolical equation is , 
(DP an?) ob te 0 cows uc eee ec cee (a). 
Now the equation (D° + n”) wu =0 gives 
"ag = A'cos nO + B sin 20 .......c.cceceser sees (0), 


substitutin g¢ which in (a), and equating to 0 the coefficients of 
cos n@ and sin 78 in the result, we have 


DPA+2nDB+é°®A=0, 
DB —2nDA+eB=0, 
whence A = Xa,,<™, B= Xb,<"®, with the relations, 
: Mm + 2nd,» + Am» = 9, | 


2 
mn Dn = 2mna,, + byes = Q, 
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and therefore, 


MOA mn _¢ — 2nbm_s MB ms 2NQn_s 


Dag me ae Tote On aS Se Se es (c). 
m (m° + 4n*) m (m* + 4°) 


Thus the solution assumes the form, 
u = cos (nlog x) (a, +a," + a,z* + &c.) 
+ sin (n log x) (b, + 6,0? + b,x* + &e.), 


wherein a, and 4, are arbitrary, and the succeeding coefficients 
determined by (c). 


The fundamental equation (19), written in a reversed order, 
determines the law of the formation of the coefficients in 
those solutions of (17) which are expressible in descending 
powers of z The number of such solutions will be equal to 
the degree of the equation f, (m) = 0, but their respective first 
exponents will be its roots severally diminished by n. 


Tor the extension of the above theory to the case in which 
the given differential equation has a second member X, the 
reader is referred to the original memoir. 


Theory of Series. 


11. The relations which enable us to express the integrals 
_ differential equations in series, enable us also to reduce the 
~ summation of series to the solution of differential equations. 
Thus, from Proposition Iv. it appears that if w= Xw,,7”, where 
the law of formation of the successive coefficients, 1s 


Cet FN tha ee LION ics = 0s totoeese (23), 


the value of w wil! be obtained by the solution of the differ- 
ential equation, 


F, (Dy utf (D) bu... +f, (D) cP u=0 ...0cee0s (24). 
We suppose here f, (m), f (m)...fn (m), to be polynomials, 


and that the series is complete; i.e. contains all the terms 
which can be formed in subjection to its law expressed by 
(23), the first exponent being therefore .a root of f)(m) = 0. 
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When the series is incomplete, the first member of the differ- 
ential equation will be the same as for the complete series, 
while the second member will be formed by substituting in 
the first member, in the place of wu, the series which it repre- 
sents. It is obvious that all the terms will disappear, except 
a few derived from that-end of the series where the defect of 
completeness exists, so that the second member of the differen- 
tial equation will be finite. 


Exl7e) Tet 


ree n° n? (n? —2') A — 27) is fos tb 
ia ean: tr eae 3.4.5.6 


a®, &e. 


Here wu = Xwu,,2”, with the relation, 


n? — (m— 2)? 


Uy =— 
ft m (m — 1) 


m—2° 
Dan 
m (m —1) tm — {(m — 2)” — 2"} Un_. = 9, 


and we observe that the series is complete, the first index 0 
being a root of m (m—1) =0. 


Hence, the differential equation will be 
D (D—1) u—{(D — 2)? — n*} eu =0, 
of which the solution, expressed in terms of a, is 
u=c, cos (nsinx) +¢, sin (n sin*z). 


The constants must be determined by comparison with the 
original series. We thus find c,=1, ¢,=0. 


The following is a species of application which i is of frequent 
use in the theory of probabilities. . 


Ex. 18. The series 


me a(a+1)...(@+6-1) a 
1.9: doit) yond, alee Bam 
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occurs as the expression of the probability that an event 
whose probability of occurrence in a single trial is p, and of 
failure q, will occur at least a times in a £ 6 trials. 


oe the series within the brackets by wu, and 
assuming g = ¢’, we have w= Xu,,¢”8, where 


MU,y —(m+a—1) Up y=. 


Hence, we shall have 


Du = (D +a—1) pee END) (+4) orn 
or, restoring q, 
du a pe tt) (ath) ¢ 
dq 1-q 1 FP) l-—q 


- Integrating which, we have 


u=(1-g*(o- Ea Et ¢ (1—9)*"dq}. 


Now the first term of the development of this expression in 
ascending powers of q will be C; whence, comparing with the 
bracketed series, we have C=1. Substituting, and observing 
that p=1—-gq, the eo) for the probability i in question 
becomes 


Lae: b) f" ; 
eee a Q (Ly dg wrveveee et 


To this we may however give a more symmetrical form. 


For 
[ea 1—q)*"dq= ({ -|)¢a-9 q)** dq 


T(6+1)T (a Jer 
igh: rae en gg) oe 
by a known. theorem of definite integration. 
Substituting in (a), and observing that 
a(a+1)...(a+6)_ VT (a+6+1) 
A Acer - (641) VP (a)’ 
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we find = 
aes oe OO) Die Ord) [¢ Shes 
Probability = (ay F641) of (1 — q)** dg, 


or, as it may be otherwise eae 


Ai fr¢ l—q) dq 

robability = 4h —— —- ceccencenceeeneess b). 
P. Vr i ? (l— ce 1 dq ( ) 

The peculiar advantage of this form of expression is that, 
precisely in those cases in which the series becomes unmanage- 
able from the largeness of a and b, the integrals admit, as 
Laplace has shewn, of a rapid approximation “(Théorie Ana- 
lytique des Probabilités), 


Ex. 19, -The function (1 — 2v cos @ + vy’) being expanded 
in a series of the form A,+ 2 (4, cos w+ A, cos 2m... + &), 
it is required to determine 4, 


’ We have . 
(1 —2vcosw + v*)™ = {1 — veeVi-D}™ & {1 — vee vl—D}™, 
Expanding each factor, and seeking the common coefficient of 


e@v(-) and €7v-) in the product, we find, putting t= v’, 


A, =f Say, 


m=0  ™ 
where generally, . 
am (m+ 7) Un — (m+n—1) (m+n+r—1) u,_, = 0, 
n(n+1)...(n+r—1) 
NE Aree : 


while w, = 


Hence the differential equation will be, 
D(D+r)u—(D+n—1) (D+n+r—1) bu=0, 
or, 
Ota Daa oe) iy ie 
D(D+r) 
Now this can, by Prop. 111, be reduced to the form, 


v—ev=JV,.. 
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by the relations, 

u= (D+n—1)...(D+1) (D+n+r—-1)...(D+r41)y, 

V={((D+n—1)...(D4+1)D+n4+r-—-1)...D+r4)}'-U"U, 
In determining V from the latter equation, it suffices to in- 

troduce two arbitrary constants, one from each of the two sets 


of inverse operations. The final solution, in the obtaining of 
which the only difficulty consists in the reductions, is 


1 d 


n-1 (pa 
A,= a alt ne 
P@)é A dep 


12. When, in the series Yw,,7", the coefficient w,, is a 
rational function of m invariable in form, the summation is 
most readily effected in the following manner. 


Let the series be =f (m) a”; then putting x =, 
w= Sd (m) e*@ = Sd (D) ent 
ee OL Pe eras a pare Oe 


Hence, if the summation is from m=0 to m= infinity, 
we have 


w= $(D) 9 


but if the summation is from m=a to m= 6 inclusive, 


6 — ¢(b+1)0 


u=$(D)—7—a 
Aa? 5ac* 6x" 


Heyy Let U=T 9 eo 3. nna ie z+ &e. 
m+1 ) 
Here Ld race (m— 2)’ 
D+1 
therefore LS joie ag OET (€ + €f + &e,) 
rl 433 Sb co 
= {5D -2(D-1)7 450-2" Ga- 4 
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The final result is 


un WE 5 (5-22 +5) log (1-2). 


Generalization of the foregoing theory. 


13. As Propositions I, I, 11, are founded solely on the 
particular law of combination of the symbols D and ¢°, ex- 
pressed by the equation 


f(D) eu = ef (D +m) u, 


they remain true for any symbols 7 and p, whatever their 
interpretation, which combine according to the same formal 


law ; viz. 
F (7) p"u = pf (ar + M) Ah. 25 scersnerens (26). 
Thus, supposing the law obeyed, the symbolical equation, 
whan) ples = Cina ceescsnccaecouseee (27), 


can, by Prop. m1. considered in its purely formal character, 
be transformed into 


v + ior) p'U = Viresec.censencreteee (28), 
by the assumption, 


¢ (7) ¢ (7) 
u=FP. S Pe 
: (77) vr (7) 
The corresponding transformations flowing from Proposi- 
tions 1. and I, it is unnecessary to state. 


Now the law (26) is obeyed, not alone by the pure symbols 
D and ¢*, but by certain combinations of those symbols. Thus, 
if we assume 

m=D—ng(D)&, p=$(D)é 
the law will still be obeyed. And the importance of the 
remark consists in this, that an es which, when ex- 
pressed by means of the symbols D and ¢°, is not a binomial, 


may assume the binomial form for some other determination 
of mw and p. 
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If in (26), we make m=1, we have f(7) pu=pf(4 +1) u, 
which shews that p may be transferred from the right to the 
left of f(a), if we, so to speak, add to a the constant incre- 
ment 1. This then suggests the more general law, 


F (ar) pu = pf (rr + Am) tt....0..c.c0nese (29), ue 


where Az represents’ any constant quantity regarded as an 
increment of 7. In connexion with this theory, the following 
proposition is important. 


Prop. Supposing f (a) to represent a function which admits 
of expansion in ascending positive and integral powers of x, 
wt is required to develope f (m+ p) in ascending powers of p, 
m™ and p being symbols which combine in subjection to the 
law (29). 


By successive applications of (29) we have, m being a 
positive integer, 


La) ep fr MAD) tecevcteocore (30), 


of which another form is pf (7) u=f(m —mAm) p”u. Again, 
since f(a +p) is, by hypothesis, expressible in a series of the 
form 

A,+ A, (7+) +A, (4+ p)* +.&. 
we shall have 

(7 + p)f (w+ p) =f (m+ p) (1 + p)--rvreee (31), 


for either member becomes, on substituting for f(a +p) the 
above form, 


A, (7 + p) + A, (wr + p)’ + &e. 


Now, let the form of the unknown and sought expansion 
of f(7 +p) in ascending powers of p, be 


fat p) = ful) +f, (mt) p+ fg (mr) p+ Kersen..s(32),_, 
= 2 fn (mr) p”, 
the subject wu being understood though not expressed. 
Then, by (31), 
(m+ p) fn ().p™ = = fuck) p™ (7 + p)- 
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But ai las 
(a + p) Sfou (7) p™ = Sifin (or) p™ +E fia (™) pm 
| = Sf (2) p+ 3 fi (An) p™, 
in which the coefficient of p™ is fan 
* gfe (1) + Jini, CT — AT) coreececeeseeesces (33). 
Again, “a | 
fn (™) p™ (m7 +p) = Ef (=) p™ + =f, (7) p™™ 
hea = Ef, (m) (mw — mare) p™ + Sha () ph™ 
in which. the aggregate coefficient of p™ is | 
Sin (77) (mw — mAmr) + fry ()- 
‘Equating this with (83), we have’ 


Ti we (7) + fing (7 vr Ar) i (7 ae: mA) tis (r) tjes (7), 


whence . 
. Ss z we (77) ray jie (ar 5s Ar) 
Sve (7) mM Aw e 
et Aa Ce) 
ee Coen peseedes (34), 


if we define Af (7), not, as is usual, by f(a + Am) —f (a), but 
by f (7) —f(r— Am). The above equation determines the 
law of derivation of the coefficients f (77), f (7), &e.. It only 
remains to determine f, (7). . 


That f, (7) =f (7) may be shewn by induction from the 
particular cases in which 


S(rtp)h=mt+p, (r+p)’, &e, 
ov, with more formal propriety, thus: ) 
Let P,=2P, where n is a constant, 
F(t) p,=F (7) np = nf (7) p 
= npf (7 — Ar) 
=p, f (aw ~ Az), 
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Comparing the first and last members, we see that 7 and p, | 
combine according to the same law as 7 and p. 

Thus we have | 

ST (w+ py) =i (7) +f, (7) p, +, (7) p,' + &e., 

J, (x), f, (7), &c. being the same as in (32). 

Or, 

fw +mp) =f, m) +f, (m) mp +f, (m) ntp? + &e.s 

so that, making n= 0, we have f, (7) =f (7). 


Determining then the successive coefficients by (34), we 
have finally, 


eS eat Ae roe a AN (35), 


wherein it is to be remembered, that 


Af (m) _f(m)—f(m—An) 
At Avr 


When Az =0, the symbols 7 and p become commutative, 
and (35) assumes the form of Taylor’s theorem, 


As a particular application of the above, suppose that we 
have given the trinomial equation 


(D? + aD+b) ut (cD + e) u+ feu =0...... (a), 


and that we desire to ascertain whether this can be trans- 
formed into a binomial equation by assuming 
w=D—mee, p=e°, 
assumptions which satisfy the law 
f (m) p= pf (w+). 


Here we have D=T7 + mp, 


whence f(D) =f(n) +L mp +5 LD mip? + &, 


Tr 
B.D. E. 29 
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where Aw = 1, and 

Ths 

SF 


Hence D?4+aD+b=7°+ar+b4 (2r7—-1+ 4) mpt+m'p’, 
cD+e=cr+e+cmp. 
Thus (a) becomes 
{wr +amr+b+(27r—1+4a) ieee 
+(cr+e+cmp) put fpu=9, 
4 w+an+b+{(2m+c)r+m(a—1)+e]p+(m?+eom+f)p'=90, 


and this reduces to a binomial equation, Ist, if m be a root of 
the quadratic equation 


m' +om+f=0; 
2ndly, if it be possible to satisfy simultaneously the equations 
2m+c=0, m(a—1)+e=0, 
equations which imply the condition 
2e—c(a—1)=0. 


The discussion of the binomial equation when obtained in- 
volves no difficulty. : 


For a discussion of the general trinomial equation of the 
second degree, the reader is referred to the original Memoir. - 


Laplace's transformation of partial differential equations. 


14, Laplace has developed a method for the reduction of 
the partial differential equation 


fir + Ss + Tt+Pp+ Qq+ Zz = U...... (36), 


R, S, T)...U being functions of & and y, which is deserving 
of attention from ite great generality. 


One of the auxiliary equations in Monge’s ee: 1s 
Rdy? — Sdudy + Td = 0. 
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Let two integrals of this equation be 
o(z, y=, v(ay)=c, 


and assume two new variables, € and 7; connected with x and 
y by the equations 
E=$(2,y), n= (a, 9). 


The student will have no difficulty in proving that the given 
equation will assume the form 


@z  _dz dz 
EE aes Daal eocevscee (37), 


L, M, N, V being functions of £ and ». The theory of the 
reduction of this equation is then contained in the following 
propositions : 


.. Ast, The equation (37) may be presented in the form 
d L eS 


d d o 
(e+ ©) (+2) ++ (v- Lar e) V...(38). 
Hence, if the condition 
ui eo (39) 
dé i ee ee ee 


be satisfied, and we assume (5 + L) z=2', we shall have 


(jt) e =". 


The solution of the given equation is then dependent on that 
of two partial differential equations of the first order. 


2ndly, Inverting the order of the symbolic factors, the 
‘equation is also solvable if we have 


d 


3rdly, The equation (37) can be transformed into a series 
of other equations of the same form, and therefore integrated, 
if, for any of those equations, the condition’ (39) or (40) is 
satisfied, j . 
29—2 
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For, expressing it in the form (38), let, as before, 


7 ({+L)e=2 Godes CARER pe aten (41) 

Then (5 jet il) ¢ +(v- LM ae V, 

Bcc ky Pg 

dé 

whence Ce an ee 

N- LM— gee 
which is of the form 

a Bz +0, 
4g - 


A, B, C being functions of & and 7 Substituting this ex- 
pression for z in (41), we have a result of the form 


dz! az ‘ - 2 1 ra) 
Fey te ge tg tN AV ce Oe 


Thus the form (37) is saad but with changed coeffi- 
cients. Hence the equation is integrable if either of the fol- 
lowing conditions is satisfied, viz. 
N’-L'M' - oe =0, W'-—L'M'— — 
dg dy 
If neither be satisfied, the process of transformation may be 
indefinitely repeated, and should an equation be obtained in 
which either of the relations (43) is satisfied, the solution may 
be found. It has indeed been asserted that “if the given 
equation be integrable, we shall finally get an equation in 
which this essential condition is satisfied” (Peacock’s Haam- 
ples, p. 464). The state of our knowledge of the conditions of 
finite integration does not however sarraut this confiden¢e, 


A discussion of the equation 


te, de, os ay, ge 
dy? ha+ ky z (ha + ky)? 
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by Laplace’s method is given in Lacroix (Tom. I. pp. 611— 
614), but it is far too long and too complex to find a place 
here. The best mode of treating the equation is probably the 
following. Lets and é be two new variables connected with 
zx and y by the lnear relations 


he+tky=s, y+me=t, 


of which one is suggested by the form of the given equation, 
while the other is adopted in order to put us in possession of 
a aispoeable constant m. ‘Transforming, and making in the 
result s =’, we obtain the symbolical annie 


{AD(D- Heese 


5 (B(D- -1)4F e240 e=2M...(B), 


dt 2 

in which 
A = ah? + bhk + ck’, B=2ahm +b (h + km) + 2ck, 
C=am' + bm +e, H=eh+fk, F=en+f. 


The equation will be a binomial one, if m be determined so 
as to make C=0, ‘We have then 


am’ +bm+e=0, 
while the symbolical equation (/) becomes 
d B(D-1)4+F 
*+ dt AD(D—1)+ED+9 
and is integrable if the following condition is satisfied, viz. 
BAF A-Bty{((A-F)-4g} 
=a 24 ; 
This condition will be found to include the one to which 
pebince’s method leads. 


“At the same time it is seen that. the equation () assumes 
ee binomial form under other conditions than the above ; 
g. if we have simultaneously 


B=0, F=0, 
from which, by elimination of m, we find 
Ff (ah + bk) — ¢ (bh + ck) = 0. 


2 = (A D(D-1) + ED +9}"M, 


= an integer or 0. 
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This condition being satisfied, and m determined, the sym- 
bolical equation becomes 
d* ie 
dt? AD(D— —I+ED+g° 
and is integrable if the two roots of the equation 

Am (m—1)+Em+g=0 
differ by an odd integer. There are probably other cases 
dependent on the reduction of Art. (13). 


In one respect Laplace’s transformation possesses a gene- 
rality superior to that of all others. For its tentative applica- 
tion fewer restrictions on the coefficients of the given equation 
are necessary. But, that the application may “succeed, other 
conditions seem to be demanded which render the estimation 
of the true measure of its generality difficult. And, in par- 
ticular instances, it is seen that it is less general than the 
method of the foregoing sections. 


2+C-, 27 —{AD(D—-1)+ED+g} "6", 


Miscellaneous Notices. 


15. Of special additions to the theory of the solution of 
differential equations by symbolical methods, the following 
may be noticed. 


Ist, Professor Donkin has shewn that, if f(x) be any func- 
tion capable of development in powers of x, then whatever 
may be the interpretations of the symbols 7 and p, we have 


Fle. tp) =p. Ft) Plberneenan eee eee (44), 


This is evident from the consideration of such cases as the 
following : 


(p“p)’ = p “pp "zp =p ‘np, 
(p mp) =p'm'(p')* = pomp. 
We are thus enabled to generalize many important theorems. 


: ‘ d j d 
Thus, since a +¢ (@t u = e-9(@) aus u, we haye 


db 
re +$@)| = 4) f(F) PO rcceenr (AB) 
(Cambridge Mathematical Journal, 2nd Series, Vol. v. p. 10.) 
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us and 
x 


d: 


— are connected by the same laws as x and io (the proof 


“2ndly, Mr Hargreave, observing that the symbols 


of this will afford an exercise for the student), has remarked 
that if in any differential equation and its symbolic solution we 
change x into —, and — into —z, we shall obtain another 
. dx da 

form accompanied by its symbolic solution, (Philosophical 
Transactions for 1848, Part 1.) 

_ Applying this law of duality to the known solution of the 
linear differential equation of the first order, it is easy to shew 
that the equation 


sh (D)ut+y(Dyu=X 


has for its symbolic solution, 


wzep (DP OP a7 MOK h-ccsechis.sa\ (46), 
where CO aD) dD, 


a form which had before been established on other grounds 
(Philosophical Magazine, Feb. 1847). Many other illustrations 
of the same law will be found in the memoir of Mr Hargreave 
referred to. 


3rdly, The method by which the development of f(a + p) 
is obtained in Art. 13, leads to other and similar results, of 
which the following is among the most interesting, viz. 

d Pee Tae 
f(2+5,) w= (F@)+F (2) % +75 F'@) Fat be] u...(47), 


the coefficients of the expansion in the second member follow- 
ing the law of Taylox’s theorem, and the function J’(x) being 


ad 
equal to AAC) f(a). (Cambridge Mathematical Journal, Ist 
Series, Vol. rv. p, 214.) 
- The last theorem enables us to integrate at once any equa; 
tion of the form 


d La ae 
F(w)ut F'@) 7 + 75F (x) Fa + &e. = X, 
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where F (#) is a rational and integral function of z. For let 
led? : iid 
2 da* * 1.2 4 dat” 


an expression always finite under the conditions supposed. 
Then the given equation assumes the form 


f (7) v=, 


where r=2+ kd , and may be treated by the method of the 


fa) =e F(@)=(1 Sie.) F (e), 


last section. 


_ Other examples of the expansion of functions whose symbols 
are non-commutative—some of them admitting of a similar 
application—will be found in the memoir of Professor Donkin 
above referred to, and in an interesting memoir by Mr Bron- 
win (Cambridge Mathematical Journal, Vol. ut. p. 36). 


Athly, Many important partial differential equations of the 
second order admit of reduction to the form 
du do _du do _ 4 
Lady dap hee ns 
whence an integral w=/f(v) may be deduced. Thus the 
equation . 


jdpdyy dpa), db (db, dy) dp, 
Ge dy ~ de dp) C9) Gt (Gat ae) ge HL 


where ¢ and wf represent any given functions of p and g, may 
be expressed in the form 


d(p—2)d(p—y)_d(g—2) d-y)_o. 

dx dy dy hy. op a8 
whence $—-aw=F(y—y) is a first integral. Mainardi has — 
shewn that nearly all the equations which occur in Monge’s 
Application de V Analyse & la Géométrie, admit either of the 


above reduction, or of a purely symbolical mode of solution: 
(Zortolint, Vol. v. p. 161.) 


5thly, The Author is indebted to Mr Spottiswoode of Oxford 
for an interesting communication on the laws of combination 
of symbols which are at the same time linear with respect 
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d 2 sd, nee , . 
to 73 ah &c. and linear with respect to a, y, &. The 


following is one of the results. If, assuming 
tae ae, ed 
1 da J aly’ 7 Y Te te ay? 
a partial differential equation can be presented in the form 


FO, T,) u=0 


on the assumption that z and 5 operate only on the subject w, 


then it can be expressed in the form F’(z,, 7r,) u = 0, indepen- 
dently of such restrictive hypothesis. It might be added, that 
all such equations are reducible to equations with constant 
coefficients, by assuming 


- 4" 
log (@ +y°)}=a', log (2 —o = Yie 
To the above might be naded many other special deductions, 


isolated now, but destined perhaps, at some future time, to be 
embraced in the unity of.a larger theory. 


EXERCISES. 

nae Gat wary 
1. Integrate x qa t La a qau=0. 
ROU ate sepa: 
) pape Mt. BH) (l—«)u=0. 


3. Riccati’s equation is reducible to the form 


2. Integrate (@ Si 


= 


dx 2 


Hence investigate thé ations of integrability, 


©” + bea™w = 0. 


be : 
(M+2)6 w —0: 1 : 
DD= i) ¢ w=0; and ae may cither be 
reduced directly by Prop. uf, to a form integrable by Prop. 1, or, by assuming 
(m +2) 0=26’, converted into a particular case of Art. ‘7 in the Chapter.: 


The symbolical form is wt 
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4, The equation 5 pt+- ae + bu =0 is integrable in finite 
terms if a is an even number. 
2 
5. The equation ae on eS bau is integrable in finite 
da a. ax 
terms if m= Bees where 7 is a positive whole number 
or 0. % 


6. The more general equation 
du r du ” 
dx 4 adz = (b0" + £ +5) 3 
which includes the above, is integrable in finite terms if 
2y/{(1— ry} +40} 
20+ 1 


M+2= 


? 


i being a positive whole number or 0. (Malmsten, Cambridge 
Mathematical Journal, 2nd Series, Vol. v. p. 180.) Verify this. 


7. As an illustration of the theory of disappearing factors, 
integrate the equation 
d* ; d 
(2° + ga") 92+ ((a +8) ge" + (6-84 Na} 
+{(a+1) qv —bdi}u= 
dy 


8. The equation (1 — aa’) De age 0 is inte- 


grable in finite terms in the following three cases; viz, 


LSet 2 is an odd integer ; 


2ndly, If Wall 1- >) + hi is an odd integer ; 


) 2 
Belly, + 4/| 3 +aprgna (=a) ea 
a | a a a a a : 


is an even integer, 
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9. Integrate the partial differential equation 


Os <2. 2.d2 


is integrable in finite terms if be eT 2 . (Legendre. See 


Lacroéx, Tom. 11. p. 618.) Verify this. _ 
11, Shew that the sum of the series 
1.2...ne+2.3...(n+1)2*...+p(pt1)...(p+n—1) a 


may be expressed in the form 


- ai a” — ar 
= Lie 


12, Sum the series 
Wit | OR ig 3"x* 
fort oT 35 


13. The equation (a+ dx) ak + (f+ 92) +ngu=0 


is integrable in finite terms if 7 is an integer, 


+ &e, 


Apply the method of Art, 13 to reduce the symbolical equation to a bino- 
mial form. Or assume a+bxr=t, 


14. The differential equation 


= du ; a - Ee Nes a 
can be integrated in finite terms, whatever function of @ 1s 
represented by Q. (Curtis, Cambridge Mathematical Journal, 


Vol. 1x. p. 280.) 
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The equation may be expressed in the form 


1 
(= aes a u=0, 


{ 5 m(m+1)) 
x* ) 


or ¢fQdx is * £Qae Ut j\c?= 
dx. ( 


2 
or a e/Qdx y + (ea. ee”) /Qdz y=0. 
dx ( ae 


Let ¢f@dy=v; then compare the resulting form with Ex. 8 of the 


Chapter., 


15. Shew generally that, if we can integrate the equation 


(, tretinnes 


we can integrate f (# = -Q) ut+¢ le). “= = | 


16. We meet the equation 


Uy Neer’ sy aan 
Gc. Jeme ae lee 


in the theory of the elliptic functions (Legendre’s modular 
equation). Shew that it is not integrable m finite terms, but 
is integrable in the form y= A + BL logc, where A and Bare 
series expressed in ascending. even. powers of ¢. 


17. Prove the following generalization of Prop, II. 


Fi Po  (D) on p ¥(D) 
[8 (D) el = Pep) Fie Ded Bp: 


18. Prove _ following still more general theorem, 


6 (D) 5, a D W(D) 
ee $ (D)e*}= BOE Dy De RD), 


( 461.) 


CHAPTER XVIII." 


SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS BY 
DEFINITE INTEGRALS, 


1. THE solution of linear differential equations by definite 
integrals was first made a direct object of inquiry by Euler. 
His method consisted in assuming the form of the definite 
integral, and then, from its properties, determining the class 
of equations whose solution it is fitted to express. Laplace 
first devised a method of ascending from the differential 
equation to the definite integral. And Laplace’s is still the 
most general method of procedure known. Its application is 
however not wholly free from difficulties, due partly to the 
present imperfection of the theory of definite integrals, partly 
to an occasional failure of correspondence in the conditions 
upon which continuity of form in the differential equation 
and continuity of form in its solution depend. Indeed it 
ought never to be employed without some means of testing 
the result a posteriori, e.g. by comparison with the solution 
of the proposed differential equation in series. Frequently 
indeed it is possible to deduce the solution in definite inte- 
grals from the solution in series without employing Laplace’s 
method at all. 


Laplace’s method is applied with peculiar advantage to 
equations in the coefficients of which « enters only in the first 
degree, and of which the second member is 0. Expressing 
any such equation in the form 


xg (uty (Z)u= Heats heii 


u = [Tat 


we must assume 


T being a function of ¢, the form of which, together with the 
limits of integration, must be determined by substituting the 
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expression for wu in the proposed differential equation. Effect- 
ing this substitution, we have a result which may be thus 


expressed, 
d\ GV 


— O(Z)e= soe 
{ ae (1) Ta + | eyo (t) Tat = O.cseeeseee (2). 


Of this however, the first term is, by integration by parts, 
reducible to the form . 


<e(o7—[ oF to () 7} dt 
Thus, (2) assumes the form 
ed (t) r— fe o [ (¢) T] — yp (2) r\ =O 85, (3), 


and will therefore be satisfied, if we make 


ed (¢) T= 0, 


or, since 


d 
“160 T}-¥) T=0. 


The former of these equations has reference only to the 
limits; the latter, expressed in the form 


d t 
“OTI-F GOT} =0, 
giyes on integration, | 
ieee at 
$(t) P= el60%, 
and determines Zin the form — 


a 
clon 


$ (t) 


Te 
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Thus, we have 


— 


65 NS [eh eR PO 4), 
10 ern 2 
the limits of integration being determined by the equation 
wit) 
a 20 fon ee (5), 
Should this equation have n distinct roots, these may 
evidently be so disposed as to give n—1 distinct particular 
integrals. 


Such is the general statement of Laplace’s method. Applied 
to an equation in the coefficients of which the highest power 
of x involved is the n“, it would make the determination of 
T depend on the solution of a differential equation of the n™ 
order. Other practical limitations may be noted. For in- 
stance, the method is only directly applicable to the expression 
of integrals which produce on development series of a certain 
form. Thus, if we develope the exponential in the assumed 
expression for w, we have 


2 
w= |Tde+ «| Tider, [Tdi + &e, 


an expansion in which positive and integral powers of w alone 
present themselves. Integrals of different forms may, however, 
by preparation of the differential equation, be brought under 
the dominion of the method. These and other points we pro- 
pose to illustrate by the detailed examination of a special but 
very important example, particular forms of which are of very 
frequent occurrence in physical inquiries. We shall first, in 
accordance with what has above been said, determine the 
different kinds of solution in series of which the equation 
admits. This parv of the investigation is intended to be 
supplementary to Art. 9 of the last Chapter, 


‘ Ghee: Olbs - ase 
Ex. Given a Oy, wg Cu 
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Solutions expressed by Series. 


2. The symbolical form of the above equation is 


Hence, if an integral be expressible in the form Lw,,2”, 
the law of formation of the coefficients w,, will be 


while the lowest value of m will be 0, or l1—a. Thus, except 
in a particular case to be noticed hereafter, the complete in- 
tegral will be 


He Ga Ga. . 
= ANY Fac) * a ee ae 
2.2 4.4 
j-a qt T= rel 
+ Be (t+5 55 +g gg a Gra tl) 


The two series in the general value of u are evidently con- 
vergent for all values of w As this question of the conver- 
gency of series is sometimes important in connexion with the 
solution of differential equations, the reader is reminded that 
according as, in the series of terms or groups of terms 


uy tu, tu, + &e., 


Un 


the ratio ; tends, when m is indefinitely increased, to a 


n-1 

limit less or greater than unity, the series is convergent or 
divergent ; when the ratio is less than unity but tends to unity, 
we must apply a system of criteria developed by Professor De 
Morgan (Differential and Integral Calculus, p. 325*), 


* That this system virtually includes previous special results has been 
proved by Bertrand (Liouville, Tom. vu. p. 35); that it is a legitimate deve- 
lopment of the fundamental principles of Cauchy has been established by 
Paucker (Crelle, Band xu, p. 138). 
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When a is an odd integer, the general integral will involve 
a logarithm. In particular if a= 1, we shall have 


u=a,t+a,0' + ag‘ + &e. + log x (, + 6,0 + b,2* + &e.) ... (9), 


a, and b, being arbitrary constants, and the succeeding coeffi- 
cients determined by 


Om + 2MBy — G’Ain_s=0, Mm — QOmg= O..00s. (10). 


The symbolical equation (6) indicates by its form that 
there are no solutions expressible in descending powers of a, 
and infinite in one direction only—i.e. beginning with some 
finite exponent, and presenting a series of exponents thence 
descending. But the equation may be transformed so as to 
admit of a solution of this kind. For, assuming wu =e», 
we shall have 


dv dy 
a Ps (a — 2qx) 7 aqu=0, 
and of this the symbolical form will be found to be 


D (D+a—1) v= 2g (D4 5-1) 0 = Ov ereenees (11); 


whence, if v be developed in a series of the form 2v,,2™, the 


law of derivation of the coefficients will be 


m(m+a—1) v, — 24g (m +5 —1) tm 4=0. 


It follows from this that there will be two ascending and 
convergent series for v, and one descending and divergent 
series. The law of the latter series is by changing m ‘into 
m +1, more conveniently expressed in the form, 


(m+1) (m+a) 
cre Te 
2q (m a 5) 


a 
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* Hence, the first exponent will be -5 and the ultimate 


value of w will be 


s¢-1) $4)@-)6-9 


l.dga 1.2, 49a 


u= Oca t {i + +e (12), 
If we assume w= ev, and proceed as above, we shall obtain 
for v the symbolical equation, « 


D(D+a—1) v4 2q(D +5- 1) 80 0 Sdsiskcensetoetene 


and as this differs from the previous equation for v, only by a 
change of sign affecting g, we at once deduce a second value 
of u, in the form 


— ier 2 Bae 
eae fe Laon 1,2, 4q°2* 


the terms within the brackets being alternately positive and 
negative, 


Both the descending series are finite when @ is an even 
integer, and though for all other values of @ they are infinite 
and ultimately divergent, yet if 2 be large they begin with 
being convergent, and may under certain circumstances be 
employed for numerical calculation. 


Thus, we have obtained two solutions expressed in ascend- 
ing series always convergent, and two solutions involving 
series expressed in descending powers of a, and ultimately 
divergent, 


As concerns the convergent series for v, derivable from the. 
transformed equations (11) and (13), we may remark that 
when multiplied by the developed exponentials, they will only 
reproduce the convergent series for wu already obtained in (8) 


One observation, yet remains. We have seen that each of 
the assumptions w = ev and u=€v transforms the proposed 
differential equation into another of which the solution in a 


ART. 8.] | SOLUTION BY DEFINITE INTEGRALS. 467 


descending series is finite when the given equation admits of 
finite integration. This species of transformation is frequently 
possible. To accomplish it we must assume w= Qy, the form 
of Q being determined by the solution of that differential 
equation upon which, by Props. um. and II. Chap. XVIL, the 
solution of the proposed equation, when possible in finite 


_-. terms, is dependent. 


Solution of the Equation by Definite Integrals. 


3. Comparing the proposed equation, 


with the general form (1), we have 


eae ee 
(x) =ga-¢ v(a)=as. 


Hence, 
o()=#—-g, vi) =ae; 
y(t) dt _a Tad 
therefore oe iss log (? —q’). 
Substituting these values in (4), we have 
w=C | Et (AGE db avssneorstaves (16), 


while, for the limits of integration, (5) gives 


¢ 
2z 


é" (f — g°)*=0. 
Hence, supposing a positive, and confining our attention for 


the present to the factor (* — q*)’, which alone determines ¢ in 
perfect independence of x, we findt=+g¢. Thus, 


u=C i ‘et (?— ae dt, 
-~q 
30—2 
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Assuming then t=qcos@, and changing the sign of the 
arbitrary constant, 


TER (sin 6)? dO. .sssessessseeeee(17), 


and this, as its form suggests, and as we shall hereafter shew, 
is an expression for the particular integral represented by the 
first convergent series in the general value of w, given in (8). 


To deduce another integral, let us in the symbolical equa- 
tion (6) assume w= ce" %, We find 


2 


— (prizaD ey = tee eee (18), 


Hence, a value of » may be determined from that of w by 
changing a—1 into 1—a; ie. by changing a into 2—a. 
Thus we have, for the second particular integral, 

weg | e##088 (sin 6)!" dO, 


0 
provided that 2 — a be positive. 


Hence, 7f a le between 0 and 2, we have for the complete 
integral, 


PS) "#2080 (sin 8)"'d0-+ Cat | "#9 (sin 8)*d8....(19). 
0 0 


If a = 1, the two particular integrals in the above expression 
merge into one. ‘I'o deduce the true form of the general 
integral, we may proceed thus, 


ne | “eon (C, (sin 6)" + C, (wsin 6)"4 dd, 


5 | a | (ein Gyriy. Bao Oar a do 
9 a—1l ’ 


on replacing QO, and GC, by two new arbitrary constants, 
A and B, 
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Now when a=1, we find by the usual mode of treating 
vanishing fractions, 


(sin 6)** — (a sin 0)** 


et = log {x (sin 6)*}. 
Thus, 
ie i et00s9T A +. Blog far (sin 8)"}]d0...s.0--. (20). 
0 
This is the complete integral of the equation 
da aus 
Pe 7 Tee HO oe becccccessccsceoees (21), 
and a similar form exists for all cases in which a is an odd 


integer. 


4. We proceed to the cases in which a is fractional and 
does not lie between the limits 0 and 2. By the application 
of Props. 11. and 111. Chap. xvi, this case can be reduced to 
the case in which a does lie between the limits 0 and 2. 
First, suppose @ negative; then we may assume a=a' — 2n, 
where q@ lies between 0 and 2, and n is a positive integer. 
In this case, the first term of (19) will need transformation. 
Now the symbolical equation (6) becomes 

2 


ES / 26), — 
LES Fao ae Tea ana 


~ Hence, if we assume 


9 


i ere ney, ee 
} LADO Aas 
we shall have 
u=(D+a'—1)(D+a—8)...(D+a'—2n+1)v 


Ge Oskar 9 ) Mla, idea on ) 34 
= (oF +0-1)(e5 +03 (az +a 2n+1)v...(22), 


in which 


ve) i "000080 (gin 8°10 vssssseessenes (23). 
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And this particular expression for w must replace the first 
term in the general value of uw given in (19). The differen- 
tiations may obviously be performed under the integral sign. 


As a particular illustration suppose a to lie between 0 and 
— 2, then n=1, a=a' —2, whence 


oe ‘—-l= as +1 
aT ake sag ae a . 


The particular value of w which must replace the first term 
in the general value (19) will therefore be 


nS o,f” (oF + a+ 1) Ee cosé (sin OB i dé. 


Effecting the differentiations, and substituting in (19), we 
have, for the general value of u, 


ee. | "#58 (gee cos 0 -+ a@ +1) (sin 6)*#1 48 


+ Opie | "_°©080 (sin @)1-« 6, 


0 
Secondly, when a is greater than 2, the assumption 
u=el-y Le w= ai-sy 


in effect converts a into 2—a. Compare (6) and (18). In 
effect, therefore, it converts a@ into a negative quantity, and 
reduces the present case to the preceding one. 


It remains only to notice that when a is an even integer, 
the complete integral is expressible in finite terms. Chap. 
xvi, Art. 3. 


Collecting these results together, we see that, according as 
ais an even integer, a fraction, or an odd integer, the complete 
integral is expressible in finite terms, or by definite integrals 
producing on development two algebraic series, or by definite 
integrals producing on development two series, one of which 
is multiphed by the factor log x, We propose before going 
farther to verify these results. i 
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Verification. 


5. If in the solution (19), we develope the exponentials, 
and for brevity write 


ie (cos 6)"(sin 6)"d0 = A, | "(cos 6)" (sin 6)'"d0 = B,,...(24), 
0 0 A 
we shall have ! 
w= TC, as As ae: ‘2™ + C, eS pS ean aie (2ay, 


the summation denoted by = Giese to all positive inte- 
gral values of m, from m=0 to m=. Thus thé general 
value of w is expressed by two series, whose equivalence to 
the series given in (8) it remains to establish, 


Now, when m is odd, 4,,=0, B,=0, the positive and 
negative elements in each integral mutually destroying each 
biker Again, by a known eal of reduction, 

(cos 8)” (sin 6)""? 


m+n 


i (cos 0)” (sin 0)" dd = 


Ok 


ull mot | (cos 6)" (sin 6)" d0. 


Supposing the limits 0 and 7, the term free from the sign 
of integration vanishes at each limit when m is positive, and 
we have, changing n successively intoa—landl—a, 

m—1 Tod wie ees 
= ——_— = ——_— _ Bg eeceees 26). 
An a PG Pn etm a ee C8) 

Now let the coesticient of ” in the first series in’ (25) be 

represented by w,,, then 


Aq” = Aye. Gue ‘ : 
Oo a! tr OTe ah? 
, Um = TAm = q b 
therefore fe.” mi A y (26). 


472 SOLUTION BY DEFINITE [CH. XVIIL 


Now this is the law of the coefficients assigned in (7). 
And just in the same way may the second series in (25) be 
verified. Thus the development of the general solution (19) 
produces the two convergent series of the solution in Art, 2. 

The verification of the solution (20), though somewhat 
more difficult, may be effected on the same principles. 


Developing the exponential, and assuming 
| "(cos 6)" d0 = E,,, | "(cos 6)” (log sin 6) dO = F,,, 
0) 0 


we shall have 


_s AE, " 2BF,, ) me 4 Joo gS Pim 
a Giaar. 1.2...m/ 2 Le eae 
the summation extending to all even integral values of m, 
from m=0 to m=o. 


q’'a™...(27), 


Now it may be shewn that 


E=tthp atm Soe (28), 
m nm m 


and it will be found that these relations establish, for the 
coefficients of the series involved in (27), the same laws of 
successive derivation as are assigned in (10). 


The verification of the solution (22) involves no difficulty. 


Solution by Definite Integrals resumed. 
6. In Art. 3, we found for the equation of the limits, 


ee — 9") 0 oe ee (29), 


from which, in order to determine the limits in perfect in- 
dependence of x, we rejected the factor e. In the discussion 
of the same problem in the great work of Petzval*, now in 
course of publication, that factor is retained, giving, according 


* Integration der linearen Differentialgleichungen mit Constanten und 


verdnderlichen Coeficienten, [The second volume concluding the work was 
published in 1859.] 


Rod 
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as @ is positive or negative, the additional Bm © Or 0. 
And thus the following solutions are arrived at, viz. 


u= Ol (eg)? d+ ©, the e* (f= g?) "df «.....(80), 
—d . -2o 
when z is positive, and 
“= o,f e* (Ff —q*)?  dt+ ¢, é* (P— 9°)?” dt........(81), 
—@ gq 


when 2 is negative. It will be observed that it is in their 
second terms that the above expressions for w differ from the 
expression given in (19), and the question arises, what do 
those second terms really represent? We propose here to 
consider this question. 


Supposing x positive, we have to examine the term 
ak (pf 23-1 | 
c, | et (fg * dt. 
Now this expression, on assuming ¢=—q (1 + @), so as to 


make the limits of integration 0 and «, and performing re- 
ductions affecting only the arbitrary constant, becomes 


c| e148) (29 + gy? dé, 
0 


orcas | CPO (20-4. O99 d0 coccececreseens (32), 


It is easy to see that this cannot produce either of the par- 
ticular integrals represented by ascending developments in (8). 
For, if we develope the exponential under the sign of inte- 
gration, the coefficient of 2" in the factor Sabie toned by the 


definite integral, will be 


oe SP |e (20 + &)? $-t do. 


But, m and a being positive, it is manifest that the expres- 
sion is infinite. 
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We may, however, expand the definite integral in descend- 
ing powers of a. Developing the binomial in ascending 
powers of 6, and integrating by the well-known theorem 


Bigs Oe. Joe T (A) 
0 OX dO = ; 
J a (qx) 
(32) assumes the form 


er) Ger Ge) 
oe 


: + &e} k 


Now observing that I" + 1) a . i. (5) &e., substituting 


and merging the common factors in the arbitrary constant 
we have 


; a a 7a a a /a 
creat (- )5 (5-1)($-2)5(5+2) 
Es 2qx 1. 2'(2ax)- 
which agrees with (12). Exactly in the same way Petzval’s 


second integral for the case in which @ is negative, represents 
the other descending and divergent series (14). 


it &e.. (33), 


7. We thus see the true nature of the distinction between 
Petzval’s form of solution and those obtained in Art. 2. 
The latter represent the two converging and ascending 
series derived immediately from the differential equation. 
The former represents one of those series accompanied by 


the divergent series derived from a transformed differential 
equation*, . : 


* Spitzer, in a recent Memoir in Crelle’s Journal (Vol. Liv. p. 280), shews 
that when the coefficients of the differential equation 


a d 
(24-4 Dye) F5 + (4+ dye) Se + (ay + Bytx)y=0 


satisfy the condition a,b,—4@,b,=0,*, the solution will be 
é y= ferv \4 + B log (ay +5,2)Ui}. di 
where, ; 


bie 2 
U=byit+ dyut dy log (VU)= [EY +A an, 
J 1 
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Tt is known that in the employment of divergent series an 
important distinction exists between the cases in which the 
terms of the series are ultimately all positive, and alternately 
positive and negative. In the latter case we are, according to 
a known law, permitted to employ that portion ‘of the series 
which is convergent for the calculation of its entire value. 
Now, a being positive, the series (12) assumes this character 
when & 1S positive, the series (14) when « is negative. But 
these are precisely the cases in which these series are rope. 
sented by Petzval’s integrals. 

When, for the calculation of an element dependent on the 
solution of a differential equation, ascending and descending 
series are both employed (the former for small, the latter for 
large values of the independent variable), it is necessary to 
determine the connexion of the constants. For this purpose 
the expressions of the series by definite integrals may be of 
importance. On this, and on other points connected with this 
subject, the reader is referred to two most instructive Memoirs 
by Prof. Stokes*, in which some of the equations of qs chap- 
ter are applied to physical problems. 


Partial Differential Equations. 

8. Some of the most interesting applications of the above 
method occur in the solution of partial differential equations. 
The following is an example. 

Ex. Required the most general solution of the equation 

au hi lu i du 
da" di’ — dz" 


and the limits are given by 


=). 


e#U,V=0. 

The deduction of this as a limiting case of the general polation may serve 
as an exercise to the student. It will be proper to assume a,+6,0=v as the 
independent variable. 

Spitzer expresses surprise that Petzval has not arrived at the above 
solution. We see however that it has no proper place in Petzval’s actual 
scheme. ; 

* On the Numerical Calculation of a Class of Definite Integrals and Inji- 
nite Series. Cambridge Philosophical Transactions, Vol. 1x. Part 1. p. 166. 

On the Effect Y the Internal Friction of Fluids on the Motion of Pendulums. 


Ibid. Part 1, p. 8. 
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which can be expressed in terms of z and 7, supposing 
r= ("+ y’). 
This equation, with its supposed condition, presents itself 
in the problem of determining the attraction of a solid of revo- 
lution on an external point, and in the problem of the motion 


of an incompressible fluid, disturbed by the motion of a solid 
of revolution in the direction of the axis of revolution z. 


The transformed equation is easily found to be 


CU baw 
Soa Pat a= O addeicisicien stare ctelsiieree (34). 
Now the solution of the equation 
uy dul va 
te pe + ae + qru= 0, 


is 
ve i “eres 0. [A+ B low {r (sin 6)"}] dé. 
0 ’ 
5 d ‘ 
Hence, replacing g by ee and A and B by arbitrary func- 
tions of z, we have, for the solution of (34), 
he ™ ¥ cos onc) - ° 
w=|"e [+ (2) + yp (2) log {r (sin 6)*}] a8, 
0 
or, by the symbolical form of Taylor’s theorem, 


u=["¢ {z+ rcos 6 /(—1)}.dé 


Such is the complete integral. 


In all physical problems involving partial differential equa- 
tions the determination of the arbitrary functions. so as to 
satisfy given initial conditions is a matter of great importance, 
and sometimes, where discontinuity presents itself, of great 
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difficulty. But though some general principles might be stated, 
the subject is best studied in the concrete application. 


In applying the above solution to the problem of attraction 
it is required to determine the arbitrary functions so that when 
r= (0 we should havew= F(z). Now, since, when r= 0, log r 
is infinite, it is necessary to suppose  (z)=0. We have then 


F@ =|"$@ d=7$ (0. 


Thus the solution under the proposed limitation becomes 


7 


4= | F(et+reséy(-1)] dé. 


Parseval’s Theorem. 


9. Equations whose symbolical form is binomial generally 
admit of solution by definite integrals. Pfaff’s equation has 
thus been treated by Euler. (Lacroix, Tom. 11. p. 529.) The 
very beautiful theorem of Parseval, which makes the limit of 
the series 4A’+ BB' + COC’ + &c. dependent upon the limits 


of the series 4+Bu+ Cw+é&e. and A'+ Pha ee + &e., 
should be noticed. 
Suppose that, for all values of w, real and imaginary, 


A+ But Cu’... = ¢ (u), 


Then, multiplying the equations together, 


AA + BB+ CO'+...4+% («nu + Er) = > (wu) p (u). 
Assume, in succession, u = V™ and w= eV), and add 
the results. 
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We find 
2(AA’ + BB’ + OO! +...) + 23 (dm cos m6) +25 (8,, cos mb) 
= fh {OV} ay [OVO $ h [EON] ap [EON 
Now multiply by d@, integrate between the limits 0 and z, 
observing that | ¥ (cos m@) d@=0, and divide the result by 


0 


Qe, then 
AA +BB4+..= i lv. [b {eV} ap [e% oy 
+h {6 OVE} ab fe OV] dO... (36), 


which is the theorem in question, 


Solution of Differential Equations by Fourter’s Theorem. 


10. As Fourier’s theorem affords the only general method 
known for the solution of partial differential equations with 
more than two independent variables (and such are the equa- 
tions upon which many of the most important problems of 
mathematical physics depend), we deem it proper to explain 
at least the principle of this application, referring the reader 
for a fuller account of it to two memoirs by Cauchy*, 


As a particular example, let us consider the equation 


du att au 
at? =i (Gat dy at dz ) = Ph ocsevcesevegeens (37). 


Let u=¢ (x, y, 2, t) represent any solution of this equa- 
tion, By a well- known form of Fourier’s theorem, 


ree = i ie ie dade § (a), 


* Sur VIntégration d’ Equations Linéaires, LExercices @’ Analyse et de 
Physique Mathématique, Tom. 1. p. 53. 
Sur la Transformation et la Réduction des Intégrales Générales Wun Sys-, 
teme d’Lquations Linéaires aux différences partielles, Ibid. p. 178. 
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ae applications of which enable us to give to w the 
form 


where A = (a—a)X+ (b—y) w+ (c—2z) », 


Substituting this expression in (37), and observing that 
from the form given to A we have 


(@ On taka 
Gata 


we have 
a [fil ele} SR (V+ w+ AG ry 8 
Sar’ : df w+) p ‘udv =0, 


¢ being put for ¢ (a, b, ¢, t). This equation will be satisfied 
if d be determined so as to satisfy the equation 


a 
See +p +r’) 6=0, 


Hence, integrating and introducing arbitrary functions of 
a, b,c in the place of arbitrary constants, we have the par- 
ticular integrals, 


GaeMVU A (a, Bc), P= e™MVD x, (a, b, 0) (39), 
where B= (a? + p?+1)3, 
Substituting the first of these values in (38), and merging 


the factor aly in the arbitrary function, we have 


87 


Ee w= | J | | il fear VO Wy (a, b,c) dadbdcedrdudv .. go, 


a ae integral of the proposed equation. It may easily 
be shewn that the employment of the ‘second value of ¢ given 
in (39) would only lead to an equivalent, result. 
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To complete the solution, we observe that if, representing 


pe by H, we make t=e®, so as to reduce the 


given Sete to the symbolical form, 


id 


eee ak yc 
1 DID= 1 eae 
then, by Propositions 11. and 1. Chap. XVIL, the transforma- 
tion u=e? eB = at will give 
ao” di’ = 
H OF ie eal 
Cl DDI) Ce — 0, 


which is of the same form as the equation for vu. Hence, 
v admitting of expression in the form (40), we have, on merely 
changing the arbitrary function, 


= SAH e(4tBHt) VY alr. (a, B, ©) dadbdcdydudv ... (41). 


The complete integral is thus expressed by the sum of the 
particular integrals (40) and (41). The sextuple integral by 
which the above particular values of w are expressed admits 
of reduction to a double integral leading to a form of solution 
originally obtained by Poisson. Cauchy effects this reduction 
by a trigonometrical transformation. It may be accomplished, 
and perhaps better, by other means; but this is a matter of 
detail which does not concern the principle of the solution. 
We may add, that when the function to be integrated becomes 
infinite within the limits, Cauchy’s method of residues should 
be employed. The reduced integral in its trigonometrical 
form, together with Poisson’s method of solution, which is 
entirely special, will be found in Gregory’s Examples, p. 504, 


Cauchy’s method is directly applicable to equations with 
second members, and to systems of equations. The above 
example belongs to the general form 

Mu 


dp 7 fi 
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an a a: 


where Z is a function of ie ea For all such equations 


the method furnishes directly a solution expressed by sextuple 
integrals, which are reducible to double integrals if H is 
homogeneous and of the second degree. In the above example 
the double integration proves to be, in effect, an integration 
extended over the surface of a sphere whose radius increases 
uniformly with the time. Integrals of this class are pecu- 
harly appropriate for the expression of those physical effects 
which are propagated through an elastic medium, and leave no 
trace behind. 


MISCELLANEOUS EXERCISES. 


1. The complete integral of the equation 
du _(,2, n(nt+]) 
is OAS aor aia 


is expressible in the form u= Aée“+Be™, A and B being 
series which are finite when m is an integer, (Tortolini, 


Vol. v. p. 161.) | 
2. The definite integral [res {n (9 —xsin 6)} d9, can be 
t)) 


ee 4 er 
evaluated when n=+ { ¢+ 5) , where ¢ isa positive integer or 0. 


(Liouville, Journal, Tom. VI. p. 36.) 


Representing the definite integral by w, it will be found that u satisfies 


: i B 
an equation of the form a = (4 + 2) Ue 
The subject of the evaluation of definite integrals by the solution of dif- 
ferential equations has been treated with great generality by Mr Russell 
(Philosophical Transactions for 1855). 


3. If v=a be the equation of a system of curves, v being 

. . . Umedivin 6a. O 
a function of x and y which satisfies the equation a + wae 0, 
and if u=£ be the equation of the orthogonal trajectories of 


the system, then ~ may be found by the integration of an 
B. D. E, 3l 
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exact differential equation of the first order, and when found 
: ‘ - Cb EU 
will satisfy the equation Ti Bn 0. 


The above theorem is applied by Professor Thomson to the problem of 


Cetermining the forms of the rings and brushes in the spectra produced by 
biaxal crystals. (Cambridge Journal, 2nd Series, Vol. 1. p. 124.) 


4. The normal at a point P of a plane curve meets the 
axis in G, and the locus of the middle point of PG is the 
parabola y’= lx. Find the equation to the curve, supposing 
it to pass through the origin. (Cambridge Problems.) 


5. The normal at any point of a surface passes through 


the line represented by 7= oat . Find the differential 
equation to the surface, and obtain the general integral. (J0.) 
6. Prove that the differential equation of the surfaces 
generated by a straight line which passes through the axis 
of z, and through a given curve, and which makes a constant 

angle with the axis of z, is 
dz 


* lee 


7. Integrate the above equation. 


13 EV +y) cota. (Ib.) 


8, Express by a definite integral the series, 
2 4 6 
Ce gee 

QF OP ae = OP APG? 


Form the differential equation by Chap. xvu. Art. 11, and then apply 


+ &e. 


Tv 
Laplace’s method, Chap. xvi. The result is u == 2 cos (wcos6)d8. (Stokes, 
0 
Cambridge Transactions, Vol, 1x. p. 182.) 


9. lence express the series in a form suitable for calcu- 
lation when @ is large. 
Proceeding according to the directions of Chap. xy1i1. the complete inte- 
gral of the differential equation expressed by descending series will be 
u=a *{(A cosx+B sin )R+(A sinw—-Bcos z)S}, 
ae ise: Le Oana 
: &c, 


here =1- - 
me Hal -T 7 (Gay t 1.2.8 4 (Ga ; 
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12° > 18,92, 52 
tee, Lees (eae 


The values of A and B for the particular integral in question will be 
A=B=7-}, These are deduced from the consideration that, when x tends 
to infinity, we have, in the limit, 


) ph 
= if 2 cos (& cos 6) d0=(mx)-3 (cosa+sinz). (Ibid.) 
T Jo 

The above series occurs in seyeral physical problems. 


10. The complete integral of the equation, 
d’ di : 
wat (a+ be) oh + (f+ got ha") y =0, 


may be expressed by a finite formula involving general differ- 
entiation. (Attributed to Liouville.) 
2 
Assume yacerte ; then, by a proper determination of a and 8, the equa- 
tion may be reduced to the form 
OI pen LD ap 
© + (a’ + b’x) Pees z=0, 


The symbolical equation obtained by assuming ~=69 will be binomial, and 
the integration in the required form may be effected by Prop, uz. Chap. xvi. 


11. Equations of the form 


a? m di m 2m a 
a8 +(A,+ Ba") @ Fo 4 (4+ Be + On") u=0, 


may be reduced to the form, 


ib (e+ arlene apoio (m), 


considered in Chap. XVIII. 

“Assume #”=t, y=t*z; the determination of k will be found to depend on 
the equation k(k—1)m?+k{m(m—1) +mA,{+4,=0. 

Petzyval, Linearen Differentialgleichungen, Pt. Ist, p.105, Riccati’s equa- 
tion is included in the above. 


12, Equations of the form 
au du 4] ; 
(a, +8, loga) x wat (a, + b, log a) vat (a,+ 6, log x) w= 


are reducible to the form (m). (Ib. p. 112.) 
31—2 
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13. The complete integral of the equation 


ay 
FSi (a+ Bx) y, 


tnt1 
is i -| dte = (Ce + Cpe... + Cp"), 
where p is a primitive root of p**=1, and C, C,, C,...C,, 


satisfy the condition O+ C,+ & + 0, =0, but are * other- 
wise arbitrary. (Jacobi, Crelle's ‘Journal, Vol. x. p. 279.) 


14. The determination of the orthogonal trajectory of any 
system of straight lines on a plane, involving in their general 
equation one variable parameter, can be effected by the 
solution of an exact differential equation between & and y. 


This interesting proposition, together with the following demonstration, 
was communicated to the author by Professor Donkin, with whose permis- 
sion it is published. 

The equation of the given system can always be expressed in the form 
“sin 0—y cos 0=¢ (8), or, putting cos =u, sin @=2v, 


ve — Uy — FF (U, v) =0.....00ccceee0e (1), 
in pn al Get ace cncnsada (2). 

The equation of the tra‘ectory will then be 
Ud A VAY = OK ase cee nesses (3), 


wand v being determined from (1) and (2) as functions of x and y. 


Now, if we represent the first members of (1) and (2) by F and © respec- 
tively, then, in order that (3) may be an exact differential equation, we must 
have, in virtue of (37) Chap. XIV. 


dFdé@ dF dt ° dFd& dF ab _ : 
dx du du dx dy dv dv dy sissies (4), 


and this will be found to be identically satisfied. Hence (3) is an exact dif- 
ferential equation, as was to be shewn. The proposition applies generally 
to the problem of involutes. Thus, the tangents to a circle being repre- 
sented by 

ve-—uy=a, w?+y2=1, 
the equation (3) will become 


}an/ (a? +4? — a?) — aides yin — a’) +an\dy Bi 
x+y? 


This is exact, and determines, on integration, the system of possible inyo- 
lutes. 
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15. To determine the connexion of the integrals of any 
system of simultaneous differential equations expressible in 
the form 


dz dk aly dF) 
Lia We OL an. 
du__dF dv dF 
Orda, dhe dy. | 
where F’is a given function of x, y, w and v. 


The complete solution will evidently consist of four equations determining 
#, y, u, v as functions of t, and four arbitrary constants. 
Suppose that there exists an integral of the form ®=c, where ® is a func- 
tion of «, y, u, v, not involving t. Then, differentiating, we have 
dahdx d&dy d&dwu dbdv 
dx dt ' dy dt’ du dtd ae’ 


dx dy 


or substituting for Lae? &c. the values given in (1), 
d® dF  d® dF dbdF d&dF_ 2 
tid) dade. a died Pe (2). 


Now this equation is identically satisfied if 6=/, Hence one integral 
will be F=a, where a is an arbitrary constant. 

Suppose now that another integral not involving ¢ can be found, Then 
representing it by 6=b, and observing that (2) is identical with the equation 
(4) in the last problem, it is seen that if, from the two equations F=a, b=), 
we determine w and v as functions of a, y, a, 6, the expression udx +vdy will 
be an exact differential. Hence, if {(udw+vdy)=x, we have 


Now differentiating the integral F=a with respect to a, and regarding 
u, v, a8 functions of a, y, a, b, we have 
dF du | dP dv _ 


du da” dv da’ 
or, putting for é a their values given in (1), and for w, v their values 
U 
iven in (3) 
$1 (3), dey de dx dy _5 
dudx dt ~ dady dt’ 
or 


a (3) oe 


LU (dx\ 1 
dx \da dy (3) y= at, 


486 MISCELLANEOUS EXERCISES. [CH. XVHE 


whence, integrating, | 
d 
at ee ee etal 
¢ being an arbitrary constant. Since the form of x is known, this constitutes 
a third integral. 
Lastly, differentiating f=a with respect to b and proceeding as above, we 
find 


é being an arbitrary constant. And this is the fourth integral. 


The above is a simple illustration of the methods of Theoretical Dyna- 
mics referred to in Chap. XIV. Thus the equations for the motion of a 
body attracted towards fixed centres (all in one plane) are 

ax dR dy aR 

d@ da’ dt? dy’ 
R being a function of «, y, and the co-ordinates of the fixed centres. These 
equations may be expressed in the form 


dx dy 

°°? Gow 
du _ aR dv dR 
Gt dedi dx 


Now, if we represent the function 3 (u?+v*) + RB by F, the above equations 
assume the general form (1). 


It was intimated in Chap. XIV. that the solution of the equations of 
Dynamics is finally dependent on the obtaining of the complete primitive of 
a non-linear partial differential equation of the first order; and this was 
previously shewn to depend on the integration of an exact differential equa- 
tion the coefficients of which were determined by the solution of a linear 
partial differential equation of the first order. Now all this agrees with 
what has been exemplified above. For the last two integrals, (4) and (5) are 
derived, by mere differentiation, from y, while y is found by the integration 
of an exact differential equation whose coefficients, vw and v, are obtained 
from equations which satisfy the linear partial differential equation (2). 


The student is especially referred to the original memoirs by Sir W. R. 
Hamilton (On a General Method in Dynamics. Philosophical Transactions, 
1834—5), to various memoirs by Jacobi contained in his collected works or 
scattered through Crelle’s Journal, and to the recent memoirs of Prof. 
Donkin (On a Olass of Differential Equations including those of Dynamics. 
Philosophical Transactions, 1854—5). Liouyille’s Jowrnal is rich in valuable 
memoirs on the subject. 
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ANSWERS. 


_ The following table does not contain answers to all the 
questions proposed in the Exercises, but to a selected number 
of them, thought amply sufficient for ordinary requirements. 


CHAPTER I. 


(_) y=pxt+/(1+p’). (Here, p= 92). ' 


(2) p—ay=e™. (3) +2’) p+y=tan™a. 
(4) apty=y' log a. (5) yp’ + 2ap=y. 
(6) y=ap + > (p). 


a'y 2 3 dy 2 
3. (1) and (2) Eat my = (3) 55+ (y-ag a: 


bo 


6. (1) (e-—a)?+(y—6)’=1. (2) be —ay=ab (xy —1). 


m Qn m 2m 
A a ee 
8. w—-G=a, y - f Sly i: 


CHAPTER: It. 
+4 


oe 

1, (1) logaytau—y=ce. (2) ig 
(3) (L+a%) (L+y") = 02" 

x 1 

ea 2 


(5) cosy =ccosa. (6) tanatany=c. 


log (1+y") — log {y+ V(1+y’)} =e. 


Ves... 3...(1) yee", (2) y=ce 


i) 


in” 


(3) a'=C+2cy. (4) x=ce “. (5) (y+a)(y+2n)'=c. 
4, (I) B—aytyta—yae. (2) (y—x+1)(y+a—l)=e. 
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10. 


“I 
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- ao 1 
OPS Cx ea ey ates 


(2) y=ax+on/(l—a’). (3) y=ce Va-a%) + 


zx 
v—ay" 
(5) y=tan*e2—-l+ce™ *, 
(l) 2={ev(l—a2)-a}. 2) acer 2tt_1 


a a 


em, 


(4) y=sinx—1l+ee 


(3) 2= {ce + 5 (2a?+1)}3. (5) y=(cetloge+3). 


CHAPTER IIT. 
a + 6ey+y=C, 2. w@—y=er. 3. —y=cy*. 
ao at a a Y 3 ™ : y 
> + tan et ans ee tae 


heb 


=z 


(a* + 4") =e. . sin (nx + my) + cos ne 
V(1+a°+y?)+tan™ oe =¢, sin“ /(a@+y°*)+sin™ ate =e 


Assuming es =v, we have | dv : 2 +0. 
ou e— bv a 
CHARTER ReEVE 
u oo . 
goay fb tes 


wy f (x + wy — y ". 
Complete pute is a R: xy—y=c. 


(1) Integrating factor, a =e air Solution, x*=¢'+ 2cy. 


vi 
” Qa" + 3xy + y*° 
Solution, (y +2)? (y+2a)'=c. 


a “1 ON as ae. 
(4) yaey/(14+ 2 : (5) ay COS* = C. 
y = cx is the complete primitive. 


1 1 
(1) ay (wy +1)" (2) ary? + aye” 


(2) Integrating factor 
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CHAPTER VY. 
leiec (2) = Det ease and ee 


(2) ye” (8) ye. (4) (La yt—a 
(5) @+y)* (6) @+ytayy. (7) @ty)”. 


7. If 2+P=y the equation becomes as + 2Pz2=—-2’, 


da 
which is of the general form of 6. 
n—1 d P ne 
9, When = eae 0° Then Oe aca 
CHAPTER VI. 


Equations 1 to 5 must be reduced to the form 


dy 


oa yt by’ = cx, of which the solution is 


2/(be)ae 


4 t. Ge 4 7e 1 ee Cc t CG MV (—be) a") 
poner 


according as 6 and ¢ are like or unlike in sign. In 1 we find 
4=1, and the solution by (A) is ee ee where y, is 
given by changing, in the first of the above solutions, a into 
—a, bintol,cintol. In2,7¢=2; apply (A). In 3 apply (D). 

7. /(B?—4ay)+n(¢+4)=0, ¢ being any integer, posi- 


tive, negative, or 0. 


aU: a (2Ab+1) y+ by’ = cx”, where A is a root of 
x 
the equation bA?+ A —h=0. 
10. “Compare with p. 95. 
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CHAPTER VII. 
1. (y—2x—c) (y—3x—c) =0. 


ro 


(y—alogx—c) (y+alogx—c)=0. 
5. Eliminate p by means of alog p+ 2bp+c=a. 
Lge 
6. By y= ane i 


8: py ene eeettes L+p?) 
. By y= +5 V0+P) — blog (ptVvi tp} +e 


12. Complete Primitive y = ca +c—ce’. 
(x +1)? 
as 


Singular Solution y= 
13. Complete Primitive, y= cx + /(0° —a’c’). 


Singular Solution, —— a =1. 14. o&+y=cx. 


16. Eliminate p by «= CTO (c+asin“p). 


17. By x= (+5 +atan” p). 


vl +p') +P) 
19. (w—a)+{y—f(@P=l. 21. ax—yf(a)=af (a) (xy—1). 


CHAPTER VIII. 


4, Singular Solution w= a, 


6. Differential equation, p= oy — 
‘ a\$ 3 x—1)* 
10. (1) ay=1. (2) (=) ("= @) on i 


11. Particular Integral. 


13. Singular solution y=0; complete primitive y= -, | 
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4 


4 


16. (1) Envelope species, y= 
(2) Envelope species, y = Aa? 
(3) Not of envelope species, y= x”. 
17. Singular ablation: Va + a/y =a. 
18. Singular solution, «3+ yx =a, 


19. w=costy? + (y—y")*. 


CHAPTER IX. 


127+ 7 
rd I AL >) re es.) 1 an 
1. y=ce”+ce™. 2. y=ce’+ce*+ 144 


3. y=" (,+ee+ 60" + 0,2"). 

4, y=(¢,+ 6) cosx+ (¢,+¢,x) sin a. 

5. y=ce* + (0, +c) &. 

6. y=c¢,cos# +c, sin # + (c,+ cm) & +1. 


aL 


€ x 


2 
if Tene tO Cre ye 8. y=(qter+5)& 


, 


9. y = on +—: 10. y=c(a@t+ay+e (+a). 


bx? 


ll. y=e? {ecos (xb) +c’ sin (x /b)}. 
12% y= cewsin='e a Cage at a, | 


14, Add 2? to the previous value of y. 
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o) 


3 d 
_& . , as Y 7 
a y= G ~sinate+ coe. 3. erat 
4. y=clogat+ce. 5. y= or. 
aye Cx ' 
7. w+e=(y¥—a)%: 8. y=g th(ate. 
1 ' 
9: w= =~ log {eyt+f@} +e. 
14, yao!" ([ eo cdn + 0’). 19. y= ex. 


20. y=—at4(act+ac*). 22 atet(ci—yi)?=0. 
23. y=clog{e+ot+/ (a+ 2cx)} +e. 
dx 


tf 


oy ay : a 
9 ees —-* —_—— os _ — 
2s ar Agi cd dee 31 & £ 
; $ A fee 
32. (y—of? —— =0 33 y=5, (5 + ae +0) 
CHAPTER OXT 


hia oy 2. nteo= log {ny +W/(n'y?—V)} 


bios ote 
ee de ) 
4. on +e’ =b( re scart 


6. Let 7° =2cx — a represent the circles, then the tra- 
jectory is a = 2c'y—y’. 


7. y+2°—¢c = 20’ log a. 8. An equiangular spiral. 


10. 4ay +e = 2ax a/(4a7x* — 1) — log {2am + r/ (4a%x* — 1)}. 


Or 
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CHAPTER XII. 


(2a) (y=8) (e-) =O. 
a + 2y?— Gry — 2x2 +2 =C. 3. ye+texn+ay=e. 


af, de a b Can 
e(y+z2)=e. 6. Ee 
y PA 18 fai 8 gt Aare yg 
2 y 
eV+ay—w+e2=c. 10." 9Ne; 
CHAPTER XIII. 

7 7t 

w=co*—%, y=(ct+o)e *. 


y=e"(ccost+c' sin é), 


—6t 


x= = {(¢+¢) sint + (¢ -¢) cos dh. 


1 2 =?) tT -tV7 
w=~t dee Cece. —(,e °° = Ce ™, 


es ate 4 cet — cetY — ce 'W, 
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Or 


“6 


2, 


4, 
8. 


ANSWERS, 
CHAPTER XIV, 
e=ysin” + $y). 3. Metyt2)=$) | 
=" 4$(ay—bx). 6. 2= eb (ey). 
z=(etyole—y) 8 =X + 4(ay) 


ua" =9(2=%). 10, énay+9(2). 


ty teaed (2), 

z+ (at gy? +2") = at (!). 15, z=ov(x'+y’). 
A te ee 4) 

(a—1) 24 Harp (¥, *), 

Complete Primitive z=ax+by+ab 19. z=—ay. 

z=an+% +b, 21, z= ane +5 48, 


e=ay+y(x'—a’)+b and Papen AR le 
\ & ae | 


CHAPTER XY, 


caas(Zty(2). 8 y=ab@+¥6) 
raf) +b). 5 w= FQ) +f@+yt2) 
e=p(wtay)t+yy(-I>a), | 


10, 


bia Re 


ANSWERS, 495 
CHAPTER XVI. 
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Note on Art. 4 of Chap. XIV, page 327: 


[The language here used is not quite satisfactory. It is asserted that 
from equation (7) we must have the two equations (8) since ¢’(v) is arbitrary. 
But by the same argument it would follow on page 326 that we must have 


du. du dv, dv . 


oe a em? and d mare hl 
du du dv dv 
also Gage q=0, and gatas qg=0. 


In fact, instead of saying that the two equations (8) must hold, we ought 
to say that we may consistently with (7) asswme them both to hold. Then 
it will follow that the relations (9) must be consistent with the relation 
pdx+qdy=dz. This is sufficient to enable us to deduce the equation (10). 


: : = 
Traces of the same inaccuracy of language will be found in other parts of 


the Treatise, though not so decided as in the present passage: see pages 333 
and 363. 


This correction is due to the Rev. H. W. Watson, formerly Fellow of 
Trinity College. ] 
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fEschylus.—ASCHYLI EUMENIDES, The Greek Text, with 
English Notes and English Verse, Translation, and an Introduction. 
By BERNARD DRAKE, M.A., late Fellow of King’s College, 
Cambridge. $8vo. 35. 6d. 


The Greek text adopted in this Edition is based upon that of Wellauer, 
which may be said, in general terms, to represent that of the best manu- 
scripts. But in correcting the Text, and in the Notes, advantage has been 

taken of the suggesuons of Hermann, Paley, Linwood, and other com- 
mentators. In the Translation, the simple character of the 4schylean 
dialogues has generally enabled the author to render them without any 
material deviation from the construction and idioms of the original Greeek 
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‘© The Notes are judicious, and, a rare merit in English Notes, not 
too numerous or too long. A most useful feature in the work is the 
Analysis of Miiller’s celebrated dissertations.” —BRITISH QUARTERLY 
REVIEW. 


Aristotle. — AN INTRODUCTION TO ARISTOTLE’S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Copr, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. 8vo. 145. 


This work is introductory to an edition of the Greek Text of Aristotle's 
Rhetoric, which is in course of preparation. Its object is to render that 
treatise thoroughly intelligible. The author has aimed to illustrate, as 
preparatory to the delailed explanation of the work, the general bearings 
and relations of the Art of Rhetoric in itself, as well as the special mode of 
treating tt adopted by Aristotle in his peculiar system. The evidence upon 
vbscure or doubtful questions connected with the subject is examined ; and 
the relations which Rhetoric bears, in Aristotle's view, to the kindred art 
of Logic are fully considered. A connected Analysis of the work ts given, 
sometimes in the form of paraphrase; and a few important matters are 
separately discussed in Appendices. There is added, as a general Appendix, 
by way of specimen of the antagonistic system of Isocrates and others, a 
complete analysis of the treatise called “Pnroptx mpds ’AAgEavSpov, with a 
discussion of its authorship and of the probable results of its teaching. 


ARISTOTLE ON FALLACIES; QR, THE SOPHISTICE 
ELENCHI. With a Translation and Notes by EDWARD PosTE, 
M.A., Fellow of Oriel College, Oxford. 8vo. 85. 6u. 


Besides the doctrine of Fallacies, Aristotle offers, either in this treatise 
or in other passages quoted in the commentary, various glances over the 
world of science and opinion, various suggestions or problems which are 
still agitated, and a vivid picture of the ancient system of dialectics, which 
it is hoped may be found both interesting and instructive. ‘*It is not 
only scholarlike and careful, itis also perspicuous.”—GUARDIAN. *‘ It is 
indeed a work of great skill.”—SATURDAY REVIEW. 
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Blackie.—GREEK AND ENGLISH DIALOGUES FOR USE 
IN SCHOOLS AND COLLEGES. By Joun Stuart BLAckiE, 
Professor of Greek in the University of Edinburgh. Fcap. 8vo. 
2s. 6d. 


“Why should the old practice of conversing in Latin and Greek be 
altogether discarded ?””—PROFESSOR JOWETT. 


Professor Blackie has been in the habit, as part of the regular 
training of his class in Edinburgh University, of accustoming the students 
fo converse in Greek. This method he has found to be eminently 
successful as a means of furnishing the students with a copious vocabulary, 
training them to usett promptly, confidently, and with correct articulation, 
and instilling into them an accurate and intelligent knowledge of Greek 
Grammar. The method which has been so highly successful in Professor 
Blackie’s hands, he believes, may be used with equal success by others ; he 
has therefore in the prescnt little volume furnished a series of twenty-five 
graduated Dialogues in parallel columns of Greek and English on a great 
vartety of subjects, all of them calculated both to interest and instruct young 
men going through the usual course of School and College education in this 
Country. In the Preface, the Author fully expiains the aim of the book, 
and the principle on which he himself intends to use it ;. where also, as well 
as in the Preliminary Remarks on Orthoepy, he gives a brief account of his 
theory of Greek Pronunciation, a theory which is now being gradually 
adopted by all the most eminent English scholars. The work has been 
revised by several eminent scholars, both English and Scotch. The GLOBE 
says “Professor Blackie's system is sensible; his book is likely to be useful 
to teachers of Greek ; and his suggestions valuable to the learners of any 
language.” 


Cicero.—THE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the German of KARL 
Haim. Edited, with Corrections and Additions, by Joun E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John’s 
College, Cambridge. Third Edition, revised. Feap. 8vo. 5s. 
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Cicero— continued. 


This volume opens with a List of Books useful to the Student of Cicero, 
including History, Chronology, Lexicons, and some account of various 
editions, mostly German, of the works of Cicero. The Introduction is 
based on Haim: where Halm gives a reference to a classic, the passage has 
been commonly printed at length ; where the reference is to Halm’s notes 
on other Ciceronian speeches, or to modern books, the additional matter has 
been incorporated: and the numerous Greek quotations have been rendered 
into English. The English editor has further illustrated the work by 
additions drawn, for the most part, (1) from the ancient authorities ; (2) 
trom his own private marginal references, and from collections ; (3) from 
the notes of previous commentators. A copious ‘argument’ ts also given. 
<< On the whole we have rarely met with an edition of a classical author 
which so thoroughly fulfils the requirements of a good school-book.” — 
EDUCATIONAL Timers. ‘‘ 4 valuable edition,” says the ATHENEUM. 


THE ORATIONS OF CICERO AGAINST CATILINA. With 
Notes and an Introduction. Translated from the German of Karl 
Halm, with many additions by A. S. W1Lkins, M.A. Professor 
of Latin in Owens College, Manchester. Fcap. 8vo. 35. 6d. 


This edition is a reprint of the one prepared by Professor Halm for 
Orell’s Cicero. The historical introduction of Mr. Wilkins brings 
together all the details which are known respecting Catiline and his 
relations with the great orator. A list of passages where conjectures 
have been admitted into the text, and also of all variations from the text 
of Kayser (1862) ts added at the end. Finally the English Editor has 
subjoned a large number of notes, both original and selected from 
Curtius, Schleischer, Corssen, and other well-known critics, an analysis 
of the orations, and ax index. 


Demosthenes.—DEMOSTHENES ON THE CROWN. The 
Greek Text with English Notes. By B. DRAKE, M.A., late Fellow 
of King’s College, Cambridge. Fourth Edition, to which is 
prefixed ASSCHINES AGAINST CTESIPHON, with English 
Notes. Feap. 8vo. 55. 
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An Introduction discusses the immediate causes of the two orations, and 
their gen.ral character. The Notes contain frequent references to the best 
authoritus. Among the appendices at the end is a chronological table of 
the life and public career of Aéschines and Demosthenes. “A neat and 
useful edition.” —ATHEN ZUM. 


Hodgson.—MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Honeson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hopeson, 
VAS = iSiio.) (3s 


The late Provost of Eton has here supplied a help to the composition of 
Latin Verse, combined with a brief introduction to Classical Mythology. 
In this new edition a few mistakes have been rectified ; rules pave been 
added to the Prosody ; and a more uniform system has been adopted with 
regard to the help afforded. 


Juvenal.—Thirteen Satires of JUVENAL. With a Commentary, 
By joun E. B. Mayor, M.A., Fellow of St. John’s College, 
Cambridge. Second Edition, enlarged. Part I. Crown 8vo. sewed, 
35. 6d. 


The text is accompanied by a copious Commentary. For various notes 
the author is indebted to Professors Munro and Conington. All the 
citations have been taken anew from the original authors. ‘‘ A painstaking 
and critical edition.”—SPECTATOR. *‘for really ripe scholarship, 
extensive acquaintance with Latin literature, and familiar knowledge 
of continental criticism, ancient and modern, it 1s unsurpassed among 
English editions.” —EDINBURGH REVIEW. 


Marshall.—A TABLE OF IRREGULAR GREEK VERBS, 
classified according to the arrangement of Curtius’ Greek Grammar. 
By J. M. Marsuatt, M.A., Fellow and late Lecturer of Brasenose 
College, Orford; one of the Masters in Clifton College. 8vo. 
cloth. Is. 


The system of this tabie has been borrowed from the exceilent Greek 
Grammar of Dr. Curtis. 
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Mayor (John E. B.)—FIRST GREEK READER. Edited 
after KARL HALM, with Corrections and large Additions by JOHN 
E. B. Mayor, M.A. Fellow and Classical Lecturer of St. John’s 


College, Cambridge. Second and Cheaper Edition. Fcap. 8vo. 
45. 6d. 


A selection of short passages, serving to illustrate especially the Greek 
Accidence. A good deal of syntax ts incidentally taught, and Madvig and 
other books are cited, for the use of masters: but no learner 7s expected to 
know more of syntax than ts contained in the Notes and Vocabulary. 
A preface ‘‘To the Reader,” not only explains the aim and method of 
the volume, but also deals with classical instruction generally. The 
extracts are untfornely in the Attic dialect, and any Ffellenistic forms 
occurring in the original classic authors, such as lian and Polybius, 
have been discarded in favour of the corresponding Attic expressions. 
This book may be used in connexion with Mayors *‘ Greek for Beginners.” 
“After a careful examination we are inclined to consider this volume 
unrivalled in the hold which its pithy sentences are likely to take on the 
memory, and for the amount of true scholarship embodied in the annota- 
tions.” —EDUCATIONAL TIMES. 


Mayor (Joseph B.)—GREEK FOR BEGINNERS. By the 
Rev. J. B. Mayor, M.A., Professor of Classical Literature in 
King’s College, London. Part I., with Vocabulary, is. 6d. ; 
Parts IL. and III., with Vocabulary and Index, 3s. 6d. ; complete 
in one vol., feap. 8vo. cloth, 45. 6d. 


The distinctive method of this book consists in building up a boy's 
knowledge of Greek upon the foundation of his knowledge of English and 
Latin, instead of trusting everything to the unassisted memory. The 
forms and constructions of Greek have been thoroughly compared with 
those of Latin, and no Greek words have been used in the earlier part of 
the book except such as have connexions either in English or Latin. Lach 
step leads naturally on to its successor, grammatical forms and rules are 
at once applied in a series of graduated exercises, accompanied by ample 
vocabularies. Thus the book serves as Grammar, Exercise book, and 
Vocabulary. Where possible, the Grammar has been simplified; the 
ordinary ten declensions are reduced to three, which correspond to the 
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first three tn Latin ; and the system of stems is adopted. A general 
Vocabulary, and Index of Greek words, completes the work. “ We know 
of no book of the same scope so complete in itself, or so well calculated to 
make the study of Greek interesting at the very commencement.?— 
STANDARD. 


Peile (John, M.A.)—ANn INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By Joun Petre, M.A., Fellow 
and Assistant Tutor of Christ’s College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. 8vo. 10s. 6d. 


These Philological Lectures are the result of Notes made during the 
author's reading during the last three or four years. These Notes were 
put into the shape of lectures, delivered at Christ’s College, during the last 
May term, as one set in the “‘ Intercollegiate” list. They are now printed 
with some additions and modifications, but substantially as they were 
delivered. ‘* The book may be accepted as a very valuable contribution to 
the science of language.” —SATURDAY REVIEW, 


Plato.—THE REPUBLIC OF PLATO, Translated into English, 
with an Analysis and Notes, by J. Lu. Davies, M.A., and D. J. 
VAUGHAN, M.A. Third Edition, with Vignette Portraits of Plate 
and Socrates, engraved by JEENS from an Antique Gent, 18mo. 
4s. 6d, 

An introductory notice supplies some account of the life of Plato, and 
the translation is preceded by an elaborate analysis. ‘* The translators 
have,” in the judgment of the Saturday Review, ‘‘ produced a book which 
any reater, whether acquainted with the original or not, can peruse with 
pleasure as well as profit.” 


Plautus (Ramsay).—THE MOSTELLARIA OF PLAU- 
TUS. With Notes Critical and Explanatory, Prolegomena, and 
Excursus. by WitiiaM Ramsay, M.A., formerly Professor of 
‘Humanity in the University of Glasgow. Edited by Professor 
GrorcE G. Ramsay, M.A., of the University of Glasgow. 8vo. 


~ I4s.. 
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“ The fruits of that exhaustive research and that ripe and well-digested — 


scholarship which its author brought to bear whon everthing that he 
undertook are visible throughout it. It is furnished with a complete 
apparatus of prolegomena, notes, and excursus; and for the use of veteran 
scholars wt probably leaves nothing to be desired.” —PALL MALL GAZETTE. 


Potts (Alex. W., M.A.)—HINTS TOWARDS LATIN 
PROSE COMPOSITION. By ALEex. W. Ports, M.A., late 
Fellow of St. John’s College, Cambridge; Assistant Master in 
Rugby School ; and Head Master of the Fettes College, Edinburgh. 
Second Edition, enlarged. Extra feap. 8vo. cloth. 39. 


Those engaged in Classical teaching seem to be unanimously of the 
opinion that Composition in Latin Prose is not only the most efficient 
method of acquiring a mastery of the Latin language, but ts in itself 
a valuable means of mental training, and an admirable corrective of some 
of the worst features in English writing. An attempt is here made to 
give students, after they have mastered ordinary syntactical rules, some wea 
of the characteristics of Latin Prose and the means to be employed to 
reproduce them. Some notion of the treatment of the subject may be 
gathered from the * Contents’ Cuar. I.—Characteristics of Classical 
Latin, Hints on turning English into Latin ; CHAP. I1.—Arrangement 


of Words in a Sentence ; CHAP. II].—Unity in Latin Prose, Subject and — 


Object ; Cutav. 1V.—On the Period in Latin Prose; CHAP. V.—Oxn the 
position of the Relative and Relative Clauses. 

The GLOBE characterises it as ‘‘ an admirable little book which teachers 
of Latin will find of very great service.” 


: 


Roby.—A GRAMMAR OF THE LATIN LANGUAGE, trom 
Plautus to Suetonius. By H. J. Rony, M.A. late Fellow of St. 
John’s College, Cambridge. Part I. containing :—Book I. Sounds. 
Book II. Inflexions. Book III. Word-Formation. | Appendices. 
Crown 8vo, 8s. 6d. 

This work is not a compilation from other Latin Grammars, but the 
result of an independent and careful study of the writers of the strictly 
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classical period, the period embraced between the time of Plautus and that 
of Suetonius. The author's «im has been to give the facts of the language 
in as few words as possible. 1 By Grammar the author means an 
orderly arrangement of the facts which concern the form of a language, as 
a Lexicon gives those which concern its matter. 2. This ts a Grammar 
strictly of the Latin language ; not a Universal Grammar illustrated from 
Latin, nor the Latin section of a Comparative Grammar of the Indo- 
Leuropean languages, nor a Grammar of the group of Italian dialects, of 
which Latin is one. 3. This ts a Grammar of Latin from Plautus to 
Suetonius, with the latter of whom, the author believes, the silver age at 
latest ends. It will be found that the arrangement of the book and the 
treatment of the various divisions differ in many respects from those of pre- 
vuus grammars. Mr. Roby has given special prominence to the treatment 
of Sounds and Word-formation ; and in the First Book he has done much 
towards settling a discussion which ts at present largely engaging the 
attention of scholars, viz., the pronunciation of the classical languages. 
The authors reputation as a scholar and critic is already well known, 
and the publishers are encouraged to believe that his present work will take 
us place as perhaps the most original, exhaustive, and scientific Grammar 
of the Latin language that has ever issued from the British press. 


Sallust.—CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. By C. 
MERIVALE, B.D. (In the present Edition the Notes have been 
carefully revised, and a few remarks and explanations added.) 
Second Edition. Fcap. 8vo. 45. 6d. 


This edition of Sallust, prepared by the distinguished historian of Rome, 
contains an introduction, concerning the life and works of Sallust, lists 
of the Consuls, and elaborate notes. ‘A very good edition, to which the 
Editor has not only brought scholarship but independent zuagment and 
historical criticism.” —SPECTATOR. 


The JUGURTHA and the CATILINA may be had separately, price 
2s, 6d. cach. 
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Tacitus.—THE HISTORY OF TACITUS TRANSLATED 
INO \ENGLISH. By A. J. Cuures,, MlAS sands We ade 
Broprizs, M.A. With Notes anda Map. 8vo. 10s. 6d. 


The translators have endeavoured to adhere as closely to the original as 
was thought consistent with a proper observance of English idiom. Ai 
the same time, it has been their aim to reproduce the precise expressions of 
the author. The campaign of Civilis is elucidated in a note of some length, 
which ts tllustrated by a map, containing the names of places and of tribes 
occurring in the work. There is also a complete account of the Roman army 
as tt was constituted in the time of Tacitus. This work ts characterised 
by the Spectator as ‘‘a scholarly and faithful translation.” 


THE AGRICOLA AND GERMANIA OF TACITUS. A Revised 
Text, English Notes, and Maps. By A. J. CHurcH, M.A., 
and W. J. Bropriss, M.A. Fcap. 8vo. 3s. 6d. 

“ We have endeavoured, with the aid of recent editions, thoroughly to 
elucidate the text, explaining the various difficulties, critical and granima- 
tical, which occur to the student. We have consulted throughout, besides 
the older commentators, the editions of Ritter and Orelli, but we are 
under special obligations to the labours of the recent German editors, Wex 
and Kritz.” Two Indexes are appended, (1) of Proper Names, (2) of 
Words and Phrases explained. ‘‘ A model of careful editing,” says the 
ATHENZUM, “‘ deing at once compact, complete, and correct, as well as 
neatly printed and elegant in style.” 


THE AGRICOLA and GERMANIA may be had separately, price 
25. each. 


THE AGRICOLA AND GERMANIA. Translated into English 
by A. J. CHurcH, M.A., and W. J. Bropriss, M.A. With 
Maps and Notes. Extra fcap. 8vo. 25. 6d. 


The translators have sought to produce such a version as may satisfy 
scholars who demand a faithful rendering of the original, and English 
readers who are offended by the baldness and frigidity which commonly 
disfigure translations. The treatises are accompanied by introductions. 
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notes, maps, and a chronological summary. The Athenzeum says of this 
work that it is“ a version at once readable and exact, which may be perused 
with pleasure by all, and consulted with advantage by the classical student.” 


Theophrastus.— THE CHARACTERS OF THEO- 
PHRASTUS. An English Translation from a Revised Text. 
With Introduction and Notes. By R. C. Jess, M.A., Public 
Orator in the University of Cambridge. Extra fcap. 8vo. 6s. 6¢. 


To che average English reader Theophrastus ts little known. At the 
present time, when there ts a general desire to see ancient life more vividly 
on every side from which it can Wlustrate our own, it seems possible that 
the characters of Theophrastus may possess some potent interest. The text 
has undergone careful revision. An Introduction supplies an account of 
the origin of the book, and of writers who have imitated it: as Hall, 
Sir Thomas Overbury, and others. The notes are for the most part 
selected from ancient sources. he SATURDAY REVIEW speaks of it as 
“avery handy and scholarly edition of a work which till now has been 
beset with hindrances and difficulties, but which Mr. Febb’s critical skill 
and judgment have at length placed within the grasp and comprehension 
of ordinary readers.” 


Thring.—Works by the Rev. E. THRING, M.A‘, Head Master 
of Uppingham School. 


A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. New Edition, enlarged,with Coloured Sentence Maps. 
Fcap. 8vo. 25. 6d. . 


‘The Head Master of Uppingham has here sought to supply by easy steps 
a knowledve of grammar, combined with a good Vocabulary. Passages 
have been selected from the best Latin authors in prose and verse. These 
passages are gradually built up in their grammatical structure, and 
finally printed in full. A short practical manual of common mood con- 
structions, with their Evglish equivalents, forms a second part, To the 
New Ldition a circle of grammatical constructions with a glossary has 
been added ; as also some coloured Sentence Maps by means of which the 
different parts of a sentence can easily be distinguished, and the practice of 
dissecting phrases carried out with the greatest benefit to the student. 
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Thring—continued. 


A MANUAL OF MOOD CONSTRUCTIONS. Fcap.8vo. 15. 6a. 

Treats of the ordinary mood constructions, as found in the Latin, Greek, 
and English languages. THE EDUCATIONAL TIMES ¢hinks it “‘ very 
well suited to young students.” 


A CONSTRUING BOOK. Fcap. 8vo. 25. 6d. 


Thucydides.—THE SICILIAN EXPEDITION. Being Books 
VI. and VII. of Thucydides, with Notes. A New Edition, revised 
and enlarged, witha Map. By the Rev. PERCIVAL Frost, M.A., 

late Fellow of St. John’s College, Cambridge. Fcap. 8vo. 55. 
This edition is mainly a grammatical one, Attention is called to the 
Jorce of compound verbs, and the exact meaning of the various tenses 
employed. ‘‘ The notes are excellent of their kind. Mr. Frost seldom 


passes over a difficulty, and what he says is always to the point.” — 
EDUCATIONAL TIMES. 


Virgil. THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Introductions, Running Analysis, and 
an Index, by JAMES LONSDALE, M.A. and SAMUEL LEE, M.A. 
Globe 8vo. 3s. 6d.; gilt edges, 4s. 6d. 


The preface of this new volume informs us that “‘ the original has been 
faithfully rendered, and paraphrase altogether avoided, At the same tinie, 
the translators have endeavoured to adapt the book to the use of the 
English reader. Some amount of rhythm in the structure of the sentence 
has been generally maintained ; and, when in the Latin the sound of the 
words is an echo to the sense (as so frequently happens in Virgil), an 
attempt has been made to produce the same result in English.’ The 
general introduction gives us whatever is known of the poet's life, an 
estimate of his genius, an account of the principal editions and trans- 
lations of his works, and a brief view of the influence he has had on 
modern poets ; special introductory essays are prefixed to the ‘* Eclogues,” 
‘* Georgics,” and ‘* Aineid.” The text is divided into sections, each of 
which is headed by a concise analysis of the subject; the index contains 
references to all the characters and events of any importance. 
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‘Wright.—Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School. 


HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 
related by Diodorus and Thucydides ; being a First Greek Reading 
Book, with explanatory Notes, Critical and Historical. Third 
Edition, with a Vocabulary. 12mo. 35. 6d. 


In the last twenty chapters of this volume, Thucydides sketches the rise 
and progress of the Athenian Empire in so clear a styleand in such simple 
language, that the editor has doubts whether any easter or more instruc- 
tive passages can be selected for the use of the pupil who is commencing 
Greek. This book includes a chronological table of the events recorded, 
THE GUARDIAN sfeaks of the work as ‘a good plan well executed.” 


A HELP TO LATIN GRAMMAR;; or, The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8vo. 45. 6d. 


Thts book is not intended as a rival to any of the excellent Grammars 
now in use; but as a help to enable the beginner to understand them. 


THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by the omission of Difficult Passages; 
being a First Latin Reading Book, with Grammatical Notes. 
With Vocabulary and Exercises. Fourth Edition. Fcap. 8vo. 5,5. 


This work is intended to supply the pupil with an easy construing book, 
which may at the same time be made the vehicle for instructing him in the 
rules of grammar and principles of composition. The notes profess to 
teach what ts commonly taught in grammars. Lt is conceived that the 
pupil will learn the rules of construction of the language much more 
easily from separate examples, which are pointed out to him in the course 
of his reading, and which he may himself set down in his note-book after 
some scheme of his own, than froma heap of quotations amassed for him 
by others. ‘* The Notes are abundant, explicit, and full of such grammatical 
and other information as boys require.’—ATHENEUM. ‘‘ This is 
really,” the MORNING POST says,» “‘what ws title wuports, and we 
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Wright—continued. 


believe that its general introduction into Grammar Schools would not 
only facilitate the progress of the boys beginning to learn Latin, but 
also relieve the Masters from a very considerable amount of trksome labour 
.... avreally valuable addition to our school libraries.” 


Or, separately, 
SEVEN KINGS OF ROME. 3s. 


VOCABULARY AND EXERCISES TO “THE SEVEN KINGS.” 
2s. 6d. 


FIRST LATIN STEPS; OR, AN INTRODUCTIONS EY 
SERIES OF EXAMPLES TO THE STUDY OF THE 
LATIN LANGUAGE. Crown 8vo. 55. 


The aim of the author of this book is to put into the hands of pupils 
that which he thinks it needful for them to know before they commence a 
Latin author. The following points in the plan of the work may be 
noted :—\t. The pupil has to deal with only one construction at a tinie. 
2. This construction is made clear to him by an accumulation of instances. 
3. As all the constructions are classified as they occur, the construction 
in each sentence can be easily referred to its class. 4. As the author 
thinks the pupil ought to be thoroughly familiarized, by a repetition 
of instances, with a construction in a foreign language, before he at- 
tempts himself to render it in that language, the present volume contains 
only Latin sentences. 5. The author has added to the Rules on Prosody 
in the last chapter, a few familiar lines from Ovid’s Fasti by way 
of iwlustration ; if these are translated, scanned, and learnt by heart, 
the pupil will bein a condition to derive from the practice of Latin 
versification all the good which it ts calculated to afford. J/n a brief 
Introduction the author states in a clear, intelligible, interesting manner, 
the rationale of the principal points of Latin Grammar. Copious Notes 
are appended, to which reference 1s made in the text. Fyrom the clear 
and rational method adopted in the arrangement of this elementary work, 
from the simple way in which the various rules are conveyed, and from 
the abundance of examples given, both teachers and pupils will find it 
a valuable help to the learning of Latin. 
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CLASSIC VERSIONS OF ENGLISH BOOKS, 
AND LATIN HYMNS. 


Tue following works are, as the heading indicates, 
classic renderings of English books. For scholars, and 
particularly for writers of Latin Verse, the series has a 
special value. The Hymni Ecclesiz are here inserted, as 
partly falling under the same class. 


Church (A. J., A.M.)—HORA TENNYSONIANA, sive 
Eclogae e Tennysono. Latine reddite. Cura A. J. CHURCH, 
A.M. Extra feap. 8vo. 65. / 

Latin versions of Selections from Tennyson. Among the authors are 
the Lditor, the late Professor Conington, Professor Seeley, Dr. LHessey, 

Mr. Kebbel, and other gentlemen. 


Latham.—SERTUM SHAKSPERIANUM, Subnexis aliquot 
aliunde excerptis floribus. Latine reddidit Rev. H. Laruam, M.A, 
Extra feap. 8vo. 5s. 


Besides versions of Shakspeare this volume contains, among other pieces, 
Gray's “ Elecy,” Campbells “ Hohenlinden,” Wolfes ** Burial of Sir 
John Moore,” and selections from Cowper and George [erbert. 


Lyttelton.—THE COMUS OF MILTON, rendered into Greek 
Verse. By Lorp Lytrerton. Extra feap. 8vo. 5s. 
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Lyttleton—continued. 


THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By LoRD LYTTELTON. Extra fcap. 8vo. 6s. 6d. 


“Classical in spirit, full of force, and true to the original.”— 
GUARDIAN. 


Merivale.—KEATS’ HYPERION, rendered into Latin Verse. 
By C. MERIVALE, B.D. Second Edit. Extra fcap. 8vo. 35. 6a. 


Newman.—HYMNI ECCLESIZ. Edited by Rev. Dr. 
NEWMAN. Extra fcap. 8vo. 7s. 6d. 


Hymns of the Medieval Church. The first Part contains selections 


from the Parisian Breviary ; the second from those of Rome, Salisbury, 
and York. 


Trench (Archbishop). — SACRED LATIN POETRY, 
chiefly Lyrical, selected and arranged for Use; with Notes and 
Introduction. Fceap. 8vo. 7s. 

In this work the editor has selected hymns of a catholic religuous 

sentiment that are common to Christendom, while rejecting those of a 

distinctively Romtish character. 
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Airy.—Works by G, B. AIRY, Astronomer Royal :— 


ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vo. cloth. 5s. 6d. 


Lt is hoped that the methods of solution here explained, and the instances 
exhibited, will be found sufficient for application to nearly all theimportant 
problems of Physical Science, which require for thew complete investization 
the aid of Partial Differential Equations, 


ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth. 6s. 6d. 


In order to spare astronomers and observers in natural philosophy the 
confusion and loss of time which are produced by referring to the ordinary 
treatises embracing both branches of probabilities (the first relating to 
chances which can be altered only by the changes of entire units or in 
f % tegral multiples of units in the fundamental conditions of the problem ; 
BS the other concerning those chances which have respect to insensible grada- 

tions in the value of the element measured) the present tract has been drawn 

up. It relates only to errors of observation, and to the rules, derivable 
from the constderaion of these errers, tor the combination of the results 
of observations. 

B 
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Airy (G. B.)—continued. 


UNDULATORY THEORY OF OPTICS. Designed for the Use of 
Students in the University. New Edition. Crown $vo. cloth. 
6s. 6d. 


The undulatory theory of optics is presented to the reader as having the 
same claims to his attention as the theory of gravitation: namely, that i ts 
certainly true, and that, by mathematical operations of general elegance, zt 
leads to results of great interest. This theory explains with accuracy a 
vast variety of phenomena of the most complicated kind. The plan of this 
tract has been to include those phenomena only which admit of calculation, 
and the investigations are applied only to phenomena which actually have 
been observed. 


ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music. Designed for the Use of Students 
of the University. Second Edition, Revised and Enlarged. 
Crown 8vo. 9s. 


This volume consists of sections, which again are divided into numbered 
articles, on the following topics: General recognition of the air as the 
medium which conveys sound; Properties of the air on which the forma- 
tion and transmission of sound depend ; Theory of undulations as applied 
to sound, &c. ; Investigation of the motion of a wave of air through the 
atmosphere ; Transmission of waves of soniferous vibrations through dif- 
ferent gases, solids, and fluids ; Experiments on the velocity of sound, 
Se. ; On musical sounds, and the manner of producing them ; On the 
elements of musical harmony and melody, and of simple musical composi- 
toon ; On instrumental music; On the human organs of speech and 
hearing. 


A TREATISE ON MAGNETISM. Designed for the use of 
Students in the University. Crown 8vo. 9s. 6d. 


As the laws of Magnetic Force have been experimentally examined with 
philosophical accuracy, only in its connection with iron and steel, and in 
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the influences excited by the earth as a whole, the accurate portions of this 
work are confined to the investigations connected with these metals and the 
earth. The latter part of the work, however, treats in a more general way 
of the laws of the connection between Magnetism on the one hand and gal- 
vanisut and thermo-clectricity on the other. The work is divided into 
Twelve Sections, and each section into numbered articles, each of which 
states concisely and clearly the subject of the following paragraphs. 


Airy (Osmund.) —A TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in Schools. 
By OsmunpD Atry, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. 3s. 6d. 


“ This is, I imagine, the first time that any attempt has been made to 
adapt the subject of Geometrical Optics, to the reading of the higher 
classes im our good schools. That this should be so is the more a matter 
Jor remark, since the subject would appear to be peculiarly fitted for such 
an adaptation. ... . L have endeavoured, as much as possible, to avoid 
the example of those popular lecturers who explain difficulties by ignoring 
them. Lut as the nature of my design necessitated brevity, L have omitted 
entirely one or two portions of the subject which I considered unnecessary 
to a clear understanding of the rest, and which appear to me better learnt 
at a more advanced stage.”—AUTHOR’S PREFACE.. ‘* This book,” the 
ATHENZUM says, ‘‘7s carefully and tucidly written, and rendered as 
simple as possible by the use tn all cases of the nist dementary form of 
investigation.” 


Bayma.—THE ELEMENTS OF MOLECULAR MECHA. 
NICS. By JosrrpH Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy Svo. cloth. Ios. 6d. 


Of the twelve Books into which the present treatise ts divided, the first 
and second give the demonstration of the principles which bear directly on 
the constitution and the properties of matter. The next three books contain 
a series of theorems<ind of problems on the laws of motion of elementary 
substances. In the sixth and seventh, the mechanical constitution of molc- 
cules is investigated and determined: and by it the general properties cf 
bodies are explained. The eighth book treats of luminiferous ether, The 

We ae 
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ninth explains some special properties of bodies. The tenth and eleventh 
contain a radical and lengthy investigation of chemical principles and 
relations, which may lead to practical results of high importance. The 
twelfth and last book treats of molecular masses, distances, and powers. 


Beasley.—AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. By R. D. BEASLEY, 
M.A., Head Master of Grantham Grammar School. Second 
Edition, revised and enlarged. Crown $vo. cloth. 35. 6d. 


This treatise is specially intended for use in schools. The choice of matter 
has been chiefly guided by the requirements of the three days’ examination 
at Cambridge. About four hundred examples have been added to this edition, 
mainly collected yrom the Examination Papers of the last ten years. 


Blackburn (Hugh.)— ELEMENTS OF PLANE 
TRIGONOMETRY for the use of the Junior Class of Mathematics 
in the University of Glasgow. By HucH BLACKBURN, M.A., 
Professor of Mathematics in the University of Glasgow. Globe 
SVOy eS 30a. 


The author having felt the want of a short treatise to be used as a 
Text-Book after the Sixth Book of Euclid had been learned and sonte 
knowledge of Alegebra acquired, which should contain satisfactory 
demonstrations of the propositions to be used in teaching Funior Students 
the solution of Triangles, and should at the same time lay a solid 
foundation for the study of Analytical Trigonometry, thinking that 
others may have felt the same want, has attempted to supply it by the 
publication of this little work. 


Boole.—Works by G. BOOLE, D.C.L., F.R.S., Professor of 
Mathematics in the Queen’s University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. TopHUNTER. Crown 8vo. cloth. 
4s. 

Professor Boole has endeavoured in this treatise to convey as complete an 
account of the present state of knowledge on the subject of Differential Equa- 
tions, as was consistent with the idea of a work intended, primarily, for 
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Boole—continued. 


elementary instruction. The earlier sections of each chapter contain that 
kind of matter which has usually been thought suitable for the beginner, 
while the latter ones are devoted either to an account of recent discovery, or 
the discussion of such deeper questions of principle as are likely to present 
themselves to the reflective student in connexion with the methods and 
processes of his previous course. “ A treatise incomparably seuperior to 
any other elementary book on the same subject with which we are 
acquainted.” —PHILOSOPHICAL MAGAZINE. 


A TREATISE ON DIFFERENTIAL EQUATIONS.  Supple- 
mentary Volume. Edited by I. TODHUNTER. Crown 8vo. cloth. 
85. 6d. 
This volume contains all that Professor Boole wrote for the purpose of 
enlarging his treatise on Differential Equations, 


THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
cloth. 10s. 6d. 

Ln this exposition of the Calculus of Finite Differences, particular attention 
has been paid to the connexion of its methods with those of the Differential 
_ Calculus—a connexion which in some mstances involves far more than a 
merely formal analogy. The work is in some measure designed as a 
sequel to Professor Boole’s Treatise on Differential Equations. “As an 
original book by one of the first mathematicians of the age, ut 1s out 
of all comparison with the mere second%and compilations which have 
hitherto been alone accessible to the student.” —PHILOSOPHICAL MAGAZINE. 


CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 

WITH SOLUTIONS :— 

1848-1851.—PROBLEMS. By Ferrers and JAcKson. 8vo. 
cloth. 15s. 6d. 

1848-1851.—RIDERS. By JameEson. 8vo. cloth. 7s. 6d. 

1854.— PROPLEMS AND RIDERS. By Watton and 
Mackenzir. 8vo. cloth. Ios. 6d. 

1857.— PROBLEMS AND RIDERS. By Campion and 
Watton. 8vo. cloth. 8s. 6a. 
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Boole—continued. 


1860,—PROBLEMS AND: RIDERS. By Watson and RourtH. 
Crown 8vo. cloth. 7s. 6d. 

1864.—PROBLEMS AND RIDERS. By WaLtTon and WIL- 
KINSON. 8vo. cloth. Ios. 6d. 


These volumes will be found of great value to Teachers and Students, as 
indicating the style and range of mathematical study in the University of 
Cambridge. 


CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree of B.A. Originally compiled by 
J. C. SNowBaLL, M.A., late Fellow of St. John’s College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by THomMAS LuND, B.D., Late Fellow and 
Lecturer of St. John’s College, Editor-of Wood’s Algebra, &c. 
Crown 8vo. cloth. 55. 


This work will be found adapted to the wants, not only of University 
Students, but also of many others who require a short course of Mechanics 
and FHydrostatics, and especially of the candidates at our Middle Class 
Lixanunations. At the end of each chapter a series of easy questions is 
added for the exercise of the student. 


CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. cloth, 77. 45. 

Only a few copies remain on hand. Anwng Contributors to this 

work will be found Sir W. Thomson, Stokes, Adams, Boole, Sir W. R. 


Hamilton, De Morgan, Cayley, Sylvester, Fellett, and other distinguished 
mathematicians. 


Candler.—HELP TO ARITHMETIC. Designed for the use of 
Schools. By H. Canpirer, M.A. Mathematical Master of 
Uppingham School. Extra feap. 8vo. 25. 6d. 

This work is intended as a companion to any text-book that may be 
in-use. ‘The main difficulties which boys experience in the different 
rules are skilfully dealt with and removed.” —MUSEUM. 
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Cheyne.— Works by C. H. H. CHEYNE, M.A, F.R.A.S. 


AN ELEMENTARY TREATISE ON THE PLANETARY . 
THEORY. With a Collection of Problems, Second Edition. 
Crown 8vo. cloth. 6s. 6d. 

Ln this volume, an attempt has been made to produce a treatise on the 
Planetary theory, which, being elementary in character, should be so far 
complete, as to contain all that is usually required by students in the 
University of Cambridge. In the New Edition the work has been carefully 
revised. The stability of the Planetary System has been more fully treated, 
and an elegant geometrical explanation of the formule for the secular 
variation of the node and inclination has been introduced. 


THE EARTH’S MOTION OF ROTATION. Crown 8vo- 
35. 6d. 
The first part of this work consists of an application of the method of the 
variaiton of elements to the general problem of rotation. In the second 
part the general rotation formule are aptlied to the particular case of 
the earth. 


Childe.—THE SINGULAR PROPERTIES OF THE ELLIP- 
- SOID AND ASSOCIATED SURFACES OF THE Nrw 
DEGREE. By the Rey. G. B—CuHitpE, M.A., Author of 
“ Ray Surfaces,’’ “Related Caustics,” &c. 8vo. 10s. 6d. 
The object of this volume is to develop peculiarities in the Ellipsoid ; 
and, further, to establish analogous properties in the unlimited congeneric 
series of which this remarkable surface is a constituent, 


Christie.— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner’s Method. By JAmMEs 
R. Curisti£, F:R.S., late First Mathematical Master at the 
Royal Military Academy, Woolwich. Crown 8ve. cloth. 8s. 6d. 

The series of Mathematical exercises here offered to the public ts collected 
from those which the author has, from time to time, proposed for solution 
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by his pupiis during a long career at the Royal Military Academy. A 
student who finds that he is able to solve the larger portion of these exercises, 
may consider that he is thoroughly well grounded in the elementary prin- 
ciples of pure and mixed Mathematics. 


Dalton.—ARITHMETICAL EXAMPLES. Progressively 
arranged, with Exercises and Examination Papers. By the Rey. 
T. Dattron, M.A., Assistant Master of Eton College. 18mo. 
cloth, 2s. 6d. Answers to the Exaniples are appended. 


Day.— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY “PART SL, THE BELLIES Ee wate 
Problems. By the Rev. H. G. Day, M.A., Head Master or 
Sedburgh Grammar School. Crown 8vo. 35. 6d. 

The object of this book ts the introduction of a treatment of Conic 

Sections which should be simple and natural, and lead by an easy transt- 


tion to the analytical methods, without debarling frem the strict geometry 
of Euclid. 


Dodgson.—AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous. Linear 
Equations and Algebraical Geometry. By CHarLEs L Dopcson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth. Ios. 6d. 


The object of the author ts to present the subject as a continuous chain of 
argument, separated frone all accessories of explanation or illustration. 
All such explanation and illustration as seemed necessary for a beginner 
are introduced either in the form of foot-notes, or, where that would have 
occupied too much room, of Appendices. ‘* The work,” says the 
FDUCATIONAL TIMES, ‘‘/orms a valuable addition to the treatises we 
possess on modern Algebra.” 


Drew.— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St. John’s College, Cambridge. 
Fourth Edition. Crown 8vo. cloth. 4s. 6d. 

In this werk the subject of Conic Sections has been placed before the student 
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in such a form that, it rs hofged, after mastering the elements of Euclid, he 
may find it an easy and interesting continuation of his seometrical studies. 
With a view, also, of rendering the work a complete manual of what is 
_ required at the Universitizs, there have either been embodied into the text or 
inserted among the examples, every book-work question, problem, and rider, 
which has been proposed in the Cambridge examinations up to the present 
time. 


SOLUTIONS TO THE PROBLEMS IN DREW’S CONIC 
SECTIONS. Crown 8vo. cloth. 45. 6d. 


Earnshaw (S.) — PARTIAL DIFFERENTIAL EQUA- 
TIONS. An Essay towards an entirely New Method of Inte- 
grating them. By S. Earnsuaw, M.A., St. John’s College, 
Cambridge. Crown 8vo. 5s. 


Edgar (J. H.) and Pritchard (G. S.)—NOTE-BOOK ON 
PRACTICAL, SOLID -OR. DESCRIPTIVE, GEOMETRY} 
Containing Problems with help for Solutions. By J. H. Epcar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. PRircHARD, late Master for Descriptive 
Geometry, Royal Military Academy, Woolwich. Second Edition, 
revised and enlarged, Globe 8vo. 35. 


Ferrers.—AN ELEMENTARY TREATISE ON TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors. By the Rev. N. M. Ferrers, M.A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. Second 
Edition. Crown 8vo. 6s. 6d. 


The object of the cuthor in writing on this subject has mainly been to 
place tt on a basis altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged Notation, 
A short chapter on Determinants has been introduced. 
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Frost.—THE FIRST THREE SECTIONS. OF NEWTON’S 
PRINCIPIA. With Notes and Illustrations. Also a collection of 
Problems, principally intended as Examples of Newton’s Methods. 
By PercivaL Frost, M.A., late Fellow of St. John’s College, 
Mathematical Lecturer of King’s. College, Cambridge. Second 
Edition. $vo. cloth. Ios. 6d. 


The authors principal intention is to explain difficulties which may be 
encountered by the student on first reading the Principia, axd to illustrate 
the advantages of a careful study of the methods employed by Newton, by 
showing the extent to which they may be applied in the solution of problems ; 
he has also endeavoured to give assistance to the student who is engaged in 
the study of the higher branches of mathematics, by representing it @ 
geometrical forme several of the processes employed in the Differential and 
Integral Calculus, and in the analytical investigations of Dynamics. 


Frost and Wolstenholme.—A TREATISE ON SOLID 
GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
WoOLSTENHOLME, M.A., Fellow and Assistant Tutor of Christ’s 
College. 8vo. cloth. 18s. 

The authors have endeavoured to present before students as comprehensive 

a view of the subject as possible. Intending to make the subject accessible, 
at least in the earlier portion, to all classes of students, they have endea- 
voured to explain completely all the processes which are most useful in 
dealing with ordinary theorems and problems, thus directing the student 
to the selection of methods which are best adapted to the exigencies of each 
problem. In the more difficult portions of the subject, they have considered 
themselves to be addressing a higher class of students ; and they have there 
tried to lay a good foundation on which to build, if any reader should 
wish to pursue the science beyond the limits to which the work extends. 


Godfray.~-Works by HUGH GODFRAY, M.A. Mathematical 
Lecturer at Pembroke College, Cambridge. 


A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. 8vo. cloth. 12s. 6d. 


This book embraces all those branches of Astronomy which have, from 
time to time, been recommended by the Cambridge Board of Mathematical 
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Studies: but by far the larger and easier portion, adapted to the first three 
days of the Examination for Honours, may be read by the more 
advanced pupils in many of our schools. The author's ain has been to 
convey clear and distinct ideas of the celestial phenomena. ‘“‘ Tt is a 
working book,” says the GUARDIAN, ‘“‘taking Astronomy in its proper 
place in mathematical sciences. ... It is a book which ts not likely to 
be got up unintelligently.” 


AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, revised. Crown 8vo. cloth. 55. 6d. 

These pages will, it ts hoped, form an introduction to more recondite 
works, Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions, 
which 7s the same as that of Airy, Herschel, &c. was made on account 
of its simplicity ; it is, moreover, the method which has obtained in the 
OUniversity of Cambridge. ‘‘ As an cdementary treatise and introduction 
to the subject, we think it may justly claim to supersede all former ones.” — 
Lonpbon, EDIN. AND DUBLIN PHIL. MAGAZINE. 


Hemming.—AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemmine, M.A., 
Fellow of St. John’s College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth. 9s. 

‘6 There 1s no book tn common use from which so clear and exact a 
knowledge of the principles of the Calculus can be so readily obtained.” — 

LITERARY GAZETTE. 


Jones and Cheyne.—ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. Jones, M.A., and C. H. 
Curvne, M.A.. F.R.A.S., Mathematical Masters of Westminster 
School. New Edition. 18mo. cloth. 2s. 6d. 

This little book is intended to meet a difficulty which is probably felt more 
or less by all engaged in teaching Algebra to beginners. It is, that while 
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new ideas are being acquired, old ones are forgotten. In the belief that 
constant practice is the only remedy for this, the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this, 
that though miscellaneous they are yet progressive, and may be used by 
the pupil almost from the commencement of his studies. They are not 
intended to supersede the systematically arranged examples to be found in 
ordinary treatises on Algebra, but rather to supplement them. The book 
being intended chiefly for Schools and Funior Students, the higher parts 
of Algebra have not been included. - 
Kitchener.—A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. E. KITCHENER, 
M.A., Mathematical Master at Rugby. 4to. 2s. 
it is the object of this book to make some way <i overcoming the difficulties 
of Geometrical conception, before the mind is called to the attack of 
Geometrical theorems. A few simple methods of construction are given ; 
and space is left on each page, in order that the learner may araw in the 
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Morgan.—A COLLECTION OF PROBLEMS AND EXAM- 
PLES? IN MATHEMATICS, — Wathe Answers.) 2 Syaet ees 
Morcan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown $vo. cloth. 6s. 6d. 

This book contains a number of problems, chiefly elementary, in the 
Mathematical subjects usually read at Cambridge. They have been 
selected from the papers set during late years at Fesus College. Very few 
of them are to be met with in other collections, and by far the larger 


number are due to some of the most distinguished Mathematicians in the 
Oniversit). 


Newton’s PRINCIPIA. gto. cloth. 315. 6d. 


Tt isa sufficient guarantee of the reliability of this complete edition of 
Newion’s Principia that it has been printed for and under the care of Pro- 
fessor Sir William Thomson and Professor Blackburn, of Glasgow Uni- 
versity. The following notice ts prefixed :—* Finding that all the editions 
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of the Principia are now out of print, we have been induced to reprint 
Newton's last edition [of 1726] without note or comment, only introducing 
the ‘ Corrigenda’ of the old copy and correcting typographical errors. » 
The book is of a handsome size, with large type, fine thick paper, and cleanly 


cut figures, and is the only modern edition containing the whole of Newton's 
great work. 


Parkinson.—wWorks by S. PARKINSON, D.D., F.R.S., Fellow and 
Tutor of St. John’s College, Cambridge. 


AN ELEMENTARY TREATISE ON MECHANICS. For the 
Use of the Junior Classes at the University and the Higher Classes 
in Schools. With a Collection of Examples. Fourth edition, revised. 
Crown 8vo. cloth. 9s. 6d. 


In preparing a fourth edition of this work the author has kept the same 
object in view as he had in the former editions—namely, to include in it 
such portions of Theoretical Mechanics as can be conveniently investigated 
without the use of the Differential Calculus, and so render rt sudtable as 
a@ manual for the junior classes in the University and the higher classes 
in Schools. Waith one or two short exceptions, the student is not presumed 
to require a knowledge of any branches of Mathematics beyond the elements 
of Algebra, Geometry, and Trigonometry. Several additional propositions 
have been incorporated in the work for the purpose of. rendering it move 
complete ; and the collection of Examples and Problems has been largely 
increased. 


A TREATISE ON OPTICS. Third Edition, revised and enlarged. 
Crown $vo. cloth. 10s. 6d. 

A collection of examples and problems has been appended to this work, 
which are sufficiently numerous and varied in character to afford useful 
exercise for the student. For the greater part of them, recourse has bcen 
had to the Examination Papers set in the Cae, and the several 
Colleges during the last twenty years. 


Phear.—ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. PHrAR, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 
8vo. cloth. 55. 6d. 
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This edition has been carefully revised throughout, and many new 
illustrations and examples added, which uw is hoped will increase its 
usefulness to students at the Universities and in Schools. In accordance 
with suggestions from many engaged in tuition, answers to all the 
Lixamples have been given at the end of the book. 


Pratt.—A TREATISE ON ATTRACTIONS, LAPLACE’S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By Joun H. Pratt, M.A., Archdeacon of Calcutta, Author of 
‘The Mathematical Principles of Mechanical Philosophy.” Third 
Edition. Crown 8vo. cloth. 65. 6d. 


The author's chief design in this treatise 1s to give an answer to the 
question, “ Las the Larth acquired its present form from being originally 
in a fluid state?” This Edition 1s a complete revision of the former ones. 


Puckle.—AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckir, M.A., Head Master of 
Windermere College. New Edition, revised and enlarged. Crown 
8vo. cloth. 7s. 6d. 


This work is recommended by the Syndicate of the Cambridge Local 
Examinations, and ts the text-book in Harvard University, U.S. The 
ATHENEUM says the Author “displays an intimate acquaintance 
with the difficulties likely to be felt, together with a singular aptitude in 
removing them.” 


Rawlinson.—ELEMENTARY STATICS, by the Rev. GEorGE 
Raw.inson, M.A. Edited by the Rev. Epwarp Sturces, M.A., 
of Emmanuel College, Cambridge, and late Professor of the Applied 
Sciences, Elphinstone College, Bombay. Crown 8vo. cloth. 4s. 6a, 

Published under the authority of Her Majesty's Secretary of State for 

India, for use in the Government Schools and Collegesin India, “ Thas 

manual may takeits placeamong the most exhaustive, yet clear and sineple, 

we have met with.”’—ORIENTAL BUDGET, 
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Reynolds.—_MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Rreynoips, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 35. 6d. 


Some change, wis evident, in our English ways of teaching can now no 
longer be postponed, and this little book, mainly derived from French and 
German sources, has been written in the hope of facilitating that change. 
Lt has been constructed on one plan throughout, that of always giving in 
the simplest possible form the direct proof from the nature of the case. The 
axioms necessary to this simplicity have been assumed without hesitation, 
and no scruple has been felt as to the increase of their number, or the 
acceplance of as many elementary notions as common experience places 
past all doubt. The book differs most from established teaching in its con- 
structions, and in its early application of Arithmetic to Geometry. 


Routh.—AN ELEMENTARY TREATISE.ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By EDwArD JOHN\ Routu, M.A., late 
Fellow and Assistant Tutor of St. Peter’s College, Cambridge; 
Examiner in the University of London. Second Edition, enlarged. 
Crown $vo, cloth. 14s. 


In this edition the author has made several additions to each chapter. 
He has tried, even at the risk of some little repetition, to make each 
chapter, as far as possible, complete in itself, so that all that relates to any 

one part of the subject may be found in the same place. This arrangement 

will enable every student to select his own order in which to read the 
subject. The Lxamples which will be found at the end of each chapter 
have been chiefly selected from the Examination Papers which have been 
set in the University and the Colleges in the last few years. 


Smith (Barnard).—Works by BARNARD SMITH, M.A., 
Rector of Glaston, Rutlandshire, late Fellow and Senior Bursar 
of St. Peter’s College, Cambridge. 
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ARITHMETIC AND ALGEBRA, in their Principles and Applica- 
tion ; with numerous systematically arranged Examples taken from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Examination for the B.A. Degree. Eleventh Edition, 
Crown 8yo. cloth. Ios. 6d. 


This manual is now extensively used in Schools and Colleges, both in 
England and in the Colonies. It has also been found of great service for 
students preparing for the Middle Class and Civil and Military Service 
Examinations, from the care that has been taken to elucidate the principles 
of all the rules. The present edition has been carefully revised. “To 
all those whose minds are sufficiently developed to comprehend the simplest 
mathematical reasoning, and who have not yet thoroughly mastered the 
principles of Arithmetic and Algebra, it is calculated to be of great 
advantage.” —ATHENEUM. Of this work, also, one of the highest possible 
authorities, the late Dean Peacock, writes: “ Mr. Smith's work is a most 
useful publication. The rules are stated with great clearness. The 
examples are well selected, and worked out with gust sufficient detail, 
without being encumbered by too minute explanations ; and there prevails 
throughout it that just proportion of theory and practice, which is the 
crowning excellence of an elementary work.” 


ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo., 
cloth. 45. 6d. 


Adapted from the authors work on “ Arithmetic and Algebra,” by the 
omission of the algebraic portion, and by the introduction of new exercises. 
The reason of each arithmetical process is fully exhibited. The system of 
Decimal Coinage ts explained ; and answers to the exercises are appended 
at the end. This Arithmetic ts characterised as “admirably adapted for 
instruction, combining just sufficient theory with a large and well-selected 
collection of exercises for practice.””—JOURNAL OF EDUCATION. 


COMPANION TO ARITHMETIC FOR SCHOOLS. 
[Prepering. 
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A KEY TO THE ARITHMETIC FOR SCHOOLS. Seventh 
Edition. Crown 8vo. cloth. 8s. 6d. 


EXERCISES IN ARITHMETIC. With Answers. Crown 8vo. limp 
cloth. 25. 6d. 
Or sold separately, Part I. 1s. ; Part II. 1s.; Answers, 6d. 
These Exercises have been published in order to give the pupil examples 
in every rule of Arithmetic. The greater number have been carefully 
compiled from the latest University and School Examination Papers. 


SCHOOL CLASS-BOOK OF ARITHMETIC. 18mo. cloth, 35. 
Or sold separately, Parts I. and II. 1od¢. each; Part III. ts. 


This manual, published at the request of many schoolmasters, and 
chiefly intended for National and Elementary Schools, has been prepared 
on the same plan as that adopted in the author's School Arithmetic, which 
zs in extensive circulation in England and abroad. The Metrical Tables 
have been introduced, from the conviction on the part of the author, that 
the knowledge of such tables, and the mode of LAME them, will be o 
great use to the rising generation. 


KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one volume, 18mo. cloth, 6s. 6¢.; or Parts I. IJ. and III. 


2s. 6d, each. 


SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. 18mo. cloth. Or separately, 
Part I. 2d.; Part II. 3¢.; Part III. 7a Answers, 6d. 


THE SAME, with Answers complete. 18mo. cloth. 15, 64. 

This Shilling Book of Arithmetic has been prepared for the use of 
National and other schools at the urgent request of numerous masters of 
schools both at home and abroad. The Explanations of the Rules, and 
the Examples will, it is hoped, be found suited to the most elementary 
classes. 

Cc 
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KEY TO SHILLING BOOK OF ARITHMETIC. 18mo. cloth. 
4s. 6d. 


EXAMINATION PAPERS IN ARITHMETIC. 18mo. cloth. 
1s. 6¢. The same, with Answers, 18mo. Is. 9d. 

The object of these Examination Papers is to test students both in the 
theory and practice of Arithmetic. It is hoped that the method adopted 
will lead students to deduce results from general principles rather than 
to apply stated rules. The author believes that the practice of giving 
examples under particular rules makes the working of Arithmetic quite 
mechanical, and tends to throw all but very clever boys off their balance 
when a general paper on the subject is put before them. 


KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
18mo. cloth. 45. 6d. 


THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES 
AND APPLICATION, with numerous Examples, written 
expressly for Standard V. in National Schools. New Edition. 
18mo. cloth sewed. 3d. 


In the New Code of Regulations issued by the Council of Education it 
is stated ‘‘ that in all schools children in Standards V. and VT. should 
know the principles of the Metric System, and be able to explain the 
advantages to be gained from uniformity in the method of forming multiples 
and sub-multiples of the unit.” In this little book Mr. Smith in a 
clear, simple, and interesting manner explains the principle of the 
Metric System, and in considerable detail expounds the French system, 
and its relation to the ordinary English method, taking the pupil on as 
far as Compound Division. The book contains numerous Exaniples, and 
two wood-cuts illustrating the Metric Tables of Surface and Solidity, 
Answers to the Examples are appended. 


A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 
by 34 in. on Roller, ts. 6¢, On Roller, mounted and varnished, 
price 3s. 6d. Also on a Card, price Id. 
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Ly the New Educational Code it is ordained that a Chart of the Metric 
System be conspicuously hung up on the walls of every school under 
government inspection. The publishers believe that the present Chart will 
be found to answer all the requirements of the Code, and afford a full and 
pertectly intelligible view of the principles of the Metric System. The 
brinciple of the system zs clearly stated and illustrated by examples ;*the 
Method of Forming the Tables is set forth ; Tables follow, clearly shewing 
the English equivalent of the French measures of —1. Length ; 2. Surface; 
3. Solidity ; 4. Weight; 5. Capacity. At the bottom of the Chartis drawn 
a full-length Metric Measure, subdivided distinctly and intelligently into 
Decimetres, Centimetres, and Millimetres. 


Smith (J. Brook).—ARITHMETIC IN THEORY AND 
PRACTICE, FOR ADVANCED PUPILS. ~. By J. Brook 
SmiTH, M.A. Part I. Crown 8vo. 35. 6d. 


The following pages form the first part of a Treatise on Arithmetic, in 
which the Author has endeavoured from very simple principles to explain, 
im a full and satisfactory manner, all the more important processes in 
that subject. The proofs have in all cases been given in a form entirely 
arithmetical, and at the end of every chapter several examples have been 
worked out at length, and the best practical method of operation carefully 
pointed out. 


Snowball.—THE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. SNowBALL, M.A. Tenth Edition. 
Crown 8yo, cloth. 7s. 6d, 


In preparing the present edition for the press, the text has been 
subjected to a careful revision; the proofs of some of the more impor- 
tant propositions hau: been rendered more strict and general; and a 
considerable addition of more than two hundred examples, taken princt- 
pally from the questions set of late years in the public examinations of the 
University and of individual Colleges, has been made to the collection of 
Lxamples and Problems for practice. 
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Tait and Steele.-—A TREATISE ON DYNAMICS OF A 
PARTICLE. With numerous Examples. By Professor Tarr and 
Mr. STEELE. New Edition Enlarged. Crown 8vo. cloth. Ios. 6d. 


In this treatise will be found all the ordinary propositions, connected 
with the Dynamics of Particles, which can be conveniently deduced without 
the use of D Alembert’s Principle. Throughout the book will be found a 
number of illustrative examples introduced in the text, and for the most 
part completely worked out ; others with occasional solutions or hints to 
assist the student are appended to each chapter. For by far the greater 
portion of these, the Cambridge Senate-House and College Examination 
Papers have been applied to. In the new edition numerous trivial errors, 
and a few of a more sertous character, have been corrected, while many 
new examples have been added, 


Taylor.—GEOMETRICAL CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. TAYLOR, 
B.A., Scholar of St. John’s College, Cambridge. Crown 8vo. cloth. 
7S. 6c. 

This work contains elementary proofs of the principal properties of Conic 

Sections, together with chapters on Projection and Anharmonic Ratio. 


Tebay.—ELEMENTARY MENSURATION FOR SCHOOLS. 
Vith numerous Examples. By Srprimus Trsay, B.A., Head 
Master of Queen Elizabeth’s Grammar School, Rivington. Extra 
feap. 8vo. 35. 6d. 

The object of the present work ts to enable boys to acquire a moderate 
knowledve of Mensuration in a reasonable time. All difficult and useless 
matter has been avoided. The examples tor the most part are easy, and 
the rules are concise, ‘A very compact useful manual.” —SPECTATOR. 


Todhunter.—Works by I. TODHUNTER, M.A., F.R.S., 


of St. John’s College, Cambridge. 


“* They are all good, and each volume adds to the value of the rest.”’— 
FREEMAN, “ Perspicuous language, vigorous investigations, scrutiny of 
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difficulties, and methodical treatment, characterise Mr. Todhunter’s 
works.” —CIVIL ENGINEER. . 


THE ELEMENTS OF EUCLID. For the Use of Colleges and ~ 


Schools. New Edition. 18mo. cloth. 35. 6d. 


As the cements of Euclid are usually placed in the hands of yous” 
students, it is important to exhibit the work in such a form as will assist © 


them in overcoming the difficulties which they experience on their first in- 
troduction to processes of continuous argument. No method apprars to be 
so useful as that of breaking up the demonstrations into their constituent 
paris; a plan strongly recommended by Professor De Morgan. In the 
present Ldition each distinct assertion in the argument begins a new line ; 
and at the ends of the lines are placed the necessary references to the 
preceding principles on which the assertions depend. The longer proposi- 
tions are distributed into subordinate parts, which are distinguished by 
breaks at the beginning of the lines, Notes, appendix, and a collection of 
exercises are added, 


MENSURATION FOR BEGINNERS. With Numerous Examples.. 
18mo. cloth. 25. 6d. 


The subjects included in the present work are those which have usually 


found a place in Elementary Treatises on Mensuration. The mode of. 


treatment has been determined by the fact that the work is intended for the 


use of beginners. Accordingly it is divided into short independent chapters, » 
which are followed by appropriate examples. A knowledge of the elements. 


of Arithmetic is all that is assumed; and in connexion with most of the 
Rules af Mensuration it has been found practicable to give such explana- 
tions and wlustrations as will supply the place of formal mathematical 
demonstrations, whih would have been unsuitable to the character of the 
work. ‘* Kor simplicity and clearness of arrangement it is unsurpassed 
by any text-book on the subject which has come under our notice.”— 
EDUCATIONAL TIMES, 
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ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. 18mo. cloth. 25. 6d. 


Great pains have been taken to render this work intelligible to youzre 
students, by the use of simple language and by copious explanations. in 
determining the subjects to be included and the space to be assigned to each, 
the Author has been guided by the papers given at the various examinations 
in elementary Algebra which are now carried on in this country. The 
book may be said to consist of three parts. The first part contains the 
elementary operations in integral and practional expressions ; the second 
the solution of equations and problems ; the third treats of various subjects 
which are introduced but rarely into examination papers, and are more 
briefly discussed. Provision has at the same time been made for the 
éntroduction of easy equations and problems at an early stage—for those 
swho prefer such a course. 


KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. cloth. 
6s. 6d. 


“TRIGONOMETRY FOR BEGINNERS. With numerous Examples. 


New Edition. 18mo. cloth. 25. 6, 
Intended to serve as an introduction to the larger treatise on Plane 
Trigonometry, published by the Author. The same plan has been adopted 
as in the Algebra for Beginners : the subject is discussed in short chapters, 
and a collection of examples is attached to each chapter. The first fourteen 
chapters present the geometrical part of Plane Trigonometry ; and contain 
all that is necessary for practical purposes. The range of matter included 
as such as seems required by the various examinations in elementary Tri- 
gonometry which are now carried on in the country. Answers are 
appended. 

MECHANICS FOR BEGINNERS. With numerous Examples. 

Second Edition. 1mo, cloth. 45. 6d. 
Intended as a companion to the two preceding books. The work forms 
an elementary treatise on demonstrative mechanics. It may be true that 


this part of mixed mathematics has been sometimes made too abstract and 
speculative ; but it can hardly be doubted that a knowledge of the elements 
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at least of the theory of the subject is extremely valuable even for thos 
who are mainly concerned with practical results. The Author has accord- 
ingly endeavoured to provide a suitable introduction to the study of appliea 
as well as of theoretical mechanics. The work consists of two parts, 
namely, Statics and Dynamics. It will be found to contain all that is 


usually comprised in elementary treatises on Mechanics, together with some 
additions. 


ALGEBRA, For the Use of Colleges and Schools. Fifth Edition. 
Crown 8vo. cloth. 75. 6d. 


This work contains all the propositions which are usually included in 
elementary treatises on Algebra, and a large number of Examples for 
Exercise. Zhe author has sought to render the work easily intelligible to 
students, without impairing the accuracy of the demonstrations, or con- 
tracting the limits of the subject. The Examples, about Sixteen hundred 
and fifty 2 number, have been selected with a view to Ulustrate every part 
of the subject. Each chapter is complete in itself; and the work will be 
found peculiarly adapted to the wants of students who are without the ad 
of a teacher, The Answers to the examples, with hints for the solution ot 
some in which assistance may be needed, are given at the end of the book. 
Ln the present edition two New Chapters and Vhree hundred miscellaneous 
Lxamples have been added. The latter ave arranged in sets, each set 
containing ten examples. ‘‘It has merits which unquestionably places 
it first in the class to which ut belongs.” —EDUCATOR. 


KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. Ios. 6d. 


AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Second Edition, revised. Crown $vo. cloth. 

75. Od. 
This treatise coviains all the propositions which are usually included 
in elementary treatises on the theory of Equations, together with Examples 
for exercise. These have been selected from the College and University 
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Examination Papers, and the results have been given when it appeared 
necessary. In order to exhibit a comprehensive view of the subject, the 
treatise includes investigations which are not found in all the preceding 
elementary treatises, and also some investigations which are not to be found 
in any of them. For the second edition the work has been revised and 
some additions have been made, the most important being an account of 
the researches of Professor Sylvester respecting Newton's Rule. “A 
thoroughly trustworthy, complete, and yet not too elaborate treatise.” 
PHILOSOPHICAL MAGAZINE. 


PLANE TRIGONOMETRY. For Schools and Colleges. Fourtk 
Edition. Crown 8vo. cloth. 55. 


The design of this work has been to render the subject intelligible to 
beginners, and at the same time to afford the student the opportunity of 
obtaining all the information which he will require on this branch of 
Mathematics, Each chapter is followed by a set of Examples: those 
which are entitled Miscellaneous Examples, together with a few in some 
of the other sets, may be advantageously reserved by the student for exercise 
after he has made some progress in the subject. In the Second Edition 
the hints for the solution of the Examples have been considerably increased, 


A TREATISE ON SPHERICAL TRIGONOMETRY. Second 
Edition, enlarged. Crown 8vo. cloth. 45. 6d. 


The present work is constructed on the same plan as the treatise on 
Plane Trigonometry, to which it is intended as a sequel. In the account 
of Napier's Rules of Circular Parts, an explanation has been given of a 
method of proof devised by Napier, which seems to have been overlooked 
by most modern writers on the subject. Considerable labour has been 
bestowed on the text in order to render tt comprehensive and accurate, and 
the Examples (selected chiefly from College Examination Papers) hawe 
all been carefully verified. ‘* For educational purposes this work seems 
to be superior to any others on the subject.” —CRITIC. 
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PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
Edition, revised and enlarged. Crown 8vo. cloth. 7s. 6d. 

The author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include in one 
volume all that students usually require. In addition, therefore, to the 
propositions which have always appeared in such treatises, he has intro- 
duced the methods of abridged notation, which are of more recent origin ; 
these methods, which are of a less elementary character than the rest of the 
work, are placed in separate chapters, and may be omitted by the student 
at first. 


A TREATISE ON THE DIFFERENTIAL CALCULUS.\ With 
numerous Examples. Fifth Edition. Crown 8vo, cloth. tos. 6d. 


The author has endesvoured in the present work to exhibit a compre- 
henswe view of the Differential Calculus on the method of limits. In the 
more elementary portions he has entered into considerable detail in the 
explanations, with the hope that a reader who ts without the assistance of & 
tutor may be enabled to acquire a competent acquaintance with the subject. 
The method adopted is that of Differential Coefficients. To the different 
chapters are appended examples sufficiently numerous to render another 
book unnecessary ; these examples being mostly selected from College Ex- 
amination Papers. ‘“‘It has already taken its place as the text-book 
on that subject.” —PHILOSOPHICAL MAGAZINE. 


A TREATISE ON THE INTEGRAL CALCULUS AND IT 
APPLICATIONS. With numerous Examples. Third Editio 
revised and enlarged. Crown 8vo. cloth. 105. 6d. — 


This is designed as a work at once elementary and complete, adapted 
for the use of beginne’s, and sufficient for the wants of advanced students 
In the selection of the propositions, anal in the mode of establishing le 1, 
it has been sought to exhibit the principles clearly, and to illustrate 
all their most important results. The process of summation has been 
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repeatedly brought forward, with the view of securing the attention of 
the student to the notions which form the true foundation of the Calculus 
itself, as well as of its most valuable applications. Every attempt has been 
made to explain those difficulties which usually perplex beginners, especially 
with reference to the limits of integrations. A new method has been adopted 
wn regard to the transformation of multiple integrals. The last chapter 
deals with the Calculus of Variations. A large collection of exercises, 
selected from College Examination Papers, has been appended to the several 
chapters. 


EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown $vo. cloth 45. 


A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enlarged. Crown Svo. 
cloth. Ios. 6d. 


Ln this work on statics (treating of the laws of the equilibrium of bodies) 
will be found all the propositions which usually appear in treatises on 
Theoretical Statics. To the different chapters examples are appended, 
which have been principally selected from University Examination Papers. 
Ln the Third Edition many additions have been made, in order to illus- 
trate the application of the principles of the subject to the solution of 
problems. 


Wilson (J. M.)—ELEMENTARY GEOMETRY. Angles, 
Parallels, Triangles, Equivalent Figures, the Circle, and Propor- 
tion, By J. M. Witson, M.A., Fellow of St. John’s College, 
Cambridge, and Mathematical Master in Rugby School. Second 
Edition. Extra feap. 8vo. 35. 6d. 


The distinctive features of this work are intended to be the following. 
The classification of Theorems according to their subjects ; the separation 
of Theorems and Problems ; the use of hypothetical constructions ; the 
adoption of independent proofs where they are possible and simple; the 


introduction of the terms locus, projection, &c. ; the importance given to 
the notion of direction as the property of a straight line ; the intermixing 
of exercises, classified according to the methods adopted for their solution ; 
the diminution of the number of Theorems ; the compression of proofs, 
especially in the later parts of the book ; the tacit, instead of the explicit, 
reference to axioms ; and the treatment of parallels. ‘ The methods em- 
ployed have the great merit of suggesting a ready application to the solution 
of fresh problems.” —GUARDIAN. 


ELEMENTARY GEOMETRY. PART II. (separately). The 
Circle and Proportion. By J. M. Witson, M.A. Extra fcap. 
8vo. 25. 6d. 


Wilson (W. P.)—A TREATISE ON DYNAMICS. By 
W. P. Wixson, M.A., Fellow of St. John’s College, Cambridge, 
and Professor of Mathematics in Queen’s College, Belfast. 8vo. 
gs. 6d, 


Wolstenholme.—A BOOK OF MATHEMATICAL 
PROBLEMS, on Subjects included in the Cambridge Course. 
By JoserH WOLSTENHOIME, Fellow of Christ’s College, some- 
time Fellow of St. John’s College, and lately Lecturer in Mathe- 
matics at Christ’s College. Crown 8vo. cloth. 85. 6d. 


ConvrENTS:—Geometry (Luchd)—Algebra—Plane Trigonometry— 
Geometrical Conic Sections—Analytical Conic Sections—Theory of Equa- 
tions— Differential Calculus—Integral Calculus—Solid Geometry—Statics 
—Elementary Dynamics—Newton—Dynamics of a Point—Dynamics of 
a Rigid Body—Hydrostatics— Geometrical Optics—Spherical Trigonometry 
and Plane Astronomy. ‘‘ Fudicious, symmetrical, and well arranged.” — 
GUARDIAN. 
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SCLIN GE: 
ELEMENTARY CLASS-BOOKS. 


THE importance of Science as an element of sound educa- 
tion is now generally acknowledged ; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
aames form a ready guarantee for the high character of the 
books. Subjoined is a list of those Manuals that have 
already appeared, with a short account of each. Others 
are in active preparation; and the whole will constitute a 
standard series specially adapted to the requirements of be- 


ginners, whether for private study or for school instruction. 


ASTRONOMY, by the Astronomer Royal. 
POPULAR ASTRONOMY. With Illustrations. By G. B, 
Airy, Astronomer Royal, Sixth and cheaper Edition. 18mo. 
cloth. 4s. 6d. 

This work consists of six lectures, which are intended “to explain to 
intelligent persons the principles on which the instruments of an Observa- 
tory are constructed (omitting all details, so far as they are merely sub- 
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sidiary), and the principles on which the observations made with these 
enstruments are treated for deduction of the distances and weights of. the 
bodies of the Solar System, and of a few stars, omitling all minutie of 
formule, and all troublesome details of calculation.” The speciality of this 
volume 1s the direct reference of every step lo the Observatory, and the full 
description of the methods and instruments of observation. 


ASTRONOMY. 


MR. LOCKYER’S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram of the Spectra of the Sun, 
Stars, and Nebulz, and numerous Illustrations. By J. NoRMAN 
Lockyer, F.R.S. Seventh Thousand. 18mo. 5s. 6d. 

The author has here aimed to give a connected view of the whole subject, 
and to supply facts, and ideas founded on the facts, to serve as a basis for 
subsequent study and discussion. The chapters treat of the Stars and 
Nebule ; the Sun; the Solar System; Apparent Movements of the Heavenly 
Bodies ; the Measurement of Time; Light; the Telescope and Spectroscope ; 
Apparent Places of the Heavenly Bodies ; the Real Distances and Dimen- 
sions; Universal Gravitation. The most recent astronomical discoveries 
are incorporated. Mr. Lockyer’s work supplements that of the Astronomer 
Royal mentioned in the previous article. ‘“ The book ts full, clear, sound, 
and worthy of attention, not only asa popular exposition, but as a scientific 
© Index.” --ATHENMUM. ‘‘ The most fascinating of elementary books 
on the Sciences.” —NONCONFORMIST. 


QUESTIONS ON LOCKYER’S ELEMENTARY LESSONS 
IN ASTRONOMY. For the use of Schools. By JoHN FoRBEs- 
RoBERTSON. 18mo. clothlimp. Is. 6d. 


PHYSIOLOGY. 
PROFESSOR HUXLEY’S LESSONS IN ELEMENTARY 
PHYSIOLOGY. With numerous Illustrations. By T. H. 
Huvx.ry, F.R.S. Professor of Natural History in the Royal School 
of Mines. Seventeenth Thousand. 18mo. cloth. 45, 6d. 


46 EDUCATIONAL BOOKS. 


Elementary Class-Books—continued. 


This book describes and explains, in a series of graduated lessons, the 
principles of Human Physiology ; or the Structure and Functions of the 
Human Body. The first lesson supplies a general view of the subject. 
This is followed by sections on the Vascular or Venous System, and the 
Circulation; the Blood and the Lymph; Respiration ; Sources of Loss 
and of Gain to the Blood; the Function of Alimentation ; Motion and 
Locomotion ; Sensations and Sensory Organs; the Organ of Sight ; the 
Coalescence of Sensations with one another and with other States of Con- 
sciousness; the Nervous System and Innervation; Hizstology, or the 
Minute Structure of the Tissues. A Table of Anatomical and Physio- 
logical Constants is appended. The lessons are fully illustrated by 
numerous engravings. The manual is primarily intended to serve as a 
text-book for teachers and learners in boys and girls’ schools. ‘“* Pure 
gold throughout.”—GUARDIAN. ‘‘ Unquestionably the clearest and most 
complete elementary treatise on this subject that we possess in any 
language.” —\WWESTMINSTER REVIEW. 


QUESTIONS ON HUXLEY’S PHYSIOLOGY FOR SCHOOLS. 
By T. Atcock, M.D. 18mo. Is. 6d. 
These Questions were drawn up as aids to the instruction of a class oY 
young people in Physiology. 


BOTANY. 


PROFESSOR OLIVER’S LESSONS IN £LEMENTARY 
BOTANY. Withnearly Two Hundred Illustrations. Eleventh 
Thousand. r8mo. cloth. 4s. 6d. 

This book is designed to teach the Elements of Botany on Professor 
Henslow’s plan of selected Types and by the use of Schedules. The earlier 
chapters, embracing the elements of Structural and Physiological Botany, 
introduce us to the methodical study of the Ordinal Types. The con- 
cluding chapters are entitled, “ How to dry Plants” and ** How to 
describe Plants.” A valuable Glossary is appended to the volume. In 
the preparation of this work free use has been made of the manuscript 
materials of the late Professor Henslow, 
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CHEMISTRY. 


PROFESSOR ROSCOE’S LESSONS IN ELEMENTARY 
CHEMISTRY, INORGANIC AND ORGANIC. By HEnry 
E. Roscok, F.R.S., Professor of Chemistry in Owens College, 
Manchester. With numerous Illustrations and Chromo-Litho. of 
the Solar Spectrum, and of the Alkalies and Alkaline Earths, 
New Edition. Twenty-ninth Thousand. 18mo. cloth. 45. 6d. 


Lt has been the endeavour of the author to arrange the niost important 
facts and principles of Modern Chemistry in a plain but concise and 
sczentific fornt, suited to the present requirements of elementary instruction, 
For the purpose of facilitating the attainment of exactitude in the knowledge 
of the subject, a series of exercises and questions upon the lessons have been 
added, The metric system of weights and measures, and the centigrade 
thermometric scale, are used throughout the work. The new Edition, 
besides new wood-cuts, contains many additions and improvements, and 
includes the most important of the latest discoveries. ‘‘ Asa standard 
general text-book tt deserves to take a leading place.” —SPECTATOR. ‘ We 
unhesitatingly pronounce it the best of all our elementary treatises on 
Chemistry. MEDICAL TIMES. 


POLITICAL ECONOMY. 


POLITICAL ECONOMY FOR BEGINNERS. By Miruicenr 
G. FAWCETT. 1I8mo. 25, 6d. 


The following pages have been written mainly with the hope that a short 
and elementary book might help to make Political Economy a more popular 
study in boys and girls’ schools. In order to adapt the book especially jor 
school use, questions nave been added at the end of each chapter, ** Clear, 
compact, and comprehensive.” —DatLy News. “‘ The relations of capital 
and labour have never been more simply or more clearly expounded.— 
CONTEMPORARY REVIEW, 
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Elementary Class-Books—continued. 
LOGIC. 


ELEMENTARY LESSONS IN LOGIC; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. By W. STANLEY JEVONS, M.A., Professor of Logic 

in Owens College, Manchester. Second Edition. 18mo. 35. 6d. 

In preparing these Lessons the author has attempted to show that Logic, 
even in its traditional form, can be made a highly useful subject of study, 
and a powerful means of mental exercise. With this view he has avoided 
the use of superfluous technical terms, and has abstained from entering 
into questions of a purely speculative or metaphysical character. For the 
puerile illustrations too often found in works on Logic, exanrples drawn 
from the distinct objects and ideas treated in the natural and experimental 
sciences have been generally substituted. At the end of almost every 
Lesson will be found references to the works in which the student will most 
profitably continue his reading of the subject treated, so that this little 
volume may serveas a guideto a more extended courseof study. The 
GUARDIAN thinks “nothing can be better for a school-beok,” and the 
ATHENZUM calls it “a manual alike simple, interesting, and scientific.” 


PHYSICS. 


LESSONS IN ELEMENTARY PHYSICS. By Barrour 
STEWART, F.R.S., Professor of Natural Philosophy in Owens 
College, Manchester. With numerous Illustrations and Chromo- 
liths of the Spectra of the Sun, Stars, and Nebule. Fifth Thou- 
sand. 18mo. 4s. 6d. 

A description, in an elementary manner, of the most important of those 
laws which regulate the phenomena of nature. The active agents, heat, 
light, electricity, etc., ave regarded as varieties of energy, and the work is 
so arranged that their relation to one another, looked at in this light, and 
the paramount importance of the laws of energy are clearly brought out. 
The volume coitains all the necessary illustrations, and a plate represent- 
ine the Spectra of Sun, Stars, and Nebule, forms a frontispiece. The 
EDUCATIONAL TIMES calls this ‘the beau ideal of a scientific text-book, 
clear, accurate, and thorough.” 
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MANUALS FOR STUDENTS. 


Flower (W. H.)—AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By W. H. Fiower, F.R.S., F.R.C.S., 
Hunterian Professor of Comparative Anatomy and Physiology. 
With numerous IJJlustrations. Globe 8vo. 75. 6d. 


Although the present work contains the substance of a Course of Lectures, 
the form has been changed, so as the better to adapt it as a handbook for 
students. Theoretical views have been almost entirely excluded: and while 
zt is Impossible in a scientific treatise to avoid the employment of technical 
terms, it has been the author's endeavour to use no more than absolutely 
necessary, and to exercise due care in selecting only those that seem most 
appropriate, or which have received the sanction of general adoption, With 
a very few exceptions the illustrations have been drawn expressly for this 
work from specimens in the Museum of the Roval College of Surgeons. 


Hooker (Dr.)—THE STUDENT'S FLORA OF THE 
BRITISH ISLANDS. By J. D. Hooxer, C.B., F.RS., 
M.D., D.C.L., Director of the Royal Gardens, Kew. Globe 


8vo. 10s. 6d. 


The object of this work is to supply students and field-botanists with a 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use aim at gwing. The Ordinal, Generic, and Specific 
characters have been re-written, and are to a great extent original, and 
drawn from living or cried specimens, or both. ** Cannot fail to perfectly 
fulfil the purpose for which it is intended.”—LAND AND WATER, 
“ Containing the fullest and most accuratemanuadl of the kind that has yet 
appeared.” —PALL MALL GAZETTE. 
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Oliver (Professor).—FIRST BOOK OF INDIAN BOTANY. 
By DANIEL OLttver, F.R.S., F.L.S., Keeper of the Herbarium 
and Library of the Royal Gardens, Kew, and Professor of Botany 
in University College, London. With numerous Illustrations. 
Extra feap. 8vo. 6s. 6d. 


This manual is, in substance, the author's “ Lessons in Elementary 
Botany,” adapted for usein India. In preparing it he has had in view 
the want, often felt, of some handy résumé of Indian Botany, which might 
be serviceable not only to residents of India, but also to any one about to 
proceed thither, desirous of getting some preliminary idea of the Botany of 
that country. ‘* lt contains a well-digested summary of all essential know- 
ledge pertaining to Indian botany, wrought out in accordance with the best 
principles of scientific arrangement.” —ALLEN’S INDIAN Mar, 


Other volumes of these Manuals will follow. 


Ball (R. S., A.M.)—EXPERIMENTAL MECHANICS. 
A Course of Lectures delivered at the Royal College of Science 
for Ireland. By RosErr STAWELL BAL, A.M., Professor of 
Applied Mathematics and Mechanics in the Royal College of 
Science for Ireland (Science and Art Department). Royal 8vo., 
16s. 


These twenty Lectures, delivered by the author in the spring of 1870, 
have in che present volume been revised, and some of them rewritten. His 
aim has been to create in the mind of the student physical ideas corre- 
sponding to theoretical laws, and thus to produce a work which may be 
veearded either as a supplement or an introduction to manuals of theoretic 
mechanics. To realize this design, the copious use of experimental 
illustrations was necessary. The apparatus used in the Lectures, and 

ficured in the volume, has been principally built up from Professor Willis’ s 
most admirable system. In the selection of the subjects, the question of 
practical utility has in many cases been regarded as the one of paramount 
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importance. The elementary truths of Mechanics are too well known to 
admit of novelty, but it is believed that the mode of treatment which is 
adopted 1s more or less original. This is especially the case in the Lectures 
relating to friction, to the mechanical powers, to the strength of timber and 
structures, to the laws of motion, and to the pendulum. The illustrations, 


drawn from the apparatus, are nearly all original, and are beautifully 
executed, 


Cooke (Josiah P., Jun.).—FIRST PRINCIPLES OF 
CHEMICAL PHILOSOPHY. By Jostaun P. Cooxg, Jun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Crown 8yo. 12s. 


The object of the author in this book is to present the philosophy of 
Chemistry tie such a form that it can be made with profit the subject of 
College recitations, and furnish the teacher with the means of testing the 
student’s faithfulness and ability. With this view the subsect has been 
developed in a logical order, and the principles of the science are taught 
independently of the experimental evidence on which they rest. 


Roscoe (H. E.)—SPECTRUM ANALYSIS. Six Lectures, 
with Appendices, Engravings, Maps, and Chromolithographs. 
By H. E. Roscor, F.R.S., Professor of Chemistry in Owens 
College, Manchester. Royal 8vo, 215, 


A Second Edition of these popular Lectures, containing all the 
most recent discovertes and several additional Illustrations. “* In six 
lectures he has given, the history of the discovery and set forth the facts 
relating to the analysis of light i such a way that any reader of 
ordinary intelligence and information will be able to understand what 
« Spectrum Analysis’ is, and what are its claims to rank among the most 
signal triumphs of science of which even this century can boast.” —NONn- 
conrormist. ‘* Zhe wdlustrations—no unimportant part of a book on 
such a subject—are marvds of wood-printing, and reflect the clearness 
which is the distinguishing merit of Mr. Roscoe's explanations.” — 
Sarurnpay Review. “ Zhe lectures themselves furnish a most ad- 
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mirable elementary treatise on the subject, whilst by the insertion im 
appendices to each lecture of extracts from the most important published 
memoirs, the author has rendered it equally valuable as a text book 
for advanced students.” —\VESTMINSTER REVIEW. 


Thorpe (T. E.)—A SERIES OF CHEMICAL PROBLEMS, 
for use in Colleges and Schools. Adapted for the preparation of 
Students for the Government, Science, and Society of Arts Exa- 
minations, With a Preface. by Professor ROSCOE. 18mo. 
Clot to. 


In the Preface Dr. Roscoe says—‘* My experience has led me to feel more 
and more strongly that by no method can accuracy in a knowledge of 
chemistry be more surely secured than by attention to the working of well- 
selected problems, and Dr. Thorpe’s thorough acquaintance with the wants 
of the student is a sufficient guarantee that this selection has been carefully 
made, Lintend largely to use these questions in my own classes, and I cat 
confidently recommend them to all teachers and students of the science.” 


Wurtz.—A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ap. Wurrz. 
Translated by Henry Watts, F.R.S. Crown 8vo. 6s. 


‘* The treatment of the subject is admirable, and the translator has 
evidently done his duty most efficiently.”—\WWESTMINSTER REVIEW. 
“* The discourse, as a résumé of chemical theory and research, unites 
singular luminousness and grasp. A few judicious notes are added by the 
translator.” —P ALL MALL GAZETTE, 
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MISCELLANEOUS. 


Abbott.—A SHAKESPEARIAN GRAMMAR. An Attempt to 
illustrate some of the Differences between Elizabethan and Modern 
English. By the Rev. E. A. ABporr, M.A., Head Master of the 
City of London School. Forthe Useof Schools. New and En- 
larged Edition. Extra fcap. 8vo. 6s. 


The object of this work ts to furnish students of Shakespeare and Bacon 
with a short systematic account of some points of difference between Eliza- 
bethan syntax and our own. A section on Prosody 1s added, and Notes 
and Questions. The success which has attended the First and Second 
Editions of the ‘*SHAKESPEARIAN GRAMMAR,” and the demand for a 
Third Ldition within a year of the publication of the First, has encouraged 
the Author to endeavour to make the work somewhat more useful, and to 
vender it, as far as possible, a complete book of reference for all difficulties of 
Shakespearian syntax or prosody. Lor this purpose the whole of Shake- 
speare has been re-read, and an attempt has been made to include within 
this edition the explanation of every idiomatic difficulty (where the text 
zs not confessedly corrupt) that comes within the province of a grammar 
as distinct from a glossary. The great object being to make a useful book 
of reference for students, and especially for classes in schools, several 
Plays have been indexed so fully that with the aid of a glossary and 
historical notes the references will serve for a complete commentary. 
“© 4 critical inquiry, conducted with great skill and knowledge, and 
with all the appliances of modern philology... We venture to believe 
that those who consider themselves most proficient as Shakespeartans will 
find something to learn from is pages.’—PALL MALL GAZETTE, 
“ Valuable not only as an aid to the critical study of Shakespeare, but 
as tending to familiarize the reader with Elizabethan English in 
general.’ —ATHENAUM. 
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Atlas of Europe. GLOBE EDITION. Uniform in size 
with Macmillan’s Globe Series, containing 45 Coloured Maps, on 
a uniform scale and projection: with Plans of London and Paris, 
and a copious Index. Strongly bound in half-morocco, with flexible 
back, 9s. 


This Atlas includes all the countries of Europe in a series of 48 Maps, 
drawn on the same scale, with an Alphabetical Index to the situation of 
more than ten thousand places ; and the relation of the various maps and 
countries to each other is defined in a general Key-map. The identity of 
scale in all the maps facilitates the comparison of extent and distance, and 
conveys a gust impression of the magnitude of different countries. The 
size suffices to show the provincial divisions, the railways and main roads, 
the principal rivers and mountain ranges. “ This Atlas,” writes the 
British Quarterly, “7/2 be an invaluable boon for the school, the desk, or 
the traveller's portmanteau.” 


Bates.—A CLASS-BOOK OF GEOGRAPHY. Adapted to the 
recent Programme of the Royal Geographical Society. By H. 
W. Bares, Assistant Secretary to the Royal Geographical Society. 

[Zn the Press. 


CAMEOS FROM ENGLISH HISTORY.—See Yoncz (C. M.). 


Delamotte.—A BEGINNER’S DRAWING BOOK. By P. H. 
DELAMOTTE, F.S.A.  Progressively arranged, with upwards of 
Fifty Plates. Crown 8vo. Stiff covers. 25. 6d. 


This work is intended to give such instruction to Beginners in Drawing, 
and to place before them copies so easy, that they may not find any obstacle 
in making the first step. Thenceforward the lessons are gradually 
progressive, Mechanical improvements too have lent their aid. Thewhole 
of the Plates have been engraved by a new process, by means of which a 
varying depth of tone—up to the present time the distinguishing character- 
istic of pencil drawing—has been imparted to woodcuts. ‘* We have seen 
and examined agreat many drawing-books, but the one now before us strikes 
ws as being the best of them all.”—ILLUSTRATED TIMES. ‘‘ A concise, 
simple, and thoroughly practical work, The letter-press ts throughout 
intelligible and to the point.” —GUARDIAN. 
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D’Oursy and Feillet.—aA FRENCH GRAMMAR AT 
SIGHT, on an entirely new method. By A. D’Oursy and 
A. FEILLET. Especially adapted for Pupils preparing for Exa- 
mination. Fcap. 8vo. cloth extra. 25. 6d. 


The method followed in this volume consists in presenting the grammar 
as much as possible by synoptical tables, which, striking the eye at once, and 
following throughout the same order—‘used—not used ;” “ changes— 
does not change” —are easily remembered. The parsing tables will enable 
the pupil to parse easily from the beginning. The exercises consist of 
translations from French into English, and from English into French ;. 
and of a number of grammatical questions. 


Freeman (Edward A.)—OLD-ENGLISH HISTORY. 
By Epwarp A. FREEMAN, D.C.L., late Fellow of Trinity 
College, Oxford. With Five Coloured Maps. Second Edition. 
Extra feap. $vo. half-bound. 6s. 


The first edition of this work was an experiment, but an experinient 
which the Author found had already succeeded with his own children. 
The rapid sale of the first edition and the universal approval with which 
it has been received, show that the Author's convictions have been well 
founded, that his views have been widely accepted both by teachers and 
learners, and that the work is eminently calculated to serve the purpose for 
which it was intended. Although full of instruction and calculated highly 
to interest and even fascinate children, it is a work which may be and has 
been used with profit and pleasure by all. Its object is to show that clear, 
accurate, and scientific views of history, or indeed of any subject, may be 
easily given to children from the very first. ‘I have, I hope,” the Author 
says, “shown that it is perfectly easy to teach children, from the very 

first, to distinguish true history alike from legend and from wilful inven- 
tion, and also to understand the nature of historical authorities and to weigh 
one statement against another. I have throughout striven to connect the 
history of Lnglani with the general history of civilized Europe, and 
I have especially tried to make the book serve asan incentive to a 
more accurate study of historical geography.” In the present edition the 
whole has been carefully revised, and such improvements as suggested 


56 EDUCATIONAL BOOKS. 


themselves have been introduced. ‘‘ The book indeed is full of instruction 
and interest to students of all ages, and he must be a well-informed man 
indeed who will not rise fron its perusal with clearer and more accurate 
ideas of a too much neglected portion of English History.” —SPECTATOR. 


Helfenstein (James).—A COMPARATIVE GRAMMAR 
OF THE TEUTONIC LANGUAGES. Being at the same 
time a Historical Grammar of the English Language, and comprising 
Gothic, Anglo-Saxon, Early English, Modern English, Icelandic 
{Old Norse), Danish, Swedish, Old High German, Middle High 
German, Modern German, Old Saxon, Old Frisian, and Dutch. 
By JAMES HELFENSTEIN, Ph.D. 8vo. 18s. ; 

This work traces the different stages of development through which 
the various Teutonic languages have passed, and the laws which have 
regulated their growth. The reader ts thus enabled to study the relation 
which these languages bear to one another, and to the English language in 
particular, to which special attention is devoted throughout. In the 
chapters on Ancient and Middle Teutonic languages no grammatical form 
7s omitted the knowledge of which is required for the study of ancient 
literature, whether Gothic or Anglo-Saxon or Early English. To each 
chapter ts prefixed a sketch showing the relation of the Teutonic to the 
cognate languages, Greek, Latin, and Sanskrit. Those who have mastered 
the book will be in a position to proceed with intelligence to the more 
elaborate works of Grimm, Bopp, Pott, Schleicher, and others. 


-Hole.—A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hotzr. On 
mheetmmls. 

The different families are printed in distinguishing colours, thus 
facilitating reference. 

A BRIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by CHARLEs Hotr, M.A., Trinity College, Cambridge. 
Second Edition, 18mo. neatly and strongly bound in cloth. 4s. 6d. 

The inquiry is frequently made concerning an eminent man, when did 
he live, or for what was he celebrated, or what biographies have we about 
him? Such information ts concisely supplied in this Dictionary. It contains 
more than 18,000 names. LExtreme care has been bestowed on the verifica- 
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dion of the dates, and thus numerous errors current in previous works have 
been corrected. Its size adapts it for the desk, portmanteau, or pocket. 
“An invaluable addition to our manuals of reference, and from ils 
moderate price cannot fail to become as popular as it is useful.’ —TIMES. 


Jephson.—SHAKESPEARE’S “TEMPEST.” With Glossarial 
and Explanatory Notes. By the Rev. J. M. JeEpHson. 18mo. 
Is. 6d. 

Lt is important to find some sudstitute for classical study, and it it 
believed that such a substitute may be found in the Plays of Shakespeare. 
Lach sentence of Shakespeare becomes, like a sentence in Thucydides or 
Cicero, a lesson in the origin and derivation of words, and in the funda- 
mental rules of grammatical construction. On this principle the present 
edition of the ‘* Tempest” has been prepared. The text is taken from the 
* Cambridge Shakespeare.” 


M‘Cosh (Rev. Principal).—For other Works by the same 
Author see PHILOSOPHICAL CATALOGUE. 


THE LAWS OF DISCURSIVE THOUGHT. Being a Text-Book 
of Formal Logic. By James M‘Cosu, D.D., LL.D. 8vo. 55. 


In this treatise the Notion (with the Term and the Relation of Thought 
to Language,) will be found to occupy a larger relative place than in any 
logical work written since the time of the famous “ Art of Thinking.” 
“ We heartily welcome his book as one which is likely to be of great value 
in Colleges and Schools.” —AVHENAUM. 


Oppen.—FRENCH READER. For the Use of Colleges and 
Schools. Containing a graduated Selection from modern Authors 
in Prose and Verse; and copious Notes, chiefly Etymological. By 
Epwarp A. Opren. Fcap. 8vo. cloth. 45. 6d. 

This is a Selection from the best modern authors of France. Its dis- 
Kinctive feature consists in its etymological notes, connecting Krench with 
the classical and modern languages, including the Celtic. This subject 
Aas hitherto been little discussed even by the best-educated teachers. 
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SHILLING BOOK OF GOLDEN DEEDS See YoncE (C, M.) 


Sonnenschein and Meiklejohn.— THE ENGLISH 
METHOD OF TEACHING TO READ. By A. SONNENSCHEIN 
and J. M. D. MEIKLEJOHN, M.A. F cap. 8vo. 


COMPRISING ; 
THE NurRSERY BOOK, containing all the Two-Letter Words in the 
Language. Id. (Also in Large Type on Sheets for School 
Walls. 5s.) 


THE First Course, consisting of Short Vowels with Single 
Consonants. 3d. 


THE SECOND CouRSE, with Combinations and Bridges, con- 
sisting of Short Vowels with Double Consonants. 4d. 

THE THIRD AND FouRTH CouRSES, consisting of Long 
Vowels, and all the Double Vowels in the Language. 62. 

A Series of Books in which an attempt is made to place the process of 
learning to read English on a scientific basis. This has been done by 
separating the perfectly regular parts of the language from the irregular, 
and by giving the regular parts to the learner in the exact order of their 
difficulty. The child begins with the smallest possible element, and adds to 
that element one letter —in only one of its functions—at one time. Thus 
the sequence is natural and complete. ‘‘ These are admirable books, because 
they are constructed on a principle, and that the simplest principle on which 
it as possible to learn to read L-nglish.” —SPECTATOR. 


Vaughan (C. M.)— A SHILLING BOOK OF WORDS 
FROM THE POETS. By C. M. VauGHAN. 18mo. cloth. 


It has been felt of late years that the children of our parochial schools, 
and those classes of our countrymen which they commonly represent, are 
capable of being interested, and therefore benefited also, by something higher 
in the scale of poetical composition than those brief and somewhat puerile 
fragments to which their knowledge was formerly restricted. An attempt 
has here been made to supply the want by forming a selection at once 
various and unambitious ; healthy in tone, just in sentiment, elevating in 
thought, and beautiful in expression. 
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Thring.—Works by EDwarD TurRING, M.A., Head Master of 
Uppingham. 


THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
with Questions. Fourth Edition. 18mo. 2s. 


This little work 1s chiefly intended for teachers and learners, Tt took its 
rise from questionings in National Schools, and the whole of the first part 
zs merely the writing out in order the answers to questions which have been 
used already with success. A chapter on Learning Language is especially 
addressed to teachers. 


THE CHILD’S GRAMMAR. Being the Substance of “The 
Elements of Grammar taught in English,” adapted for the Use of 
Junior Classes. A New Edition. 18mo. 1s. 


SCHOOL SONGS. A Collection of Songs for Schools. With the 
Music arranged for four Voices. Edited by the Rey. E. THRING 
and H. Riccius. Folio. 7s. 6d. 


There 1s a tendency in schools to stereotype the forms of life. Any genial 
solvent is valuable. Games do much; but games do not penetrate to 
domestic life, and ave much limited by age. Music supplies the want. 
The collection includes the “ Agnus Dei,” Tennyson's “ Light Brigade,” 
Macaulay's“ lvry.”’ &c. among other pieces. 


Trench (Archbishop).— HOUSEHOLD BOOK OF ENG. 
LiISH POETRY. Selected and Arranged, with Notes, by 
R. C. TRENcH, D.D., Archbishop of Dublin. Extra fcap. 8vo. 
55. 6d. Second Edition, 

This volume ts called a “‘ Household Book,” by this name implying that 
it 7s a book for all—that there 1 nothing in it to prevent it from being 
confidently placed “1 the hands of every member of the household, Spect- 
mens of all classes of poetry are given, including selections from living 
authors. The Editor has aimed to produce a book ‘‘which the emigrant, 
finding room for little not absolutely necessary, might yet find room for it 
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an his trunk, and the traveller in hisknapsack, and that on some narrow 
sheives where there are few books this might be one.” ‘* The Archbishop 
has conferred in this delightful volume an important gift on the whole 
English-speaking population of the world.”— Patt MALL GAZETTE. 


Yonge (Charlotte M.)—A PARALLEL HISTORY OF 
FRANCE AND ENGLAND: consisting of Outlines and Dates. 
By CHARLOTTE M. YoncgE, Author of ‘‘ The Heir of Redclyffe,” 
“Cameos of English History,” &c., &c. Oblong 4to. 3s. 6d. 
This tabular history has been drawn up to supply a want felt by many 
teachers of some means of making their pupils realize what events in the 
two countries were contemporary. A skeleton narrative has been con- 
structed of the chief transactions in either country, placing a column 
between for what affected both alike, by which means it ts hoped that young 
people may be assisted in grasping the mutual relation of events. ‘* We 
can imagine few more really advantageous courses of historical study for 
a young mind than going carefully and steadily through Miss Yonge’s 
excellent little book.”’—EDUCATIONAL TIMES. 


CAMEOS FROM ENGLISH HISTORY. From Rollo to Edward 
II. By the Author of “The Heir of Redclyffe.” Extra fcap. 
$vo. Second Edition, enlarged. 5s. 


The endeavour has not been to chronicle facts, but to put together a series 
of pictures of persons and events, so as to arrest the attention, and give 
some individuality and distinctness to the recollection, by gathering together 
details at the most memorable moments. The “ Cameos” are intended as 
a book for young people just beyond the elementary histories of England, 
and able to enter in some degree into the real spirit of events, and to be 
struck with characters and scenes presented in some relief. “ Instead of 
dry details,” says the Nonconformist, “we have living pictures, faithful, 
vivid, and striking.” ‘ oe 
A SECOND SERIES oF CAMEOS FROM ENGLISH HISTORY. 

THE WARS IN FRANCE. Extra feap. 8vo. pp. xi. 415. 5y. 

This new volume, closing with the Treaty of Arras, is the history of the 
struggles of Plantagenet and Valois. Jt refers, accordingly, to one of the 
most stirring epochs in the medieval era, including the battle of Poictiers, 
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Yonge (Charlotte M.) 


the great Schism of the Wesr, the Lollards, Agincourt and Foan of Arc. 
The Authoress reminds her readers that she aims merely at *‘ collecting from 
the best authorities such details as may present scenes and personages to the 
eye in some fulness ;” her CAMEOS are a ‘‘collection of historical scenes 
and portraits such as the young might find tt difficult to form for themselves 
without access to a very complete library.”  ‘* Though mainly intended,” 
says the JOHN BULL, ‘‘for young readers, they will, if we mistake not, be 
found very acceptable to those of more mature years, and the life and 
reality imparted to the dry bones of history cannot fail to be attractive to 
readers of every age.” 


continued. 


EUROPEAN HISTORY. Narrated in a Series of Historical Selec- 
tions from the Best Authorities. Edited and arranged by E. M. 
SEWELL and C. M. YonGE. First Series, 10031154. Crown 
8vo. 65. Second Series, 1088—1228. Crown 8vo. 6s. 


When young children have acquired the outlines of History from abridg- 
ments and catechisms, and it becomes desirable to give a more enlarged 
view of the subject, in order to render it really useful and interesting, @ 
difficulty often arises as to the choice of books. Two courses ave open, either 
to take a general and consequently dry history of facts, such as Russel’s 
Modern Europe, or to choose some work treating of a particular period or 
subject, such as the works of Macaulay and Froude. The former course 
usually renders history uninteresting ; the latter is unsatisfactory because 
it is not sufficiently comprehensive. To remedy this difficulty selections, 
continuous and chronological, have, in the present volume, been taken from 
the larger works of Freeman, Milman, Palgrave, and others, which may 
serve as distinct landmarks of historical reading. “‘ We know of scarcely 
anything,” says the GUARDIAN of this volume, “which is so likely to raise 
to a higher level the average standard of English education.” 


A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 
for Schools ara General Readers. By the Author of “The Heir 
of Redclyffe.” 18mo. cloth. 

A record of some of the good and great deeds of all time, abridged from 
the larger work of the same author in the Golden Treasury Series. 
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* * For other Works by these Authors see THEOLOGICAL CATALOGUE. 


Abbott (Rev. E. A.j)—BIBLE LESSONS. By the Rev. 
E. A. AxBBoTT, M.A., Head Master of the City of London 
School. Second Edition, crown 8vo. 45. 6d. 

This book ts written in the form of dialogues carried on between a 
teacher and pupil, and its main object is to make the scholar think for 
himself. The great bulk of the dialogues represents in the spirit, and 
oftex in the words, the religious instruction which the author has been 
in the habit of giving to the Fifth and Sixth Forms of the City of London 
School. The Author has endeavoured to make the dialogues thoroughly 
unsectarian, ‘* Wise, suggestive, and really profound initiation into religious 
thought.”—GUARDIAN. ‘‘J think nobody could read them without being 
both the better for them himself, and being also able to see how this dificult 
duty of imparting a sound religious education may be effected.” —From 
BisHop OF St. DAvip’s SPEECH AT THE EDUCATION CONFERENCE 
Ar ABERGWILLY. 


Cheyne (T. K.)—THE BOOK OF ISAIAH CHRONO- 
LOGICALLY ARRANGED. An Amended Version, with 
Historical and Critical Introductions and Explanatory Notes. By 


T. K. CHryne, M.A.,, Fellow of Balliol” College, ‘Oxfordy, 


Crown 8vo. 75. 6d. 


The object of this edition is sumply to restore the probable meaning of 
Isaiah, so far as this can be expresssd in modern English. The basis of 


Pe 
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the version is the revised translation of 1611, but no scruple has becn felt 
in introducing alterations, wherever the true sense of the prophecies 
appeared to require it. “A piece of scholarly work, very carefully and 
considerately done.” —\VESTMINSTER REVIEW. 


Golden Treasury Psalter.—students’ Edition. Being an 
Edition of “The Psalms Chronologically Arranged, by Four 
Friends,” with briefer Notes. 18mo. 35. d, 


Ln making this abridgment of “ The Psalms Chronologically Arranged,” 
the editors have endeavoured to meet the requirements of readers of a 
different class from those for whone the larger edition was intended. Some 
who found the large book useful for private reading, have asked for an 
edition of a smaller size and at a lower price, for family use, while at the 
same time some Teachers in Fublic Schools have suggested that it would be 
convenient for them to have a sempler book, which they could put into the 
hands.of younger pupils. “* It is a gem,” says the NONCONFORMIST. 


Hardwick.—a HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommunication 
of Luther. By ARCHDEACON HARDWwIck. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A, KEITH JOHNSTON, Second Edition. Crown 8vo. 105. 6d. 


The ground-plan of this treatise coincides in many points with one 
adopted at the close of the last century in the colossal work of Schrockh, and 
since that time by others of his thoughtful countrymen ; but in arranging 
the materials a very different course has frequently been pursued. With 
regard to the opinions of the author, he is willing to avow distinctly that he 
has construed history with the specific prepossessions of an Englishman and 
a member of the English Church. The reader is constantly referred to 
the authorities, both original and critical, on which the statements are 
founded. ‘‘As a<danual for the student of ecclesiastical history in the 
Middle Ages, we know no English work which can be compared to Mr. 
Hardwick's book.” —GUARDIAN. 
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Hardwick—continued. 


A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By ARCHDEACON HARDWICK. Revised by 
FRANCIS PRocTER, M.A. Second Edition. Crown 8vo. tos. 6d. 

This volume is intended as a sequel and companion to the ‘* History of 
the Christian Church during the Middle Age.” The authors earnest 
wish has been to give the reader a trustworthy version of those stirring 
incidents which mark the Reformation period, without relinquishing his 
former claim to characterise peculiar systems, persons, and events according 
to the shades and colours they assume, when contemplated from an English 
point of view, and by a member of the Church of England. 


Maclear.—wWorks by the Rev. G. F. MACLEAR, B.D., Head 
Master of King’s College School, and Preacher at the Temple 
Church. 


A CLASS-BOOK OF OLD TESTAMENT HISTORY. Fifth 
Edition, with Four Maps. 18mo. cloth. 45. 6d. 

This volume forms a Class-book of Old Testament History from the 
earliest times to those of Ezra and Nehemiah. In its preparation the 
most recent authorities have been consulted, and wherever it has appeared 
useful, Notes have been subjoined illustrative of the Text, and, for the sake 
of more advanced students, references added to larger works. The Index 
has been so arranged as to form a concise dictionary of the persons and 
places mentioned in the course of the narrative ; while the maps, which have 
been prepared with considerable care at Stanford’s Geographical Establish- 
ment, will, it is hoped, materially add to the value and usefulness of the 
Book, ‘*A careful and elaborate though brief compendium of all that 
modern research has done for the tlustration of the Old Testament. We 
know of no work which contains so much important information in so 
small a compass.” —BRITISH QUARTERLY REVIEW. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the Connexion of the Old and New Testament. With Four Maps. 
Third Edition. 18mo. cloth. 5,5. 62. 

A sequel to the author's Class-book of Old Testament History, continuing 
the narrative from the point at which it there ends, and carrying it on to 
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Maclear—continued. 


the close of St, Pauls second imprisonment at Rome. In its preparation 
as ti that of the former volume, the most recent and trustworthy authorities 
have been consulted, notes subjoined, and references to larger works added, 
It is thus hoped that it may prove at once an useful class-book and a 
convenient companion to the study of the Greek Testament. “‘ A singularly 
clear and orderly arrangement of the Sacred Story. His work is solidly 
and conipletely done,” —ATHEN ZUM. 


A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 
National and Elementary Schools. With Map.  18mo. cloth. 


A SHILLING BOOK OF NEW TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. 18mo. cloth. 


These works have been carefully abridged from the authors larger 
manuals, 


CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition, 18mo. cloth. 25. 6d. 

This may be regarded as a sequel to the Class-books of Old and New 
Testament History, Like them, it is furnished with notes and references 
to larger works, and iu is hoped that it may be found, especially in the 
higher forms of our Public Schools, to suptly a suitable manual of 
instruction in the chief doctrines of the English Church, and a useful 
help in the preparation of Candidates for Confirmation. ‘* It is indeed 
the work of a scholar and divine, and as such, though extremely simple, 
zt 1s also extremely instructive. There are few clergymen who would not 
find it useful in preparing candidates for Confirmation ; and there are 
nota few who would find it useful to themselves as well,.”—LATERARY 
CHURCHMAN,. 


A FIRST CLASS-BOOK OF THE CATECHISM OF THE 


CHURCH OF ENGLAND, with Scripture Proofs, for Junior 
Classes and Scheols. 18mo. 6d. 

THE ORDER OF CONFIRMATION. A Sequel to the Class 
Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. 18mo, 3¢. 

rE 
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Maurice.—THE LORD’S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rey. F. DENISON MAuRICE, M.A. Professor of Moral Philosophy 
in the University of Cambridge. 18mo. clothlimp. Is. 


Procter.—A HISTORY OF THE BOOK. OF COMMON 
PRAYER, with a Rationale of its Offices. By FRANCIS PROCTER, 


M.A. Ninth Edition, revised. and enlarged. Crown 8ve. 
10s, 6d. 


In the course of the last twenty years the whole question of Liturgical 
knowledge has been reopened with great learning and accurate research : 
and it is mainly with the view of epitomizing extensive publications, and 
correcting the errors and misconceptions which had obtained currency, 
that the present volume has been put together. ‘‘ We admire the Author's 
diligence, and bear willing testimony to the extent and accuracy of his 
reading. The origin of every part of the Prayer Book has been diligently 
investigated, and there are few questions of facts connected with it which 
are not ether sufficiently explained, or so referred to that persons interested 
may work out the truth for themselves.” —ATHEN RUM, 


Procter and Maclear.—AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rey. F. PRocTER 
and the Rev. G. F. MAcLEaR. Fourth Edition. 18mo. 2s. 6d. 


As in the other Class-books of the series, notes have also been subjoined. 
ani references given to larger works, and i ts hoped that the volume witi 
be found adapted for use in the higher forms of our Public Schools, and a 
suitable manual for those preparing for the Oxford and Cambridge local 
examinations. This new Edition has been considerably altered, and 


several important additions have been made. Besides a re-arrangemeiit 


of the work generally, the Ffistorical Portion has been supplemented by an 
Explanation of the Morning and Evening Prayer and of the Litany’. 
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Psalms of David chronologically arranged. By 
Four Friends. An Amended Version, with Historical 
Introduction and [Explanatory Notes. Second Edition, with 
Additions and Corrections. Crown 8vo. ¢s. 6d. 


To restore the Psalter as far as possible tothe order in which the Psalms 
were written,—to give the division of each Psalm into strophes, of each 
strophe into the lines which composed it,—to amend the errors of translation, 
is the object of the present Edition. Professor Ewald’s works, especially 
that on the Psalms, have been extensively consulted. This book has been 
used with satisfaction by masters for private work in higher classes in 
schools. THE SPECYVATOR calls this “‘ one of the most instructive and 
valuable books that has been published for many years.” 


Ramsay.—THE CATECHISER’S MANUAL; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. ARTHUR RAMSAY, 
M.A. Second Edition. 18mo. 1s. 6d. 

A clear explanation of the Catechism, by way of Question and Answer. 
“ This is by far the best Manual on the Catechism we have met with.” 
—ENGLISH JOURNAL OF EDUCATION. 


Simpson.-—AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By WILLIAM Simpson, M.A. 
Fifth Edition. Fcap. 8vo. 35. 6d. 


A compendious summary of Church History. 


Swainson.—:A HANDBOOK to BUTLER’S ANALOGY. By 
C. A. Swainson, D.D., Canon of Chichester. Crown 8vo. Is. 6d, 
This manual is designed to serve as a handbook or road-book to the 
Student in reading tie Analogy, to give the Student a sketch or outline map 
of the country on which he is entering, and to point out to him matters of 


interest as he fasses along. 
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Westcott.—Works by BROOKE FOSS WESTCOTT, B.D., 
Canon of Peterborough. 


AlvGENERAL, SURVEY (OF THE -HISTORY YOR eH, 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. ‘Third Edition, revised. Crow» 
8vo. 10s. 6a. 


The author has endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Church, and to point out 
the relation existing between the amount of evidence for the authenticity o7 
its component parts, and the whole mass of Christian literature. Such a 
method of ingrury will convey both the truest notion of the connexion of the 
written Word with the living Body of Christ, and the surest conviction of 
its divine authority, Of this work the SATURDAY REVIEw writes: “ Theo- 
lovical students, and not they only, but the general public, owe a deep aevt 
of gratitude to Mr. Westcott for bringing this subject fairly oefore them 
in this candid and comprehensive essay. ++. » 4 As a theological work it is 
at once perfectly fair and impartial, and imbued with a thoroughly 
religious spirit; and as a manual it exhibits, in a lucid form and in a 
narrow compass, the results of extensive research and accurate thought. 
We cordially recommend it.” 


NTRODUCTION TO THE STUDYOF THE FOUR GOSPELS: 
Third Edition. Crown 8vo. tos, 6d. 

This book is intended to be an Introduction to the Study of the Gospels. 
The author has made it a point carefully to study the researches of the great 
writers, and consciously to neglect none. There is an elaborate discussion 
appended ** On the Primitive Doctrine of Inspiration.” ‘* His * [ntro- 
duction’ and ‘Canon’ are two of the best works of the kind to be founa im 
any literature.’—DAILY NEWS. 


A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 
BIBLE. Crown 8vo. Ios. 6d. 


“ The first trustworthy account we have had of that unique and mar- 
vellous monument of the piety of our ancestovs,’—DAILY News, 
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Westcott (Canon)—continued, 


“A brief, scholarly, and, to a great extent, an original contribution to 
theological literature. He ts the first to offer any considerable contribu- 
tions to what he calls their internal history, which deals with their relation 
to other texts, with their filiation one on another, and with the principles by 
which they have been successively modified.” —PALL MALL GAZETTE. 


THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. Third Edition. 18mo. cloth, 4s. 6d. 


The present book is an attempt to answer a request, which has been made 
from time to time, to place in a simple form, for the use of general readers, 
the substance of the anthor’s “‘FHistory of the Canon of the New Testament.” 
An elaborate and comprehensive Introduction is followed by chapters on 
the Bible of the Apostolic Age; on the Growth of the New Testament ; the 
Apostolic Fathers ; the Age of the Apologists; the First Christian Bible ; 
the Bible Proscribed and Restored; the Age of Jerome and Augustine: 
the Bible of the Middle Ages in the West and in the East, and in the 
Sixteenth Century. Two appendices on the Fistory of the Old Testament 
Canon before the Christian Era, and on the Contents of the most ancient 
MSS. of the Christian Bible, complete the volume. ‘‘Wewould recommend 
every one who loves and studie: the Bible to read and ponder this exquisite 
little book. Mr. Westcott’s a-«unt of the ‘Canon’ is true history 27 zts 
highest sense.” —LITERARY CHURCHMAN, 


THE GOSPEL OF THE RESURRECTION. Thoughts on its 
Relation to Reason and History. New Edition. Fcap. 8vo. 
4s. 6d. 


This Essay is as endeavour to consider some of the elementary truths 
of Christianity as « miraculous Revelation, from the side of History and 
Reason. Lf the arguments which are here adduced are valid, they will go 
fur to prove that the Resurrection, with all that it includes, is the key to 
the history of man, and the complement of reason. 


« 
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Wilson.—THE BIBLE STUDENTS’ GUIDE to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By WILLIAM WILSON, 


D.D., Canon of Winchester, late Fellow of Queen’s College, ~ 


Oxford. Second Edition, carefully Revised. 4to. cloth. 25s. 


This work ts the result of almost incredible labour bestowed on it during 
many years. Its object 1s to enable the readers of the Old Testament 
Scriptures to penetrate into the real meaning of the sacred writers. All thé 
English words used in the Authorized Version are alphabetically arranged, 
and beneath them are given the Hebrew equivalents, with a careful explan- 
ation of the peculiar signification and construction of each term. The 
knowledge of the Hebrew language is not absolutely necessary to the profit- 
able use of the work. Devout and accurate students of the Bible, entirely 
unacquainted with Hebrew, may derive great advantage from frequent 
reference to it. It ts especially adapted for the use of the clergy. “‘ For all 
earnest students of the Old -Testament Scriptures it is a most valuable 
Manual. Tts arrangement ts so simple that those who possess only their 
mother-tongue, if they will take a little pains, may employ it with great 
profit.” —NONCONFORMIST. 


Yonge (Charlotte M.)—sCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. ~By CHaRLorre M. Yonces, 
Author of ‘‘The Heir of Redclyffe.”’ Globe 8vo. 1s. 6d. 
With Comments, 3s. 6d. 


Every one engaged in education must at times have felt some difficulty on 
the subject of reading Holy Scripture with children. Actual need has led 
the author to endeavour to prepare a reading book convenient for study 
with children, containing the very words of the Bible, with only a few 
expedient omissions, and arranged in Lessons of such length as by ex- 
perience she has found to suit with children’s ordinary power of accurate 
attentive interest. The verse form has been retained, because of its con- 
venience for children reading in class, and as more resembling their Bibles ; 
but the poetical portions have been given in their lines. When Psalms or 
portions from the Prophets illustrate or fall in with the narrative they are 
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siven in their chronological sequence. The Scripture portion, with a very 
few notes explanatory of mere words, is bound up apart, to be used by 
children, while the same ws also supplied with a brief comment, the purpose 
of which ts either to assist the teacher in explaining the lesson, or to be 


used by more advanced young people to whom it may not be possible to ewe 


access to the authorities whence it has been taken. 
Professor Huxley, at a meeting of the London School Board, particularly 
mentioned the selection made by Miss Yonge as an example of how selections 


might be made from the Bible for School reading. See Times, March 30, 
1871. 


BOIS ON Oe WUC ALTON, 


Arnold.—A FRENCH ETON; OR, MIDDLE CLASS 
EDUCATION AND THE STATE. By MarrHew Arno.tp. 
Feap. 8vo. cloth. 2s. 6d. 

This interesting little volume ts the result of a visit to France in 1859 
by Mr. Arnold, authorised by the Royal Commussioners, who were then 
inquiring into the state of popular education in England, to seek, in their 
name, information respecting the Krench Primary Schools. ‘A very tn- 
teresting dissertation on the system of secondary instruction in France, and 
on the advisability of copying the system in England.’ —SATURDAY 
REVIEW. 


Jex-Blake.—a VISIT TO SOME AMERICAN SCHOOLS 
AND COLLEGES. By Sopuia JEx-BLAKE. Crown 8vo. cloth. 
65. 

** In the following pages [ have endeavoured to give a simple and accurate 
account of what I saw during a series of visits to some of the Schools and 
Colleges in the United States... . I wish simply to give other teachers an 
opportunity of seeing through my eyes what they cannot perhaps see for 
themselves, and to tiis end Ihave recorded just such particulars as f should 
myself care to know.’—AUTHOR’S PREFACE. ‘‘ Miss Blake gives a 
living picture of the Schools and Colleges themselves in which that 
etucation is carried on.” —PALL MALL GAZETTE. 


72 BOOKS ON EDUCATION. 


Quain (Richard, F.R.S.)—ON SOME DEFECTS IN 
GENERAL EDUCATION. By RIcHARD QUAIN, F.R.S. 
Crown 8vo. 35. 6d. 


Having been charged by the College of Surgeons with the delivery of the 


Hunterian Oration for 1869, the Author has availed himself of the 
occasion to bring under notice some defects in the general education of the 
country, which, in his opinion, effect injuriously all classes of the people, 
and not least the members of his own profession. The earlier pages of the 
address contain a short notice of the genius and labours of Fohn Hunter, 
but the subject of education will be found to occupy the larger part—from 
page twelve to the ent; THE EXAMINER calls the work ‘*‘ an interesting 
addition to educational literature.” 


Thring.—EDUCATION AND SCHOOL. Bythe Rev. EpwarpD 
TuHrING, M.A., Head Master of Uppingham. Second Edition. 
Crown 8vo, cloth. 5y. 6d. 

“* An invaluable book on a subject of the highest importance,” —ENGLISH 

INDEPENDENT, 


Youmans.—MODERN CULTURE: its True Aims and Require- 
ments. A Series of Addresses and Arguments on the Claims of 
‘Scientific Education. Edited by Epwarp L. Youmans, M.D. 
Crown 8yo. 8s. 6d. 

Contents :—Professor Tyndall on the Study of Physics ; Dr. Daubeny 
on the Study of Chemistry ; Professor Henfrey on the Study of Botany ; 
Professor Huxley on the Study of Zoology ; Dr. F Paget on the Study of 
Physiology ; Dr. Whewell on the Educational History of Science; Dr. 
Faraday on the Education of the Judgment; Dr. Hodgson on the Study 
of Economic Science; Myr. Herbert Spencer on Political Education ; 
Professor Masson on College Education and Self Education ; Dr. Youmans 
on the Scientific Study of Human Nature. An Appendix contains extracts 
from distinguished authors, and from the Scientific Evidence given before 
the Public Schools Commussion. 


London: R, Clay, Sous, and Taylor, Printers. 


faye d 
Gnas : 
DiA falg Ple 


ae 


uf 
kay 


Pinta ae, 


eek 


a? 


asta e Somat uccenticni ee 


